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INTRODUCTION 



The theory of dynamical systems concerns the quantitative and quahtative study 
of the orbits of a map or the flow associated to a vector flcld. In the case the map is 
invertible or the vector field is regular, these systems may be thought of as actions of the 
group Z or M, respectively. Prom this point of view, classical dynamics may be considered 
as a particular subject in the general theory of group actions. 

From an algebraic point of view, the latter theory may be considered as a "non- linear" 
version of that of group representations. In this direction, the internal structure of the 
groups is intended to be revealed by looking at their actions on nice spaces, preferably 
differentiable manifolds. Several algebraic notions become natural, and many topological 
and/or analytical aspects of the underlying spaces turn out to be relevant. In recent years, 
this approach has been revealed very fruitful, leading (sometimes quite unexpectedly) to 
dynamical proofs of some results of pure algebraic nature. 

Without any doubt, it would be too ambitious (and perhaps impossible) to provide 
a complete treatment of the general theory of group actions on manifolds. It is then 
natural to restrict the study to certain groups or manifolds. In this book, we follow 
the latter direction by studying group actions on the simplest closed manifold, namely 
the circle. In spite of the apparent simplicity of the subject, it turns out that it is 
highly nontrivial and quite extensive. Its relevance lies mainly on its connections with 
many other branches like low dimensional geometry and topology (including Foliation 
Theory), mathematical logic (through the theory of orderable groups), mathematical 
physics (through the cohomological aspects of the theory), etc. In this spirit, this book 
has been conceived as a text where people who have encountered some of the topics 
contained here in their research may sec them integrated in an independent theory. 

There already exists a very nice and complete survey by Ghys [87] on the theory of 
groups of circle homeomorphisms. Unlike [87], here we mainly focus on the theory of 
groups of circle dijfeomorphisms, whic;li is essentially different in many aspects. Never- 
theless, even in the context of diffeomorphisms, this text is still incomplete. We would 
have liked to add at least one section on the theory of small denominators (includ- 
ing recent solutions of both Moser's problem on the simultaneous conjugacy to rota- 
tions of commuting diffeomorphisms by Fayad and Khanin [78] , and Frank's problem on 
distortion properties for irrational Euclidean rotations by Avila [4]), extend the treat- 
ment of Sacksteder's theorem by providing a discussion of the so-called Level Theory 
[46, 51, 113], include two small sections on groups of real-analytic diffeomorphisms and 
piecewise affine homeomorphisms respectively, develop the notion of topological entropy 
for group actions on compact metric spaces by focusing on the case of one-dimensional 
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manifolds [94, 120, 130, 243], confront the dynamical and cohomological aspects involved 
in the study of the so-called Godbillon-Vey class (or Bott-Virasoro-Thurston cocycle) 
providing a proof of Duminy's "third" theorem [92, 118, 121, 124, 233], and explore the 
representations of fundamental groups of surfaces [90, 93]. Moreover, since we mainly 
focus on actions of discrete groups, we decided not to include some relevant topics as for 
example simplicity properties and diffusion processes for the groups of interval and circle 
diffeomorphisms (see [10] and [152, 153], respectively). 

The book begins with a brief section where we establish most of the notation and recall 
some general definitions. More elaborate concepts, as for instance group amenability, are 
discussed in the Appendix. 

Chapter 1 studies some simple but relevant examples of groups which do act on the 
circle. After recalling some fundamental properties of the rotation group, the affine 
group, and the Mobius group, it treats the general case of Lie group actions on the circle, 
and concludes by discussing the very important Thompson groups. 

In Chapter 2, we study some fundamental results about the dynamics of groups of 
interval and circle homeomorphisms. In the first part, we discuss some of their combina- 
torial aspects, as for example Poincarc's theory of rotation number and its relation with 
the invariant probability measures. We next provide necessary and sufficient conditions 
for the existence of faithful actions on the interval, and free actions on the interval and 
the circle. As an application, we give a dynamical proof of a recent and beautiful result 
due to Witte-Morris asserting that left-orderable, amenable groups are locally indicable. 
At this point, it would have been natural to treat Ghys' characterization of faithful ac- 
tions on the circle in terms of bounded cohomology. However, we decided not to treat 
this topic, mainly because it is well developed in [87], and furthermore because, though 
it is very important for describing continuous actions on the circle, its relevance for the 
smooth theory is much smaller. In the second part of Chapter 2, we essentially treat a 
result due to Margulis, which may be thought of as a weak form of the so-called Tits 
alternative for groups of circle homeomorphisms. Although we do not give Margulis' 
original proof of this result, we develop an alternative one due to Ghys that is more 
suitable for a probabilistic interpretation in the context of random walks on groups. 

In Chapter 3, we collect several results of dynamical nature which require some de- 
gree of smoothness, in general C^. First, we extensively study the most important one, 
namely Denjoy's theorem. Next we present some closely related results, as for example 
Sacksteder's and Duminy's theorem. Then we discuss two of the major open problems of 
the theory, namely the zero Lebcsguc measure conjecture for minimal invariant Cantor 
sets, and the ergodicity conjecture for minimal actions. Finally, we treat the smoothness 
properties of conjugacies between group actions. At this point, it should have been nat- 
ural to treat some particular properties in smoothness higher than C^. Unfortunately, 
though there exist several interesting and promising works in this direction (see for ex- 
ample [38, 50, 239]), it still seems to be impossible to collect them in a systematic and 
coherent way. 

Chapter 4 corresponds to a tentative description of the dynamics of groups of diffeo- 
morphisms of one-dimensional manifolds based on some relevant algebraic information. 

It begins with the case of Abelian and nilpotent groups, where Denjoy's theorem and the 
well-known Kopell's lemma become relevant. After a digression concerning "growth" for 
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groups of difFeomorphisms, it continues with the case of polycyclic and solvable groups, 
concluding by showing the difSculties encountered in the case of amenable groups. 

Chapter 5 concerns obstructions to smooth actions for groups satisfying particular co- 
homological properties. It begins with the already classical Thurston's stability theorem 
for groups of diffeomorphisms of the interval. It then passes to a rigidity theorem for 
groups having the so-called Kazhdan Property (T) (roughly, Kazhdan group actions on 
the circle have finite image) . The chapter concludes with a closely related super-rigidity 
result for actions of irreducible higher rank lattices. These last two theorems (due to 
the author) may be viewed as natural (but still non-definitive) generalizations of a series 
of results concerning obstructions for actions on onc-dimcnsional spaces of higher-rank 
simple and semisimple Lie groups, in the spirit of the seminal works by Margulis and the 
quite inspiring Zimmer's program [80, 254]. 

We have made an effort to make this book mostly self-contained. Although most of the 

results treated here arc very recent, the techniques involved arc, in general, elementary. 
We have also included a large list of complementary exercises where we pursue a little 
bit on some topics or briefly explain some related results. However, we must alert the 
reader that these "exercises" may vary drastically in level of difficulty. Indeed, in many 
cases the small results which are presented in them do not appear in the literature. This 
is also the case of certain sections of the book. With no doubt, the most relevant case 
is that of §3.4 where wc give the original proof of a theorem proved by Duminy (more 
than 30 years ago) on the existence of infinitely many ends for semi-exceptional leaves of 
transversely codimension-one foliations. The pressing need to publishing Duminy's 
brilliant proof of this remarkable result (for which an alternative reference is [47]) was 
an extra motivation for the author for writing this book. 
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NOTATION AND GENERAL 
DEFINITIONS 



We will commonly denote the circle by S^. As usual, we will consider the coun- 
terclockwise orientation on it. We will denote by ]a, b[ the open interval from a to 6 
according to this orientation. Notice that if b belongs to ]a, c[, then cG]b, a[ and ae]c, b[. 
We will sometimes write a < b < c < a for these relations. One defines similarly the 
intervals [a, 6], [a,b[, and ]a,b]. The distance between a and b is the shortest among the 
lengths of the intervals ]a, b[ and ]b, a[. We will denote this distance by dist{a, b) or |a— 6|. 
We will also use the notation |/| for the length of an interval / (on the circle or the real 
line). The Lebesgue measure of a measurable subset A of either or M will be denoted 
Leb{A). 

Although the contrary is said, along this text we will only deal with orientation 
preserving maps. The group of (orientation preserving) circle homeomorphisms will 
be denoted by Homeo+(S^), and for fc e N U {00} we will denote the subgroup of C*^ 
diffeomorphisms by Diff^(S"'^). For tG]0, 1[ we will also deal with the group Diffi'|_^^(S^) 
of circle diffeomorphisms whose derivatives are Holder continuous of exponent r (or 
just r-H61der continuous), that is, for which there exists a constant C > such that 
\rix)-riy)\ < C\x-y\- foralla;,y. 

The group of circle diffeomorphisms having Lipschitz derivative will be denoted by 
Diff^'''^'''(S^). Finally, the notation Diff_|_(S^) will be employed when the involved regu- 
larity is clear from the context or it is irrelevant. 

We will sometimes see the real line as the universal covering of the circle through 
the maps a; 1— > e'^ or a; 1— > e^"", depending if we parameterize either by [0, 27r] or 
[0, 1]. In general, we will consider the first of these parameterizations. By a slight abuse 
of notation, for each orientation preserving circle homeomorphism / we will commonly 
denote also by / (sometimes by F) each of its lifts to the real line. In this way, / : R ^ K 
will be an increasing continuous function such that, for every xSiR, either f{x + 2tt) = 
f{x) + 2TT or /(x + 1) = /(x) + 1, depending on the chosen parameterization. We 

will denote by Homeo+(S^) the group of homeomorphisms of the line obtained as lifts of 
circle homeomorphisms. The circle rotation of angle will be denoted by Rg. Once again, 
notice that is an angle either in [0, 2tt] or [0, 1], depending on the parameterization. 

In many cases we will deal directly with subgroups of Homeo+(S^) or Diff+(S^). 
However, we will also consider representations of a group F in the group of circle home- 
omorphisms or diffeomorphisms. In other words, we will deal with homomorphisms $ 
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from r into Homco+(S^) or DifF+(S"'^). These representations, which we may also thought 
of as actions, will be commonly denoted by For simplicity, we will generally identify 
the element g GT with the map $(5). To avoid any confusion, we will denote the identity 
transformation by Id, and the neutral clement in the underlying group by id. 

Let us recall that, in general, an action $ of a group F on a space M is faithful if for 
every g ^ id the map ^{g) is not the identity of M. The action is free if for every g ^ id 
one has $(g)(a;) 7^ x for all x G M. The orbitoi a point x E M is the set : g E F}. 

More generally, the orbit of a subset A C M is {^{g){x) : x E A, g E F}. If M is endowed 
with a probability measure /u, then $ is ergodic with respect to /x if every measurable 
set A which is invariant (that is, ^{g){A) = A for every 5 G F) has cither null or total 
/X- measure. This is equivalent to the fact that every measurable function </> : M ^ R 
satisfying (j) o <^[g) = <p for every g G T is /^-almost surely constant. In the case the 
measure fi is invariant (that is, fi{^{g){A)) = fi(A) for every measurable set A and every 
g€T), this is also equivalent to the fact that /x cannot be written as a nontrivial convex 
combination of two invariant, probability measures. 

Two elements /, g in IIomeo+(S^) are topologically conjugate if there exists a circle 
homeomorphism h such that hof = goh (in this case, we say that hfh~^ is the conjugate 
of / by /i). Similarly, two actions $1 and $2 of a group F by circle homeomorphisms are 
topologically conjugate if there exists /iG Homeo+(S'^) such that h o $i(g) = $2(3) ° h 
for every g & In many cases, we will avoid the use of the symbol o when composing 
maps. The non-Abelian free group on n generators will be denoted by F„. To avoid 
confusions, we will denote the onc-dimensional torus by T'^, thus emphasizing the group 
structure on it (which identifies with that of (M mod 1,+), or S0(2,IR)). Similarly, we 
will sometimes write (R, +) (resp. (Z, +)) instead of R (resp. Z) to emphasize the 
corresponding additive group structure. 
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Chapter 1 



EXAMPLES OF GROUP 
ACTIONS ON THE CIRCLE 

1.1 The Group of Rotations 

The rotation group S0(2,R) is the simplest one acting transitively by circle homc- 
omorphisms. Up to topological conjugacy, it may be characterized as the group of the 
homeomorphisms of that preserve a probability measure having properties similar to 
those of Lcbesgue measiirc. Recall that the support of a measure is the complement of 
the largest open set with null measure. Hence, the measure has total support if the 
measure of every non-empty open set is positive. 

Proposition 1.1.1. If F is a subgroup o/ Homeo+(S^) which preserves a probability 
measure having total support and no atoms, then T is topologically conjugate to a subgroup 
o/SO(2,M). 

Proof. The measure fj. on given by the hypothesis induces in a natural way a a-&mte 
measure jj, on the real line satisfying jl([x,x + 27r]) = 1 for all x e M. Let us define 
<^ : R R by letting ip{x) = 27r/2([0, a;]) if a; > 0, and ^p{x) = -27r/<([a;, 0]) if x < 0. It 
is easy to check that is a homeomorphism. For an arbitrary element 5 S T, let us fix a 
lift g such that ^(O) > 0. For y > the point (fg(p~^{y) coincides with 

27rA([0,fl(^-i(y)]) = 27rA([0,5(0)]) +27rA([ff(0),ffV'"'(y)]) = 27rA([0,5(0)]) +27r/i( 

Therefore, 

^g<p-\y) = 2nil{[0,g{0)]) +y, 

and a similar argument shows that the same holds for y < 0. Thus, <^g^~^ is the transla- 
tion by 27r/i([0, ,9(0)]) . The map ip is 27r-periodic, and hence induces a homeomorphism of 
S^. The above computation then shows that, after conjugating by this homeomorphism, 
each 5( e F becomes the rotation by angle 27r/i([0,£f(0)]) mod 27r. □ 

Compact topological groups do satisfy the hypothesis of the preceding proposition. 
Indeed, if F is a compact group, we may consider the (normalized) Haar measure dg on 
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it. If r acts by circle homeomorphisms, we define a probability measure fi on the Borel 
sets of by letting 



Jr 

This measure /z is invariant by F, and has total support and no atoms. We thus conclude 
the following. 

Proposition 1.1.2. Every compact subgroup o/ Homeo-)-(S^) is topologically conjugate 
to a subgroup o/SO(2,M). 



1.2 The Group of Translations and the AfRne Group 



Group actions on the circle with a global fixed point may be thought of as actions 
on the real line. Due to this, to understand general actions on S^, we first need to 
understand actions on R. 

An example of a nice group of homeomorphisms of the real line is the afiine group 
Aff+(M). To each element g{x) = ax + b (a > 0) in this group, we associate the matrix 



Via this correspondence, the group Aff-|-(R) identifies with a subgroup of GL-|-(2,M). 

Recall that a Radon measure is a (nontrivial) measure defined on the Borel sets of 
a topological space which is finite on compact sets. An example of a Radon measure is 
the Lebesguc measure. Since this measure is preserved up to a multiplicative constant 
by each element in Aff_|_(R), the following definition becomes natural. 

Definition 1.2.1. Let u be a Radon measure on the real line and F a subgroup of 
Homeo+(K). We say that v is quasi-invariant by F if for every <? G F there exists a 
positive real number K{g) such that g*{v) = K{g) ■ v (that is, for each Borel set ^ C K 
one has v(^g{A)^ = K{g) ■ v{A)). 

As an analogue to Proposition 1.1.1, we have the following characterization of the 
affine group. 

Proposition 1.2.2. LetV be a subgroup o/Homeo_|_(R). If there exists a Radon measure 
having total support and no atoms which is quasi-invariant by T , then F is conjugate to 
a subgroup of the affine group. 

Proof. Let us define i^: M — > K by letting <^(a;) = i;([0, x]) if a; > 0, and <p(a;) = — i;([x,0]) 
if a; < 0. If g&T and a;>0 are such that S'(a;)>0 and ^(0) > 0, then 





v{%g{x)]) = K{g)v{[g-\Q),x\) 
K{g)v{[Q,x]) + K{g)v{\g-\Q),0]) 



K{g)tf{x) - K{g)ip{g ^(0)), 



and therefore, 



ipgip ^{x) = K{g)x- K{g)ip{g ^(0)). 
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Looking at all other cases, it is not difficult to check that the last equality actually holds 
for every xgR and every g^T, which concludes the proof. □ 



The affine group contains the group of translations of the real line, and a similar 
argument to that of the proof of Proposition 1.1.1 shows the following. 

Proposition 1.2.3. Let T be a subgroup o/Homeo+(R). // F preserves a Radon measure 
having total support and no atoms, then T is topologically conjugate to a subgroup of the 
group of translations. 

Exercise 1.2.4. Define logarithmic derivative (of the derivative) of a C'^ (iiffcomorphism 
/:/CE^JcM as LD{f){x) = (log(/'))'(a:). Prove that LD{f) = if and only if / is the 
restriction of an element of AfF+(R). Prom the equality 

logiif o gy){x) = log{g'){x) + log{f'){g{x)), (1.1) 

deduce the cocycle relation 

LD{fog){x) = LDig)ix)+g'{x)-LDif){g{x)). 



1.3 The Group PSL(2, 

1.3.1 PSL(2,R) as the Mobius group 

We denote by D the Poincare disk, that is, the unit disk endowed with the hyper- 
bolic metric 

(T^H^' 

The group of non- necessarily orientation preserving diffeomorphisms of D which preserve 
this metric coincide with the group of conformal diffeomorphisms of D, and it contains the 
Mobius group as an index 2 subgroup. This means that the only (orientation preserving) 
diffeomorphisms : D — > B for which the equality 

nogjumw ^ 2IICII 
i-\g{u)\^ i-i«r 

holds for every u G B) and every vector C S T„(D) ^ M? are those which in complex 
notation may be written in the form 

g{z) = e'^ ■ Y—^' ^ ^ [0' 2^]' ^ ^' l«l < 1' -2 e E). 

The Mobius group is denoted by Ai. Each one of its elements induce a real-analytic 
diffeomorphism of the circle (identified with the boundary 9D) . 

Let us now consider the map (f{z) = {z + i)/(l + iz). Notice that f(S^) =IR U {oo}; 
moreover, the image of D by is the upper half-plane R^, which endowed with the 
induced metric corresponds to the hyperbolic plane H^. In complex notation, the action 
of each element of on is of the form z {aiz + a2)/{asz + a4) for some ai, 02, as, 04 
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in M such that aia4 - 
showing that Aff+(M) 
To each element z 



a2a^ = 1. For 03 = we obtain an afBne transformation, thus 
is a subgroup of M. 

{aiz + 02)7(03-2 + 04) in M. we associate the matrix 



as 



02 

a4 



G SL(2, 



(1.2) 



An easy computation shows that the matrix associated to the composition of two elements 
in M. corresponds to the product of the matrices associated to these elements. Moreover, 
two matrices Mi, M2 in SL(2,R) induce the same element of if and only if they coincide 
or Ml = —A'h- In this way, the Mobius group naturally identifies with the projective 
group PSL(2,IR). 

The action of PSL(2,R) satisfies a remarkable property of transitivity and rigidity: 
given two triples of cyclically ordered points on S"'^, say (a, 6, c) and (a', 6', c'), there exists 
a unique element g e PSL(2,K) sending a, 6, and c, into a', 6', and c', respectively. In 
particular, if g fixes three points, then g = Id. 

The elements of ~ PSL(2,R) may be classified according to their fixed points on 
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Remark that, to find these points in the upper half-plane model, we need to 



solve the equation 



aiz + 02 



(1.3) 



aaz + 04 

A simple analysis shows that there are three cases: 

(i) \a\ + ai\ < 2. In this case, the solutions to (1.3) are different (conjugate) points of 
the complex plane. Therefore, in the Poincare disk model, the map g has no fixed point 
on the unit circle. Actually, the map g is conjugate to a rotation. 

(ii) \ai +04! = 2. In this case, the solutions of (1.3) coincide and are situated on the real 
line. Hence, in the Poincare disk model, g fixes a unique point on the circle. 

(iii) |ai + 04] > 2. In this case, there exist two distinct solutions to (1.3), which are 
also on the real line. Therefore, the map g fixes two points on the circle, one of them 
attracting and the other one repelling. 

Notice that |ai+a4| corresponds to the absolute value of the trace of the corresponding 
matrix. (Though the function M i-^- 01+04 is not well-defined on PSL(2,M), there is no 
ambiguity for the definition of its absolute value.) Figures 1, 2, and 3 below illustrate 
the cases (i), (ii), and (iii), respectively. In case (i) we say that the element is elliptic, 
in case (ii) it is parabolic if it does not coincide with the identity, and in case (iii) the 
map is hyperbolic. 

9 




Figure 1 
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Exercise 1.3.1. Prove that any two hypcrbohc elements of PSL(2,R) are topologically conju- 
gate. Show that the same holds for parabolic elements, but not for the elliptic ones. 

There is another way to view the action of PSL(2, R) on the circle. For this, recall 
that the projective space PR^ is the set of lines through the origin in the plane. This 
space naturally identifies with the circle parameterized by the interval [0,7r], since every 
such a line is uniquely determined by the angle a e [0, n[ which makes with the x-axis. 
Since a linear map sends lines into lines and fixes the origin, it induces a map from PR^ 
into itself; moreover, the map induced by two matrices in GL_)_(2,R) coincide if and only 
if these matrices represent the same element in PSL(2,]R), i.e., if any of them is a scalar 
multiple of the other one. Actually, if we consider .s = ctg(Q:) as a parameter, then the 
action of (1.2) on PM^ is given by s i— » (ais + 02)7(035 + 04). Although this view of the 
action of MP^ is perhaps simpler than the one arising from extensions of isometries of the 
Poincare disk, the latter one is more suitable as a source of motivation: in a certain sense, 
most groups of circle diffeomorphisms tend to have a "negative curvature" behavior. 

Despite the fact that the dynamics of each element in PSL(2,R) is very simple, the 
global structure of its subgroups is not uniquely determined by the iiidivichial dynamics. 
More precisely, for a subgroup F of Homeo+(S^) the condition that each of its elements 
is topologically conjugate to an element of PSL(2,IR) does not imply that F itself is 
conjugate to a subgroup of PSL(2,M), even when the orbits are dense [144] and the 
elements are real-analytic diffeomorphisms [180]. 

Exercise 1.3.2. The Schwarzian derivative S{f) of a diffeomorphism /:7cK— »JcK 
is defined by 

Show that S(f) is identically zero if and only if / is the restriction of a Mobius transformation, 
i.e., a map of the form x 1-^ {ax + b)/(cx + d). Prove also the cocycle relation 

S{f o g){x) = S{g){x) + {g'{x)f ■ S{f){g{x)). (1.4) 

Exercise 1.3.3. Show the following formulae for the Schwarzian derivative of diffeomor- 
phisms between intervals in the line: 



S{g){y) = 6 hm 



g'{x)g'{y) 1 
{g{x)-g{y)y {x - yf , 

1 



Ohm-^logf^M^), 
x^y oyox \ X — y j 



(1.5) 



Exercise 1.3.4. A •projective structure on the circle is given by a system of local coordinates 
(pi: li S^ so that the change of coordinates ipj^otpi are restrictions of Mobius transformations. 

(i) Check that the coordinates (pi and 02 with inverses a 1— > tan(a) and a 1— > ctg(a), respectively, 
define a projective structure on S^ (to be referred to as the canonicai projective structure). 

(ii) Show that, given a projective structure on S^, the Schwarzian derivative of a diffeomorphism 
/ : S^ — > S^ is well-defined as a quadratic differential. In other words, given systems of 
coordinates ipi, Cp\, 1^2, and (p2, which are compatible with the prescribed projective structure, 
for every x in the domain of ipi one has 

s{>f>2^ 0/0 (pi){x) = ((<^r^ ° v'OT • ^{'^2^ °f° ¥'i)('?r^ ° 'fii{x)). 
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1.3.2 PSL(2,]R) and the Liouville geodesic current 

Recall that each geodesic in the Poincarc disk is uniquely determined by its endpoints 
on the circle, which are necessarily different. Hence, the space of geodesies may be 
naturally identified with the quotient space x \ A under the equivalence relation 
which identifies the pairs (s,t) and (t, s), where s ^ t. A geodesic current is a Radon 
measure defined on this space of geodesies. It may be though as a measure L defined on 
the Borel subsets of x which are disjoint from the diagonal A, which is finite on 
compact subsets of x \ A, and which satisfies the symmetry condition 



L([a,b] X [c,d\) = L([c,d\ x [a,b]), 



a <h < c < d < a. 



(1.7) 



Proposition 1.3.5. The diagonal action of PSL(2,M) on x \ A preserves the 
geodesic current 

Lv 



r/.s di 



4sin2 (^) ■ 

Proof. Let us first recall that the cross-ratio of four points e™, e'*, e*'^, e"^ in is defined 
as 

( „ia _ ic\( lb _ id\ 
L ' ' ' i (^f.ia _ f.id^(^gic _ ^iby 

One easily checks that cross-ratios are invariant under Mobius transformations. Con- 
versely, if a circle homeomorphism preserves cross-ratios, then it belongs to the Mobius 
group. Now notice that, ior a < h < c < d < a, the measure Lv{[a, h] x [c, d]) equals 



d rb 



ds dt 



a 4sin2(^) 



cos(^)^^=' 



2sin(^) 



dt 



= log 



cot 



2 

a — t 



cot 



dt 



sin(^)sin(2^) 



sin(^)sin(^) 



Since |sin(^^)| = — — ^ — -, this yields 

Lv{[a,b] X [c,d]) =log(|[e^^e^^e-,e''^]|) =log([e-,e*^e'^e^'']), 

where the last inequality follows from the fact that the cross-ratio of cyclically ordered 
points on the circle is a positive real number. Since the action of PSL(2, R) on S^ preserves 
cross-ratios, it also preserves the measure Lv. □ 



The measure Lv, called Liouville measure, satisfies the equality 

^-Lv{{a,b]x[c,d]) _^ ^-Lv{[b,c\x[d,a]) _ ^ 



(1.8) 
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for all a < 6 < c < < a. Indeed, 



g-Lj;([a,5]x[c,d]) , g-L^([6,c]x[d,a]) ^ i ^ i 

^gza ^ib ^ic gic^j j^g'i^ g«c ^id 

As we will next see, property (1.8) characterizes Liouvillc measure. 

Given a geodesic current L, we denote the group of circle homeomorphisms preserving 
L by Tl- For instance, it is easy to check that Tlv = PSL(2, M). In general, the group Tl 
is very small (it is "generically" trivial). However, there exists a very simple condition 
which ensures that it is topologically conjugate to PSL(2,K). The following result may 
be considered as an analogous for the Mobius group of Propositions 1.1.1, 1.2.2, or 1.2.3. 
We refer to [19] for its proof (see also Exercise 1.3.11). 

Proposition 1.3.6. If L is a geodesic current verifying property (1.8), then is con- 
jugate to PSL(2,IR) by a homeomorphism sending L into Lv. 



Exercise 1.3.7. Using tlie invariance of tlie Liouville geodesic current under Mobius transfor- 
mations, show that if / : 7 ^ R is a local diffeomorphism satisfying 

/'(.)/'(.)= (^^^^-^^^^^^ 



{x - vY 

for all X ^ y in 7, then / is of the form x i— »■ (ox + b)/{cx + d) (compare (1-5)). 



1.3.3 PSL(2,M) and the convergence property 

A sequence (g„) of circle homeomorphisms has the convergence property if it 
contains a subsequence (^n^) satisfying one of the following properties: 

(i) there exist a, b in (not necessarily different) such that fir„^ converges punctually to 
& on — {a}, and g~^ converges punctually to a on S"^ \ {b}; 

(ii) there exists g e Homeo+(S^) such that converges to g and g~^ converges to g~^ 
on the circle. 

A subgroup r of Homeo_|_(S^) has the convergence property if every sequence of elements 
in r satisfies the property above. Notice that the convergence property is invariant under 
topological conjugacy. 

One easily checks that every subgroup of PSL(2, M) has the convergence property 
(sec Exercises 1.3.10 and 1.3.11). Conversely, a difficult theorem due to Casson-Jungreis, 
Gabai, Hinkkanen, and Tukia [53, 83, 85, 115, 241] asserts that this property characterizes 
(up to topological conjugacy) the subgroups of PSL(2, M). 

Theorem 1.3.8. A group of circle homeomorphisms is topologically conjugate to a sub- 
group of PSL(2, K) if and only if it satisfies the convergence property. 



15 



It is not difficult to show that, for discrete subgroups of Homeo_|-(S"'^), the convergence 
property is equivalent to that the action on the space of ordered triples of points in is 
free and properly discontinuous [241]. 

Exercise 1.3.9. Prove directly from the definition that if F satisfies the convergence property 
and ger fixes three points on S^, then g = Id. 

Exercise 1.3.10. A circle homeomorphism g is C-quasisymmetric if for all a<b<c<d<a 
for which [a,b,c,d]=2 one has i/C<[g{a),g{b),g{c),g{d)]<C. Prove that if F is a tim/orm/y 
quasisymmetric subgroup of Homeo+(S^) (that is, all of its elements are C-quasisymmetric 

with respect to the same constant C), then F satisfies the convergence property. Conclude that 
F is topologically conjugate to a subgroup of PSL(2,R). 

Remark. According to a difficult result due to Markovic [158], under the preceding hypothesis 
the group F is conjugate to a subgroup of PSL(2, R) by a quasisymmetric homeomorphism. 

Exercise 1.3.11. Let L be a geodesic current satisfying L([a, a] x [b, cj) = for all o < 6 < c < a 
and L {[a,b[x]b, c]) = oo for all a < & < c < a (notice that Liouville measure satisfies these 
properties). Prove that Fl has the convergence property (sec also [179]). Conclude that Fl is 
topologically conjugate to a subgroup of PSL(2, R). Remark, however, that this conjugacy does 
not necessarily send L to the Liouville geodesic current, since property (1.8) is invariant under 
conjugacy, and is not necessarily satisfied by the elements of Fi. 



1.4 Actions of Lie Groups 

The object of this section is to show that, among locally compact groups which do 
act by circle homcornorphisms, those which may provide new phenomena arc the discrete 
ones (that we thought of as zero-dimensional Lie groups). This is the reason why we will 
mostly consider actions on the circle of discrete groups. 

Recall that a deep (and already classical) result by Montgomery and Zippin [169] 
asserts that a locally compact topological group is a Lie group if and only if it has no 
"small compact subgroups", that is, there exists a neighborhood of the identity which 
does contain no nontrivial compact subgroups. 

Proposition 1.4.1. Every locally compact subgroup o/Homeo+(S^) is a Lie group. 
Proof. Let F be a locally compact subgroup of Homeo+(S^). The set 

V = {g&r : dist{x,g{x)) < 2tt/3} 

is a neighborhood of the identity in T. We will show that V contains no nontrivial 
compact subgroups, which due to Montgomery-Zippin's theorem implies the proposition. 
Let To be a compact subgroup of Homeo+(S^) contained in V. For each / e F let 

/ € Homeo+(S"'^) be the (unique) lift of / such that dist{f{x),x) < 2tt/3 for all x G R. 
One readily checks that gh = gh for all g, h in Fq. Therefore, Fq embeds into the group 
Homeo+(S^). Now Homeo+(S^) is torsion-free, though Proposition 1.1.2 implies that 
every nontrivial compact subgroup of Homeo-i-(S^) has torsion elements. This implies 
that Fq must be trivial. □ 
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Exercise 1.4.2. In order to avoid referring to Proposition 1.1.2 in the preceding proof, prove 
the following lemma due to Newman [188] (see also [142]): If / is a nontrivial finite order 
homeomorphism of the sphere S" (normalized so that its diameter is 1), then there exists ieN 

such that dist{f,Id) > 1/2. 

Hint. If the opposite inequality holds for all i, then each orbit is contained in a hemisphere. We 
may then define a contirmous map bar: S" S" by associating to x the "barycenter" bar{x) 
of its orbit inside the corresponding hemisphere. This map satisfies bar{f{x)) = bar{x) for all x, 
from where one easily deduces that the order of / divides its topological degree. Nevertheless, 
since / is homotopic to the identity, its topological degree is equal to 1. 

Remark. Prom the above argument one easily deduces that dist{f, Id) > l/2fc, where k is the 
order of /. 

It is not very difficult to obtain the classification of transitive actions of connected 
Lie groups on one-dimensional manifolds: see [87]. Up to topological conjugacy, the 
complete list consists of: 

(i) the action of (M, +) by translations of the line; 

(ii) the action of the rotation group S0(2,R) on the circle; 

(iii) the action of the affine group Aff+(M) on the line; 

(iv) the action of the group PSLfe(2,IR) whose elements are the lifts of the elements of 
PSL(2,]R) to the /c-fold covering of (which is topologically a circle); 

(v) the action of the group PSL(2,M) whose elements are the lifts to the real line of the 
elements of PSL(2,M). 

In a certain sense, this classification says that there exist only three distinct types 
of geometries on one-dimensional manifolds: Euclidean, affine, and projective (compare 
[157]). The classification of (faithful) non transitive actions of connected Lie groups 
follows from the preceding one. Indeed, the orbits of such an action correspond to points 
or whole intervals. Therefore, denoting by Fix(r) the set of global fixed points of the 
action, on each connected component of the complement of Fix(r) we obtain an action 
given by a surjective homomorphism from T into (R, +), S0(2,IR), Afr+(M), PSLfe(2,M), 
or PSL(2,M). 

1.5 Thompson's Groups 

For simplicity, in this section we will use the parameterization of the circle by the 
interval [0, 1] via the map x i— > e^'^'*. Let us consider the group of the homeomorphisms 
/ : M ^ K satisfying: 

(i) /(O) = 0, 

(ii) there exists a sequence ...X-i < xo < Xi < ... (diverging in both directions) 
of dyadic rational numbers such that each of the restrictions f\[xi,xi+i] is affine with 
derivative an integer power of 2, 

(iii) f{x + l) = fix) + 1 for all x G R. 

Each such an / induces a homeomorphism / of [0, 1] by letting /(O) = 0, /(I) = 1, and 
/(s) =/(s) mod 1 for s e]0, 1[. We obtain in this way a group of homeomorphisms of 
[0, 1]. This group was first introduced by Thompson and is commonly denoted by F. 
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Figure 4 



Figure 5 



Thompson's group F has several remarkable properties, which are not always easy to 
prove. First of all, F admits the finite presentation 



where [•, •] denotes the commutator between two elements, and f,g are the homeomor- 
phisms whose graphs are depicted in Figures 4 and 5, respectively. 

Since every nontrivial homeomorphism of the interval has infinite order, F is torsion- 
free. Prom the proof of Theorem 1.5.1 later on, it will appear as evident that F has 

free Abelian subgroups of infinite index. Moreover, the abelianized quotient F/[F,F] 
is isomorphic to Z x Z. To show this it suffices to take, for each [h] G F/[F,F], the 
value of the derivative of h at the endpoints (notice that these value do not depend on 
the representative of h, since [/, g]'(0) = [/, .g]'(l) = 1 for all /, g in F). Then taking 
the logarithm in base 2 of these values, we obtain an homomorphism from F/[F, F] into 
Z X Z. Actually, it can be easily checked that this homomorphism is an isomorphism. 
(One may also use the nontrivial fact that the derived group [F,F] is simple [44].) 

Further information concerning Thompson's group F may be found for instance in 
[30, 44, 95]. In particular, in the former reference one may find a discussion of the 
relevant problem of the amenability of F (see Appendix B for the notion of amenability 
for groups). According to Exercise B.0.27, one of the main difficulties for this is the fact 
that F does not contain free subgroups on two generators (see however Exercise 2.3.13). 
This is a corollary of a much more general and nice result due to Brin and Squier [34] 
which we reproduce below. We remark that if F is non-amenable, then this would lead to 
the first example of a finitely presented, torsion-free, non-amenable group which does not 
contain F2. (We point out that a finitely presented, non-amenable group not containing 
F2 but having torsion has been constructed by Olshanski and Sapir in [195].) 

Theorem 1.5.1. The group PAff+([0, 1]) of piecewise affine homeomorphisms 0/ [0, 1] 

does not contain free subgroups on two generators. 

Proof. Suppose for a contradiction that f,g in PAff+([0, 1]) generate a free group. For 
each ft,ePAff+([0, 1]) let us denote by suppo{h) the open support of h, that is, the set of 
points in [0, 1] which are not fixed by h. The set I = suppo{f)Usuppo{g) may be written 
as the union of finitely many open intervals 7i, . . . , /„. Notice that the closure of the set 
suppoilf, g]) is contained in I, since in a neighborhood of each endpoint xq of each 7j the 
maps / and g are of the form x>-^ X{x—xo)+xo, and hence commute. 



F = (/,5 : 



[f9-\f-'9f] = [f9-\f-'9f]=id) 
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Among the nontrivial elements h G (/, .9) such that suppo(h) is contained in /, let 
us choose one, say ho, such that the number of connected components of / which do 
intersect suppo{ho) is minimal. Let ]a,b[ be one of the connected components of the in- 
tersection, and let [c, d] be an interval contained in the interior of ]a, b[ and which contains 
suppo{ho) n ]a, b[. If x belongs to ]a, b[, then the orbit of x by the group generated by / 
and g is contained in ]a, b[; moreover, the supremum of this orbit is a point which is fixed 
by / and g, and hence coincides with b. One then deduces the existence of an clement 
h € (/, g) sending the interval [c, d] to the right of d. In particular, the restrictions of ho 
and hhoh~^ to [a, b] commute, and they generate a subgroup isomorphic to Z x Z. On the 
other hand, Hq and hhoh^^ do not commute in (/, .9) ^ F2, since otherwise they would 
generate a subgroup isomorphic to Z. The commutator between ho and hhoh~^ is then a 
nontrivial element whose open support does not intersect ]a, b[, and so it intersects fewer 
components of / than the open support of ho- However, this contradicts the choice of 
ho. □ 

If we consider the homeomorphisms / of the real line which satisfy only the properties 
(ii) and (iii) corresponding to the lifts of the elements in F, and such that /(O) is a 
dyadic rational number, then after passing to the quotient we obtain a group G of circle 
homeomorphisms. This group is infinite, has a finite presentation, and is simple. In fact, 
G was the first example of a group satisfying these three properties simultaneously. (This 
was one of the original motivations which leaded Thompson to introduce these groups.) 



1.5.1 Thurston's piecewise projective realization 

In order to understand Thompson's groups better, we will give two alternative defi- 
nitions in this section. One is based on Thompson's original work, and the other follows 
an idea due to Thurston. We begin with some definitions. 

A (non-degenerate) dyadic tree T is a finite union of closed edges (that is, home- 
omorphic copies of the unite interval, including its endpoints or vertexes) such that: 

(i) there exists a marked vertex, called the root of the tree and denoted by a; 

(ii) each vertex different from the root is the final point of either one or three edges, while 
the root is the final point of cither two edges or no edge (the latter case only appears 
when the tree is degenerate: it contains no edge and is reduced to a single point, namely 
the root); 

(iii) T is connected. 

If a vertex is the final point of three edges, then they may be labeled T^, T;, and 
Tr, according as they point down, to the left, or to the right, respectively. The edges 
starting from a are labeled T/ and T^. A leaf of the tree is a vertex v which is the final 
point of a single edge. The root a will also be considered as a leaf of the degenerate tree. 
The set of all the leaves of a dyadic tree T will be denoted by lv{T). Notice that there 
exists a natural cyclic order for the leaves of a dyadic tree, and the notion of first leaf 
may also be defined naturally. 

Given a dyadic tree T and a leaf pGZw(T), we will say that a dyadic tree T' "germi- 
nates" from T at the leaf p if T' is the union of T and two edges starting from p. Notice 
that the number of leaves of the new tree equals that of the original one plus 1. 
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Let us now consider two trees Ti and T2 having the same number of leaves. We 
will say that a map from lv{Ti) to lv{T2) is G-admissible if it preserves the cyclic order 
between the leaves, and we will say that it is F-admissible if it moreover sends the first 
leaf of Ti into the first leaf of T2. Wc will define an equivalence relation for G-admissible 
maps, leaving the task of adapting the definition to the case of F-admissible maps. 

Let us consider a G-admissible map g : lv{Ti) — > lv{T2) and a leaf p of T^. Let 7^' 
and 7^' be dyadic trees germinating from 7i and 72 at p and g{p), respectively. Let us 
define the map g' : lv(T() lv{T2) by letting g'{q) = g{q) if g is a leaf of 71 different 
from p, and by g'{pi) = p\ and g'ip'i) = p'2, where p\ ^ p and P2 ^ P are, respectively, 
the vcrtcxcs of thc> edges T; and T,. starting from p (and analogously for p'-^ and p'2 in 
relation to g{p)). The map g' will be called a germination of g. 

In general, given two G-admissible maps g: IviJZi) — > lv{S\) and h: lv{JZ2) — > lv{S2), 
we will say that g is G-cquivalcnt to h if there exists a finite sequence go = .9, 51, ... , .g„ = h 
of G-admissible maps such that, for each /cG {1, . . . , n}, either gk is a germination of gn-i, 
or gk-i is a germination of gu- Let us denote by G the set of G-admissible maps modulo 
this equivalence relation. 

/fe) /(93) 




a a a 



Figure 6 

We will now proceed to define a group structure on F and G. Again, we will give the 
definition only for G, since that for F is analogous. Fix two elements /, g in G. It is not 
difficult to verify that there exist dyadic trees TZ, S, T such that in the class of / and in 
that of g there exist maps -which we will still denote by / and g, respectively- so that 
g: lv{TZ) — > lv{S) and /: lv{S) — > lv{T). We then define the element fgGGas the class 
of the map 

fg:lv{n)^lv{T). 
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The reader can easily check that this definition does not depend on the chosen represen- 
tatives and that, endowed with this product, G becomes a group. Figure 6 illustrates 
the composition of two elements in G. Notice that the neutral element is the class of the 
map sending the root (viewed as the unique leaf of the degenerate tree) into itself. 

We now explain the relationship between the groups G and F defined above, and those 
acting on the circle and the interval, respectively. For this, to each vertex of a dyadic 
tree we associate a dyadic interval in [0, 1] [i.e., an interval of type [«/2", {i + l)/2"] , 
with i € {1, . . . , 2"}) as follows: 

(i) to the root we associate the interval [0, 1]; 

(ii) if to the vertex p which is not a leaf we have associated the interval [a, 6], then to 
Pi and p2 we associate the intervals [a, (a + 6)/2] and [(a + 6)/2, b\ , respectively, where 
P\^ p and pi^p are the final vertexes of the edges T; and starting from p. 

For each g&G we choose a representative g: lv{Ti) lv{T2), and we associate to it 
the circle homcomorphism sending affinely the interval corresponding to each leaf p of 
7i into the interval corresponding to the leaf g{p). It is not difficult to check that this 
definition does not depend on the chosen representative of g. Thus we obtain a group 
homomorphism from the recently defined group G into the group G acting on the circle, 
and one is easily convinced that this homomorphism is, in fact, an isomorphism. 

To conclude this section, we show that G embeds into Diff^'*''"'''(S^). The proof that 
we give is based on an idea due to Thurston. Following a construction due to Ghys and 
Sergiescu, wc will show in the next section that a stronger result holds: G is topologically 
conjugate to a subgroup of the group of C°° circle diffeomorphisms. 

Thurston's idea uses finite partitions of given by the Farey sequence instead of 
partitions into dyadic intervals. In other words, to each vertex of a dyadic tree we 
associate a subinterval of [0, 1] in the following way: 

(i) to the root we associate the interval [0, 1]; 

(ii) if to the vertex p we have associated the interval [a/b, c/d\ and p is not a leaf, then 
to pi and p2 we associate the intervals [a/b, (a + b)/{c + c?)] and [(a + b)/{c + d), c/d] , 
respectively. Here, pi ^ p and P2 ^ P are the vertexes different from p of the edges T; 
and Tr starting from p. 

Then for each g E G wc choose a representative g : lv{Ti) lv{T2), to which we 
associate the circle homeomorphism sending the interval associated to each leaf p oi Ti 
into the interval associated to g{p) by a (uniquely determined) map in PSL(2,Z). As in 
the previous case, everything is well-defined up to the equivalence relation defining the 
group structure on G. Actually, one can explicit the elements in PSL(2,Z) used in this 
definition. Indeed, it is not difficult to verify by induction that if the interval associated 
to some vertex is [a/b,c/d], then be — ad, = 1. Therefore, the unique map in PSL(2, Z) 
sending I=[a/b, c/d] into J=[a! /b' . c' /d'] is 7/,j = 7j o 7^^, where 

, , (c—a)x + a , , (d — a')x + a' 

7/(2;) = 73 — — TT' 7j(a;) = 



{d-b)x + b' ' {d'-b')x + V' 

Notice that 7j(x) = l/((d - b)x + 6)^, and therefore 
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These equalities show that, for each g G G, the associated piccewise PSL(2,Z) circle 
homeomorphism is actually of class C^+^'P; indeed, the values of the derivatives to the 
left and to the right of the "break points" coincide. 

Wc have thus constructed a new action of G on the circle, this time by C^+'^'p diffco- 
morphisms. It is not very difficult to show that the resulting group of piecewise PSL(2, Z) 
maps and that of piecewise dyadically affine maps are topologically conjugate. 

1.5.2 Ghys-Sergiescu's smooth realization 

A remarkable (and at first glance surprising) property of Thompson's group G is 
the fact that it can be realized as a group of C°° circle diffeomorphisms. We mention, 
however, that the general problem of knowing what are the subgroups of PAff_|_([0, 1]) and 
PAff_|_(S^) sharing this property is wide open. This problem is particularly interesting 
(both from the dynamical and algebraic viewpoints) for the groups studied by Stein in 
[227] and their natural analogues acting on the circle. 

Following (part of) [95], we will associate a representation of G in Homeo+(S^) to 
each homeomorphism if : IR. ^ R satisfying the following properties: 

(i) for each x gR one has H{x + 1) = H{x) + 2; 

(ii) H{0) = 0. 

Notice that the function H{x) = 2x satisfies these two properties: the associated 
representation will correspond to the canonical action of G by piecewise afHne circle 
homeomorphisms . 

For the construction let us first introduce some notation. First of all, let us denote by 

Q2 (R) the group of dyadic rational numbers (which may be thought of as a subgroup of 
the translation group). By Aff_|_(Q2, M) we will denote the group of affine transformations 
of the real line which preserve the set of the dyadic rationals, and by PAff+(Q2,K) we 
will denote the group of homeomorphisms which are piecewise Aff+(Q2!K). Similarly, 
Q2(S^) will denote the group of dyadic rational rotations of the circle, and PAff+(Q2, S^) 
will denote the group of piecewise dyadically affine circle homeomorphisms. Recall finally 
that, for each aeM, the translation by a is denoted Ta- 

Lemma 1.5.2. The correspondence $h : Q2(K) — * Homeo+(M) sending into 
H~'iTpH'^ is well-defined and is a group homomorphism. 

Proof. To show that the definition does not lead to a contradiction we need to check 
that, for aU integers g > and p, one has $//(p/2«) = <i>//(2^>/2«+^), that is, 

H-''TpH'' = i?-(«+i)T2pi?«+^ 

To do this, notice that this equality is equivalent to H{x+p) = H{x) + 2p, which follows 
directly from property (i). To show that is a group homomorphism, just remark that 
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Lemma 1.5.3. The homomorphism of the preceding lemma extends to a homomor- 
phism from AS +{Q2,^) into Homco+(R) by 

Proof. The claim follows directly from the equality 

^°^-(2^) ° 

The extension of the homomorphism to Aff+(Q2, R) will be also denoted by 
The definition for each g G PAff+((Q)2, R) is a little more subtle. Let us fix a strictly 
increasing sequence {an)n& of dyadic rational numbers without accumulation points, as 
well as a sequence of elements Aff+(Q2,IR), in such a way that for all n e Z one has 

^l[a„,a„+i] ~ '''"l[o„,o„+i]' 

If we define 6„ = $iir(a„)(0), then it is easy to see that the sequence (6n)nez is also 
strictly increasing and does not have accumulation points. 

Proposition 1.5.4. If to eachg G PAff+(Q2,IR) we associate the map that on each inter- 
val [bn, bn+i[ coincides with ^niKi), then we obtain a homomorphism from PAff+(Q2,R) 
into Homeo+(S^) which extends ^h- 

Proof. The fact that the map associated to each g is wciU-dcfincd (i.e.. it does not 
depend on the choice of the a„'s) follows readily from the definition, as well as the fact 
that the map associated to each g e AfF+(Q2,K) coincides with ^H{g). To prove that 
the map associated to each g G PAff + (Q2 , M) is a homeomorphism, we need to check the 
continuity on each point 6„, which reduces to show that 

^H{hn){bn) = *//(/l„-l)(6„). 
Notice that the above equality is equivalent to 

that is, 

$H(T_„>;^/i„T„J(0)=0. (1.9) 

Now since g is continuous, we have hn{an) = ^ri-i(ari)- Therefore T-an^n-i^^Ta^ is an 
element of Aff_|_(Q2,M) which fixes the origin, that is, a map / of the form x 1-^ 2''x. 
The desired equality (1.9) then follows from ^nif) = H'^ and from the fact that, by 
property (ii), H fixes the origin. □ 

Notice that from property (i) it follows that '^H{p)=Tp for every integer p. Therefore, 
induces an injective homomorphism (which we will still denote by ^h) from G into 
Homeo+(Si). 
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Proposition 1.5.5. Assume that for some positive integer r or for r = oo, the map H 

is a C diffeomorphism satisfying the following condition: 

(iii)r H'{0) = 1 and H'^'\0) = for all i e {2, . . . ,r}. 

Then the image $h(G) is contained in the group o/C circle diffeomorphisms. 

Proof. Using the notation of the preceding proposition, we need to show that for each 
i G {1, . . . , r} one has 

But this follows from the fact that the Taylor series expansion of order r of the map 
^H{T-a„hn-ihnTa^) = H'^ coincidcs with that of the identity. □ 

Notice that, when r = oo, property (iii)r cannot be satisfied by any real-analytic 
diffeomorphism. In fact, the groups F and G cannot act faithfuly on by real-analytic 
diffeomorphisms. (Since G is a simple group, this implies that every action of G by real- 
analytic diffeomorphisms of the circle is trivial.) This may be shown in many distinct 
ways, but it will appear as evident after §4.4: Thompson's group F contains solvable 
subgroups of arbitrary length of solvability, while every solvable group of real-analytic 
diffeomorphisms of the (closed) interval is metabelian. 

In §2.1.1 we will deal again with some dynamical aspects of the preceding realization. 
To conclude, let us point out that the dyadic feature of the preceding arguments is not 
essential: for each integer m > 2, an analogous construction starting with a map H 
satisfying H{x + 1) = H{x)+m for each xsK leads to an m-adic Thompson's group. 
From an algebraic point of view, the case rn = 2 is special in relation to the automorphism 
group: we refer the reader to [31, 32] for further information on this very interesting topic. 
For a complete survey on the recent progress (especially on cohomological aspects) on 
Thompson's groups, see [220]. 
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Chapter 2 



DYNAMICS OF GROUPS OF 
HOMEOMORPHISMS 

2.1 Minimal Invariant Sets 

2.1.1 The case of the circle 

Recall that a subset A of is invariant by a subgroup F of Hoineo+(S^) if g{x) e A 
for every a; e A and every g&T. A compact invariant set A is minimal if its only closed 
invariant subsets are the empty set and A itself. 

Theorem 2.1.1. If T is a subgroup o/ Homeo+(S^), then one (and only one) of the 
following possibilities occurs: 

(i) there exists a finite orbit; 

(ii) all the orbits are dense; 

(iii) there exists a unique minimal invariant compact set which is homeomorphic to the 
Cantor set (and which is contained in the set of accumulation points of every orbit). 

Proof. The family of non-empty closed invariant subsets of is ordered by inclusion. 
Since the intersection of nested compact sets is (compact and) non-empty, the Zorn 
Lemma allows us to conclude the existence of a minimal non-empty closed invariant set 
A. The boundary dA and the set A' of the accumulation points of A are closed invariant 
sets contained in A. By the minimality of A, one of the following possibilities occurs: 

(i) A' is empty: in this case A is a finite orbit; 

(ii) OA is empty: in this case A = S^, and therefore all the orbits are dense; 

(iii) A = A' = dA: in this case A is a closed set with empty interior and having no 

isolated point; in other words, A is homeomorphic to the Cantor set. 

We will show that, in the last case, A is contained in the set of accumulation points 
of every orbit, which clearly implies its uniqueness. Let x and y be arbitrary points in 

and A, respectively. Wc need to show that there exists a sequence (gn) of elements 
in r such that 5„(x) converges to y. For x £ A, this follows from the minimality of A. 
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If a; G \ A, let us consider the interval I =]a, b[ contained in \ A such that both 
a,b belong to A and xGl. Since the orbit of a is dense in A, and since A does not have 
isolated points, there must exist a sequence (g„) in F for which gn{a) tends to y in such 
a way that the intervals gn{I) arc two-by-two disjoint. The length of gn{I) must go to 
zero, and thus gn{x) converges to y. This concludes the proof. □ 

Exercise 2.1.2. Prove that if a group of circle homeomorphisms has finite orbits, then all of 
them have the same cardinality. 

In the case where all the orbits are dense, the action is said to be minimal. If there 
exists a minimal invariant Cantor set, this set is called an exceptional minimal set. 

To rmderstand this case better, it is useful to introduce the following terminology. 

Definition 2.1.3. A circle homeomorphism / is semiconjugate to g if there exists 
a continuous degree- 1 map ip : ^ whose lifts to M are non-decreasing functions 
and such that <ff = gcp. Similarly, a group action $i by circle homeomorphisms is 
semiconjugate to an action $2 if there exists (p satisfying the preceding properties and 
such that If ^i{g) = ^2{g) f for every element g in the acting group. 

The map ip may be non injective; in the case it is injective, the semiconjugacy is in 
fact a conjugacy. Notice that if a group F acts on S^ with an exceptional minimal set A, 
then replacing the closure of each connected component of S'^ \ A by a point we obtain 
a topological circle S^ upon which F acts in a natural way by homeomorphisms. The 
original action is semiconjugate to the induced minimal action on S\. 

Remark 2.1.4. The relation of semiconjugacy is not an equivalence relation. The equivalence 

relation which generates is sometimes called monotonia equivalence. More precisely, two 
actions $1 and "3>2 are monotonically equivalent if there exists an action $ which is semiconjugate 
to both $1 and 3>2. The interested reader may find more on this notion in [43]. 
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It is not difRcult to construct homcomorphisms of S"'^ which do admit exceptional min- 
imal sets. Indeed, every subset of homeomorphic to the Cantor set may be exhibited 
as the exceptional minimal set of a circle homeomorphism (see §2.2.1). We now show an 
example of a group of real-analytic circle diffcomorphisms having an exceptional minimal 
set. This group is generated by two Mobius transformations / and g. The diffeomor- 
phism / is the rotation i?27r/3 (centered at the origin O = (0, 0)). The diffeomorphism g 
is also elliptic and corresponds to a rotation of angle tt centered at a point P G D situated 
at an Euclidean distance larger than 2 — from O (see Figure 7). Equivalently, g is the 
"hyperbolic reflexion" with respect to the geodesic passing through P and perpendicular 
to the geodesic joining this point to O. 

The acting group in this example coincides with the so-called modular group, which 
admits the finite presentation r = {f,g: g^ = f^ = id) . The standard injection of T into 
PSL(2, R) is obtained by identifying / with i?27r/3 and g with the rotation by tt centered at 
the point (0, a/S— 2) gD. Via this injection, the modular group identifies with PSL(2, Z), 
and the corresponding action is minimal. 

A small perturbation of a "piecewisc version" of the preceding example allows us to 
produce an action by C°° diffeomorphisms having the triadic Cantor set as an exceptional 
minimal set. For this, it suffices to consider a circle diffeomorphism h satisfying: 

- its restriction to [0,7r/6] (resp. [tt, 37r/2]) is affine, with derivative 3 (resp. 1/3); 

- h{x) = x + 27r/3 for all x S [tt/S, 7r/2]; 

- h is defined in a coherent way on the remaining intervals so that {hg)^ = Id, where g 
denotes the rotation by an angle tt (see Figure 8). 

Letting / = hg, we obtain the desired action. 

It is very interesting to notice that, although the example illustrated by Figure 7 
already appears in the works by Klein and Poincarc, for many years this example was 
"forgotten" , and actually the "first example" of a group of C°° circle diffeomorphisms 
having an exceptional minimal set is commonly attributed to Sackstedcr [216]. His 
example corresponds to (a slight modification of) the one illustrated below... 




Figure 8 
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In the case of Fuchsian groups (that is, discrete subgroups of PSL(2,R)), a par- 
ticular terminology for Theorem 2.1.1 is sometimes used. If there exists a finite orbit, 
then the group is called elementary. In the case the orbits are dense, the group is said 
to be of first kind. Finally, in the case of an exceptional minimal set. the group is 
of second kind [134]. An interesting family of examples of groups of second kind are 
the so-called Schottky groups. These correspond to groups generated by hyperbolic 
elements go and gi in PSL(2. M) for which there exist disjoint intervals /q, /i, Jo, Ji in 
such that gi{Ii U Jj U Ji_i) C li and g^^ih U h-i U Ji_i) C Ji for i e {0, 1}. Figure 
9 illustrates the corresponding combinatorics of the dynamics. It is easy to check that 
(50,51) acts on admitting an exceptional minimal set, namely 

A= Pi 5(7oU7iU JoU Ji). 

se(go,Si> 

Moreover, the group generated by go and gi is free (see §2.3.1). 




Figure 9 



Exercise 2.1.5. Give examples of finitely generated subgroups of Difi^^(S^) admitting an ex- 
ceptional minimal set A so that the orbits of all points in \ A are dense. 
Remark. Using a result of Hector it is possible to show that, if F is a (non-necessarily finitely 
generated) group of real-analytic circle diffeomorphisms having an exceptional minimal set, then 
none of its orbits is dense (see for instance [180]). 

Exercise 2.1.6. Give an example of a (non finitely generated) group of real-analytic circle 
difi^comorpliisms whose action is minimal and such that all of its finitely generated subgroups 
do admit an exceptional minimal set. Analogously, give an example of a group of real-analytic 
circle diffeomorphisms acting minimally and such that all of its finitely generated subgroups do 
admit finite orbits (see Example 3.1.7 in case of problems with this). 

We close this section with another important example of a group of C°° circle dif- 
feomorphisms having an exceptional minimal set, namely Thompson's group G. Indeed, 
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in §1.5.2, to each homcomorphism _ff : R ^ M satisfying certain properties (i) and (ii), 
we associated a homomorphism : G Honieo+(S^), which takes values in Diff!j_(S^) 
when is a C diffeomorphism satisfying condition (iii)r.. It is fairly clear that the groups 

$if(G) arc topologically conjugate to (the canonical inclusion of) G (in Homco+(S"'^)). 
However, according to the following proposition, some of them are not conjugate to G. 

Proposition 2.1.7. If the homeomorphism H:R^R satisfies the properties (i) and (ii) 
from §1.5.2 and has at least two fixed points, then the group $//(G) admits an exceptional 
minimal set. 

Proof. If o, b are fixed points of H, then property (i) implies that they belong to the 
same "fundamental domain". In other words, the open interval in the real line whose 
endpoints are a and b projects injectively into an open interval I of the circle satisfying 
H"{I) = I for every n > (where H denotes the degree-2 map of induced by H). 
On the other hand, for each n > the set is the union of a family consisting of 

2" disjoint open intervals, and H^^{I) C H~"^{I) for all m > n. Therefore, the union 
[Jn>oH~"{I) is open and invariant by H, and its complementary set is non-empty. It 
is then not very difficult to conclude that this set is invariant by $//(G) (see Exercise 
2.1.11). Therefore, not every orbit of $/f(G) is dense, and since ^^(G) has no finite 
orbit, it must preserve an exceptional minimal set. □ 

Using the techniques of Chapter 3, it is possible to show that every faithful action 
of G by C^ circle diffcomorphisms is scmiconjugate (by a non-neccssarily orientation 
preserving map) to the standard piecewise affine action [95]. However, we will not pursue 
on this point, since it seems that the regularity hypothesis is superfluous for this claim 
[149, 87] (compare Exercise 2.2.21). 
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Figure 10 

Exercise 2.1.8. Using Theorems 1.5.1 and 2.3.2, show that every action of F by circle homeo- 
morphisms admits a global fixed point. 

Exercise 2.1.9. Prove that if the map H is expanding, that is, if for every pair of distinct 
points x,y in the real line one has dist{H{x),H(y)) > dist{x,y), then all the orbits of the 

group 9h{G) arc dense. 

Exercise 2.1.10. Prove that G admits actions by piecewise affine circle homeomorphisms 
having an exceptional minimal set. 
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Exercise 2.1.11. Given a iiomoomorpiiism H satisfying tiio properties (i) and (ii) from §1.5.2, 
consider tlie equivalence relation of the induced map B on the circle. Prove that the equivalence 
classes of this relation coincide with the orbits of the group ^h{G). 

2.1.2 The case of the real line 

There is no analogue of Theorem 2.1.1 for general groups of homeomorphisms of the 
real line. In fact, it is not difficult to construct examples of subgroups of Homeo+(M) 
whose action is not minimaland so that the only closed invariant subsets are the empty 
set and the real line itself. Nevertheless, a weak version (which in many cases is enough 
for applications) persists for finitely generated subgroups. 

Proposition 2.1.12. Every finitely generated subgroup o/ Homeo_|- (M) admits a non- 
empty minimal invariant closed set. 

Proof. Let ^ = {/i , . . . , /fc} be a finite and symmetric system of generators for a subgroup 

r of Homeo+(R) (where symmetric means that belongs to Q for every / €E G)- If T 
admits a global fixed point, then the claim is obvious. If not, fix any point xqG IR, and 
let xi be the maximum among the points fi{xo). We claim that every orbit of F must 
intersect the interval [xo,a;i]. Indeed, for every x^M. the supremum and the infimum of 
its orbit are global fixed points, and therefore coincide with +oo and — oo, respectively. 
Thus, we can take Xq, x[ in this orbit so that x'q < xq < xi < x[. Let f = fi^ ■ ■ ■ fi^ G F 
be such that /(.Tq) = x'l^ where each fi. belongs to Q. Let m e {1, . . . ,n — 1} be the 
largest index for which /^^ ■ ■ ■ fix {x'^) < xq. Then . . . /ii (sJq) is in the orbit of x 

and is greater than or equal to x^. by the definition, it is smaller than or equal to xi. 

Now let / ~ [a;o,a:;i], and on the family T of non-empty closed invariant subsets of 
M let us consider the order relation < given by Ai ^ A2 if Ai fl / C A2 fl /. By the 
discussion above, every orbit by F must intersect the interval /, and so A fl / is a non- 
empty compact set for all A £ Therefore, Zorn's Lemma provides us with a maximal 
element for the order which corresponds to the intersection with / of a non-empty 
minimal F-invariant closed subset of M. □ 

As in the proof of Theorem 2.1.1, one can analyze the distinct possibilities for the 

non-empty minimal invariant closed set A obtained above. For this, notice that the 
boundary dh. and the set of accumulation points A' are also closed sets invariant by F. 
Because of the minimality of A, there are three possibilities: 

(i) A' = 0: in this case A is discrete. If it is finite, then it is made up of global fixed 

points. If it is infinite, then it corresponds to a sequence (j/n)nez satisfying yn<yn+i for 
all n and without accumulation points in M. 

(ii) OA = 0: in this case A coincides with the whole line, and hence the action is minimal. 

(iii) dA = A' = A: in this case A is "locally" a Cantor set. Therefore, collapsing to 
a point the closure of each connected component of the complement of A, we obtain 
a topological line on which the original action induces (by scmi-conjugacy) a minimal 
action of F. However, the reader may easily construct examples showing that, unlike the 
case of the circle, in this case the "exceptional" minimal invariant set is not necessarily 
unique. 
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2.2 Some Combinatorial Results 



2.2.1 Poinccire's theory 

In this section, we revisit the most important dynamical invariant of circle homeo- 
morphisms, namely the rotation number. We begin with the following well-known lemma 

about almost subadditive sequences. 

Lemma 2.2.1. Let {an)nez be a sequence of real numbers. Assume that there exists a 
constant C e M such that, for all m, n in Z, 

\a„i+n- am- an\<C. (2.1) 

Then there exists a unique p € M such that the sequence (|a„ — np|)„£z is bounded. This 
number p is equal to the limit of the sequence (an/n) as n goes to ±oo (in particular, 
this limit exists). 

Proof. For each n G N let us consider the interval J„ = [(a„ — C)/n, {an + C)/n]. 
We claim that is contained in /„ for every m,n in N. Indeed, by (2.1) we have 
lomn — iTianl < (to — 1)C, from where one concludes that Umn + C < mun + mC, and 
therefore 

C-mn ~^ C ^ + C 

mn ~ n 

Analogously, 

mn ~ n ' 
and those two inequalities together imply that Imn C /„. 

Due to the claim above, a direct application of the Finite Intersection Property shows 
that the set / = n„£NJ„ is non-empty. If p belongs to /, then p is contained in each of 
the intervals /„. This allows to conclude that, for every n e N, 

|o„ - np\ < C, (2.2) 

thus showing that p satisfies the claim of the lemma. Vi p' ^ p then 

\a„ - np'\ = |(a„ - np) + n{p - p')\> n\p - p'\ - C, 

and therefore |a„ — np'\ goes to infinity. Finally, dividing by n the expressions in both 
sides of (2.2), and then passing to the hmit, one concludes that p = hm„^oo(a„/n). The 
case where n < is similar and we leave it to the reader. □ 

We now consider the parameterization of by [0, 1]. Given a circle homeomorphism 
/, we denote by F: R — > M any lift of / to the real line. 

Proposition 2.2.2. For each x there exists the limit 

lim -[F''{x)-x], 

n— »=too 77, 

and this limit does not depend on x. 
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Proof. First notice that, for every a;, y in M and every m e Z, 

I IF'^ix) -x\- IF'^iy) - 2/1 1 < 2. (2.3) 

Indeed, since F"^{x + n) = F"^{x) +n for every n&Z, to show (2.3) we may assume that 
X and y befong to [0, 1[, and in this case inequahty (2.3) is clear. Let us now fix x e M, 
and let us denote a„ = F"{x) — x. From 

am+n = F^+^{x) -x= [F™(F"(a;)) - F"(a;)] + [F"(x) - x] 

one concludes that 

\a^+n-am-an\ = \F"'+^{x)-x-iF'"{x)^x)-{F"{x)-x)\ 
= |F'"(F"(a;))-F"(a;)-(F'"(a;)-a;)| 
< 2. 

By the preceding lemma, the expression [F'"{x) — x]/n converges as n goes to infinity, 
and inequality (2.3) shows that the corresponding limit does not depend on x. □ 

If we consider two different lifts of / to the real line, then the limits given by the 
proposition above coincide up to an integer number. We then define the rotation num- 
ber of / by 

p{,f)= lim i[F"(a;)-x] modi. 

As a matter of example, it is easy to check that, for the Euclidean rotation of angle 
6 e [0,1[, one has p{R0) = 0. 

Notice that for every circle homeomorphism /, every x G S^, and every m € Z, one 

has 

/9(/'") = lim -[F'""(x) -x]=m- lim — [F™"(a;) - x], 

n-»±oo n n— >±oo mn 

from where one concludes that p{f"^) = mp{f). 

If / has a periodic point, then p{f) is a rational number. Indeed, if f^{x) = x then 
for each lift F of / wc have F'p {x) = x + q for some g € Z (here, x denotes either a point 
in or one of its lifts in M). We then obtain 

lim —[FP''(x)-x]= lim —\{x + nq)-x] = -, 

n->±oo n^±oo pn p 

from where one concludes that 

P{f) = ^ mod 1. 
Conversely, the following result holds. 

Proposition 2.2.3. If f G Homeo+(S^) has rational rotation number, then f has a 
periodic point. 
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Proof. Due to the equality p{g™) = mp{g), it suffices to show that every circle home- 
omorphism with zero rotation number has fixed points. To show this, assume that 
/ e Homeo+ (S^) has no fixed point, and let F : M ^ M be a lift of / such that F{0) e]0, 1 [. 
Notice that the function x F{x) — x has no zero on the line. Therefore, by continuity 
and periodicity, there exists a constant 5e]0, 1[ such that, for all a; G M, 

5 < F{x) -x<l-5. 

Letting x = F^{0) in this inequality, taking the sum from i = Ouptoi = n— 1, and 
dividing by n, we obtain 

n 

Taking the limit as n goes to infinity, the last inequality gives S < p{f) <l — 6. Therefore, 
if /GHomeo+(S^) has no fixed point, then p{f) 7^ 0. □ 

We leave to the reader the task of showing that if the rotation number of a circle 
homeomorphism is rational, then all of its periodic points have the same period. 

Proposition 2.2.4. If two circle homeomorphims are topologically conjugate, then their 
rotation numbers coincide. 

Proof. We need to show that p{f) — p{gfg^^) for every f,g in Homeo+(S^). Let F and 
G be the lifts to the real line of / and g, respectively, such that F{0) and G(0) belong to 
[0, 1[. It is clear that is a lift oi g~^. To show the proposition, we need to estimate 
the value of the expression 

\{GFG-^r{x) - i^"(a;)| = {GF'^G-^x) - i^"(a;)|. 

It is not very difficult to check that \G{x) — x\ < 2 and \G~^{x) — a;| < 2 for every 
xgR. Moreover, if |a; - < 2 then |F"(a;) - < 3. We thus conclude that 

|GF"G-i(a;) - F"(x)| < \GF"G-\x) - F"G-\x)\ + \F"G-\x) - F"(a;)| < 5. 

Dividing by n and passing to the limit, this clearly yields p{f) = p{gfg~^)- □ 



Remark 2.2.5. The preceding proposition may be extended to homeomorphisms which 
are semiconjugate. We leave the proof of this fact to the reader. 

As a consequence of what precedes, the dynamics of a circle homeomorphism / having 
rational rotation number p/q (where p and q are relatively prime integers) is completely 
determined by this number, the topology of the set Per(/) of periodic points of /, and the 
"direction" of the dynamics of on each of the connected components of the complement 
of Per(/). 

The case of irrational rotation number is much more interesting. The fact that all 
the orbits of the rotation by an angle 6 ^ Q are dense might suggest the cixistence of 
a unique model (depending on 9) for this case. Nevertheless, it is not very difficult 
to construct circle homeomorphisms having irrational rotation number and which are 
not topologically conjugate to the corresponding rotation. To do this, choose a point 
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X G S^, and replace each point Wg{x), i G Z, by an interval of length l/2l'l. We then 
obtain a "larger" circle S^, and the rotation Rg induces a homeomorphism R$^x of 
by extending Rg affinely to each interval that we added to the original circle. The map 
Re.x is semiconjugatc to Rg, and therefore its rotation number equals 9. However, none 
of the orbits of Rg^x is dense; in particular, Rg^^ is not topologically conjugate to Rg. 
Nevertheless, the model is unique up to topological semiconjugacy. 

Theorem 2.2.6. If the rotation number p{f) o/ / G Homeo+(S^) is irrational, then f 
is semiconjugatc to the rotation of angle p{f) . The semiconjugacy is a conjugacy if and 
only if all the orbits of f are dense. 

Proof. Let F: K ^ E be a Hft of / to the real line such that F(0) G [0, 1[. By Lemma 
2.2.1 and the proof of Proposition 2.2.2, for each a; G M the value of 

<p(a;) = sup (F"(a;) -np(F)) 

is finite. Moreover, the map : R — > R satisfies the following properties: 

(i) (f is non- decreasing, 

(ii) (p{x + 1) = (p{x) + 1 for all x eM., 

(iii) ^{F{x)) = <f{x) + p{F) for ah x gR. 

From these properties we see that, in order to prove that </? is a semiconjugacy, we 
need to show that ip is continuous. To do this first notice that, for each x G v'(R)) the 
set (f~^{x) is either a point or a non-degenerate interval. Let us denote by Plan(F) the 
union of the interior of these intervals, and by Salt(i^) the interior of the complement of 
95(R). The sets Plan(F) and Salt(F) are invariant by the integer translations on the line, 
and therefore they project into subsets Plan(/) and Salt(/) of the circle, respectively. 
It is easy to see that Salt(/) is invariant under the rotation of angle p{f ). Since p{f ) 
is irrational, Salt(/) must be the empty set, which implies that ip is continuous, thus 
inducing a semiconjugacy from / to Rp(f). Finally, notice that Plan(/) is invariant by /. 
Therefore, if the orbits by / are dense, then Plan(/) is empty. In this case ip is injective, 
and thus it induces a conjugacy between / and Rp(f)- □ 

By the preceding theorem, the combinatorics of the dynamics of a homeomorphism of 
irrational rotation number reduces to that of the corresponding rotation. To understand 
this combinatorics better, for ^ G [0, 1] \ Q we define inductively the integers 

qi = 1, qn+i = min > g„ : dist{q6, N) < dist{qnO, N)}. 

It is well-known (and easy to check) that the sequence satisfies 

dtst{qn9,N)^{qne} if and only if dist{q^+ie,N) ^ 1 {qn+iO}, (2.4) 

where {a} = a — [a] denotes the fractional part of a (see for instance [109]). If we project 
these points on the circle and we keep the same notation, property (2.4) implies that 
either 

-qn6 < qn+ld < < -qn+lO < qnO < -qnd, 
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or 

qnO < -Qn+lO < < qn+ld < -QnO < q„0- 

We denote by /„ the interval in of endpoints and QnO which is closed at and open 
at QnO- The open interval with endpoints —QnO and qn6 will be denoted by J„. Notice 
that {qn + qn+i)d belongs to J„ (see Figures 11 and 12). 

Now we claim that the intervals j S {0, 1, • . . , qn+i — l}j are disjoint. Indeed, 

if Rje{In) n Rke{In) for some < j < < qn+i, then R(k-3)e{In) n /„ ^ 0, 
which implies that dist(^{k — j)9,0) < dist{qnO,0). However, since k—j<qn+i, this 
contradicts the definition of qn+i- 

From what precedes we deduce that the intervals Rjo{Jn), J S {0, 1, ... , qn+i — 1}, 
cover the circle, and each point x G S"'^ is contained in at most two of them. Replacing 9 
by —6, we obtain two sequences of intervals /_„ and J_„ such that J„ = In^I-n = J-n- 
Thus we see that each point of the circle is contained in at most two intervals of the form 
Rje{Jn), where j e - 1), -(<7n+i - 2), . . . ,0}. 

The preceding notation is standard and will often be used in the next sections. 




Figure 11 Figure 12 



Exercise 2.2.7. Prove that for every / G Homeo+(S^) there exists an angle 6 G [0, 1[ such that 
the rotation number of Re ° f is non-zero. 

Exercise 2.2.8. Given two positive parameters Ai > 1 and A2 < 1, let us define a = a(Ai,A2) 
as the only real number such that Aio + A2(l — o) = 1. Consider the (unique) piecewise afhne 
homeomorphism / = /ai.Aj : — > satisfying /(a) = and whose derivative equals Ai on 
]0,o[ and A2 on ]o, 1[ (this example is due to Boshernitzan [21]). 

(i) For a = A1/A2, let ha be the homeomorphism of [0, 1] defined by ha{x) = (a^ — l)/(a — 1). 
Show that /Ict ^ °/ai,A2 coincides with the rotation Rp, where p satisfies the equality a'' = Ai. 

(ii) Conclude that ^(/Ai.Aa) = log(Ai)/(log(Ai) -log(A2)). 

Exercise 2.2.9. Let us now fix a positive real number a ^ 1, and for each p G]0, 1[ let us 
consider the circle homeomorphism g„ p = ha o RpO . 

(i) Check that ga,p coincides with /ai,A2, where Ai = a'' and A2 = (t''~^ . 

(ii) Conclude that inside the group of piecewise affine homeomorphisms of the circle, there 
exist continuous cmbcddings of the group of rotations which arc not conjugate to the natural 
embedding by any piecewise affine homeomorphism (see [166, 167] for more on this). 



35 



2.2.2 Rotation numbers and invEiriant measures 



According to Bogolioubov-Krylov's theorem, every circle homeomorphism / preserves 
a probability measure /x (see Appendix B). Notice that the value of iJ.{[x, f{x)[) is inde- 
pendent of xgS^. For instance, if y e is such that y < f{x) < f{y), then 

Kiy, .fiy){)^K[y, /(^)[) + ^i{[fix),fiy)[)=^i{{y, fix)[) + y[)=K[x, f{x)[). 

This common value will be denoted by p^{f)- 

Theorem 2.2.10. The value of pij,{f) coincides (mod 1) with the rotation number of f. 

Proof. The measure /i lifts to a ct- finite measure jl on M. Let us fix a point a; € S"'^, and 
let us consider one of its preimages in R, which we will still denote by x. Notice that 
every lift F of / preserves jl. Moreover, jl(^[x,x + k\) = k for all k G N. Therefore, if 
F"-{x) e[x + k,x + k + l[, then 

F"-{x)-x-l < k < /i([a;,F"(a;)[) < + 1 < ^^"(a;) - a; + 1. 

We thus conclude that 



lim = lim = ig^([^Xx),F-^(.)D, 



i=0 



and since for every z G N one has -F*+-^(a;)[) = jl{[x, F{x){) , this yields 

lim ^"^^^ = il([x,F{x)[). 

n — foo Ti 

Therefore, (mod 1) the equality p{f) = /i([a;, /(a;)[) = p^{f) holds. □ 

It is very useful to describe the support supp{p) of a probability measure p which is 
invariant by a circle homeomorphism /. If p{f) is rational, then / has periodic points, 
and p is supported on these points. If p{f) is irrational, then two cases may occur: if / 
admits an exceptional minimal set A, then supp{p) = A and p has no atom, and if the 
orbits by / are dense, then the support of p is the whole circle and p has no atom either. 

Given a probability measure p, on the circle, we will denote the group of homcomor- 
phisms that preserve phy T^. Notice that the rotation number function restricted to 
is a group homomorphism into . Indeed, to check for instance that for every /, g in 
Fju one has Pfj,{fg) = p^if) + Puid), it suffices to notice that 

Pfiifg) = {[x,f9{x)[) = p{[x,g{x)[) + p{[g{x),fg{x)[) = p^{f) + Pi^{g), 

where the second equality holds (mod 1). 

If F is an amenable subgroup of Homeo+(S^), then there exists a probability measure 
on which is invariant by F (see Appendix B). As a consequence, we obtain the following 
proposition (an alternative proof using bounded cohomology appears in [87]). 

Proposition 2.2.11. The restriction of the rotation number function to every amenable 
subgroup of IIomeo+(S^) is a group homomorphism into T^. 
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Exercise 2.2.12. Prove that an irrational rotation is uniquely ergodic, that is, it has a 
unique invariant probabihty measure (namely the Lebesgue nioasurc). Conclude that if F is a 
subgroup of Homeo+(S^) all of whose elements do commute with a proscribed minimal circle 
homeomorphism, then F is topologically conjugate to a group of rotations. 

Exercise 2.2.13. Give an example of a subgroup F of Homeo+(S'^) which does not preserve any 
probability measure on the circle, but such that the restriction of the rotation number function 

to F is a group homomorphism into T^. 

Remark. After reading §2.3.2, the reader should be able to prove that, for every group F satisfying 
the properties above, the image p(r) is finite. 

2.2.3 Faithful actions on the Une 

In this section, wc will show that the existence of faithful actions on the line is closely 
related to the possibility of endowing the corresponding group with a total order relation 
which is invariant by left-multiplication. 

Definition 2.2.14. An order relation ^ on a group F is left-invariant (resp. right- 
invariant) if for every g,h in F such that g ^ h one has fg ^ fh (resp. gf ^ hf) 
for all /GF. The relation is bi-invariant if it is invariant under multiplication on both 
the left and the right, simultaneously. To simplify, we will use the term ordering for 
a left-invariant total order relation on a group. A group is said to be orderable (resp. 
bi-orderable) if it admits an ordering (resp. a bi-invariant ordering). 

For an ordering ^ on a group F, we will say that /gF is positive if / >- id. Notice 
that the set of these elements forms a semigroup, which is called the positive cone of 
the ordering. An element / is between g and h if either g -< f -< h or h -< J < g. 

Exercise 2.2.15. Show that every orderable group is torsion-free. 

Exercise 2.2.16. Prove that a group F is orderable if and only if it contains a subsemigroup 
F+ such that F \ {id} is the disjoint union of F+ and the semigroup F_ = {g: g~^ € F+}. 

Exercise 2.2.17. Show that {{m,n) : m > 0, or m = and n > 0} corresponds to the 
positive cone of an ordering (called the lexicographic ordering) on Z^. 

Exercise 2.2.18. Following the indications below, prove that the free group F2 is bi-orderable. 

(i) Consider the (non-Abelian) ring A = Z{X, Y) formed by the formal power series with integer 
coefficients in two independent variables X, Y. Denoting by o{k) the subset of A formed by the 
elements all of whose terms have degree at least k, show that L = 1 + o(l) = {1 -|- S : S £ o(l)} 
is a subgroup (under multiplication) of A. 

(ii) If f,g are the generators of F2, prove that the map (?i sending / (resp. g) to the element 

(resp. 1+Y) in A extends in a unique way into an injective homomorphism (f>: ¥2 — > L. 

(iii) Define a lexicographic type order relation on L which is bi-invariant under multiplication 
by elements in L (notice that this order will be not invariant under multiplication by elements 
in A). Using this order and the homomorphism (p, endow F2 with a bi-invariant ordering. 

Remark. The above technique, due to Magnus, allows easily showing that F2 is residually nilpo- 
tent (see Appendix A). Indeed, it is easy to check that $(F°'') is contained in 1 -|- o{i -\- 1) for 
every i > (compare Exercise 2.2.25). 
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The following theorem gives a dynamical characterization of group orderability. 

Theorem 2.2.19. For a countable group T, the following are equivalent: 

(i) r acts faithfuly on the line by orientation preserving homeomorphisms, 

(ii) r admits an ordering. 

Proof. Suppose that F acts faithfuly on the line by orientation preserving homeomor- 
phisms, and let us consider a dense sequence (a;„) in M. Let us define g ^ h if the 
smallest index n for which g{xn) ^ h{xn) is such that g{xn) < h{xn)- It is not difficult 
to check that < is an ordering. 

Now suppose that F admits an ordering Choose a numbering {gi) for F, put 
t{go) = 0, and assume that t{go), . . . ,t{gi) have been already defined. If gi+i is greater 
(resp. smaller) than go,---,gi, then put t{gi+i) = max{t{go), . . . ,t{gi)} + 1 (resp. 
mm{t{go), ■ ■ ■ ,t{gi)}-l). Finally, ii gm -< gi+i -< gn for some m, n in {0, . . . , i}, and if 
is not between gm and gn for any < j < i, then define t{gi+i) = {t{gm) +t{gn))/2. The 
group F acts naturally on t{T) by letting g{t{gi)) = t{ggi), and this action continuously 
extends to the closure of t{T). Finally, this action may be extended to the whole line in 
such a way that the map g is affino on each interval of the complement of the closure of 
t{T). We leave the details to the reader. □ 

Remark 2.2.20. Notice that the first part of the proof docs not use the countability 
assumption. Although this hypothesis is necessary for the second part, many properties 
of orderable groups involve only finitely many elements. To treat such a property, one 
may still use dynamical methods by considering the preceding construction for the finitely 
generated subgroups of the underlying group. 

If we fix an ordering ^ on a countable group F, as well as a numbering (gi) of it, then 
we will call the dynamical realization the action constructed in the proof of Theorem 
2.2.19. It is easy to see that, if F is nontrivial, then this realization has no global fixed 
point. Another important (and also easy to check) property is the fact that, if / is an 
element of F whose dynamical realization has two fixed points a<b (which may be equal 
to — oo and/or +oo, respectively) such that ]a, b[ contains no fixed point of /, then there 
must exist some point of the form t{g) inside ]a, b[. 

Exercise 2.2.21. The construction above is very interesting in the case the ordering is bi- 
invariant, as is shown below. 

(i) Prove that for every element / in the dynamieal realization of a bi-invariant ordering on a 
countable group, either f{x) < x for all a: € R, or f{x) > x for every a: £ E. Conversely, show 
that every group of homeomorphisms of the real line all of whose elements satisfy this property 
is bi-orderable. 

(ii) On PAfF+([0, 1]) define an order relation by letting fyid'ii the right derivative of / at 
the rightmost point Xf sueh that / coincides with the identity on [0, a;/] is bigger than 1. Show 
that ^ is a bi-invariant ordering. 

(iii) Prom (i) and (ii), conclude that Thompson's group F admits actions on the interval which 
are not semiconjugate to its standard piecewise afflne action. 

Remark. Bi-orderings on F were completely classified in [175]. 

Exercise 2.2.22. Give explicit examples of free groups of homeomorphisms of the real line to 
conclude that each F„ is orderable (compare Exercise 2.2.18 and [87, Proposition 4.5]). 
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For further information concerning orderablc groups, we recommend [22, 141, 176]. 
In an opposite direction, the problem of showing that some particular classes of groups 
are non-orderable is also very interesting. An important result in this direction, due to 
Witte-Morris [248], establishes that finite index subgroups of SL(n, Z) are non-orderable 
for n > 3. (Notice that most of these groups are torsion- free.) 

Theorem 2.2.23. If n > 3 and T is a finite index subgroup of SL{n,Z), then T is not 

orderable. 

Proof. Since SL(3,Z) injects into SL(n, Z) for every n > 3, it suffices to consider the 
case n = 3. Assume for a contradiction that -< is an ordering on a finite index subgroup 
r of SL(n, Z). Notice that for fceN large enough, the following elements must belong to 

r: 
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9 a = 

It is easy to check that for each i e Z/6Z the following relations hold: 

9i9i+i = 9i+i9i, [9i--i,9i+i] = 9i- 

For geV wc define \g\=g if ghid, and we let \9\=9~^ in the other case. We also write 
g ^ h ii g h" iov every n> 1. 

Let us now fix an index i, and let us consider the ordering < restricted to the 
subgroup of F generated by gi-i, gt, and gt+i- One can easily check that it is possible to 
choose three elements a, b, and c, which are positive with respect to ^, such that either 
a = gf\ , b = gf^-^ ^c = gf^, or a = .g=^\ , b = gf\ ,c = gf", and such that 

ac = ca, bc = cb, aba~^b~^ = . 

We claim that either a ^ c ot b ^ c. To show this, assume that for some n > 1 
one has c" y a and c" y b. Let dm = o'"6'"(a-ic")"(6-ic")'". Since dm is a product 
of positive elements, dm is positive. On the other hand, it is not difficult to check that 
dm = +^mn^ ^^^j therefore dm -< id for m large enough, which is a contradiction. 

The claim above allows us to conclude that either \gi \ <C \9i-i\ or \gi\ <C l^i+il- If we 
assume that \gi\ < \g2\, then we obtain < \g2\ < I53I < 1541 < l^s] < Isel < \9i\, 
which is a contradiction. The case where \gi\ ^ \g2\ is analogous. □ 

It follows from an important theorem due to Margulis that, for n > 3, every normal 
subgroup of a finite index subgroup of SL(n, Z) is either finite or of finite index (see 
[156]). As a corollary, we obtain the following strong version of Witte-Morris' theorem. 

Theorem 2.2.24. For n > 3, every action of a finite index subgroup of SL(n,Z) by 
homeomorphisms of the line is trivial. 
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Exercise 2.2.25. Prove directly tliat every torsion-free nilpotent group is bi-ordcrablc. More 
generally, prove that the same is true for every residually nilpotent group F for which the 
(Abelian) quotients Ff '/r"^'i are torsion-free (see Appendix A). 
Hint. Use Exercise A. 0.20. 

Exercise 2.2.26. Let N„ be the group of n x n upper triangular matrices with integer entries 
and such that each entry in the diagonal equals 1. Prove that N„ is orderable by using its 
natural action on Z" and the lexicographic order on Z". 

Remark. It is easy to check that N„ is nilpotent and torsion-free. On the other hand, according 
to a classical result due to Malcev [207], every nilpotent, finitely generated, torsion-free group 
embeds into N„ for some n. This allows to reobtain indirectly the first claim of the preceding 
exercise. 

2.2.4 Free actions and Holder's theorem 

The main results of this section are classical and essentially due to Holder. Roughly, 
they state that free actions on the line exist only for groups admitting an order relation 
satisfying an Archimedean type property. Moreover, these groups are necessarily isomor- 
phic to subgroups of (K, -|-), and the corresponding actions are semiconjugate to actions 
by translations. 

Definition 2.2.27. An ordering ^ on a group F is said to be Archimedean if for all 

g,h in T such that gj^id there exists neZ satisfying g^yh. 

Proposition 2.2.28. If T is a group acting freely by homeomorphisms of the real line, 
then T admits a bi-invariant Archimedean ordering. 

Proof. Let ^ be the left-invariant order relation on F defined by 17 ^ ft- if g(x) < h{x) 
for some (equivalently, for all) a; S M. This order relation is total, and using the fact that 
the action is free, one easily checks that it is also right-invariant and Archimedean. □ 

The converse to the proposition above is a direct consequence of the following one. 
As we will see in Exercises 2.2.30 and 2.2.31, the hypothesis of bi-invariance can be 
weakened, and left-invariance is sufficient. 

Proposition 2.2.29. Every group admitting a bi-invariant Archimedean ordering is iso- 
morphic to a subgroup of (M, -h). 

Proof. Assume that a nontrivial group F admits a bi-invariant Archimedean ordering 
<, and let us fix a positive element / G F. For each g G F and each p e N, let us consider 
the unique integer q = q{p) such that f'^^g^~< Z'"*"^. 

Claim (i). The sequence q{p)/p converges to a real number as p goes to infinity. 
Indeed, if /'(p^) ^ gP^ ■< fi(p^)+'^ and /'(p^) ^ gP^ ■< /9(p2)+i, then 

J9(pi)+9(P2) _<; gPi+P2 _^ j^q{pi)+q{P2)+'2 _ 

Therefore, q{pi)+q{p2) < qiPi+P2) < 9(pi)+<z(P2) + l- The convergence of the sequence 
{q{p)/p) to some point in [—00, oo[ then follows from Lemma 2.2.1. Moreover, if we denote 
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by (j){g) the limit of q{p)/p, then for the integer nSZ satisfying ^ g ~< f"~^^ one 
has pP < and therefore 

np , . . , (n + l)p — 1 
n = lim — < (pig) < lim = n + 1. 

p— >oo p p—>oo p 

Claim (ii). The map : F — > (R, +) is a group homomorphism. 

Indeed, let 31,52 be arbitrary elements in F. Let us suppose that gig2 ^ 9291 (the 
case where 5251 ^ 5i52 is analogous). Since ^ is bi-invariant, if f^^ ^ 5i ^ /'^'"''^ and 
<92< /*'+^ then 

From this one concludes that 

4>{9i) + 0(52) = lim ^liii < (f){gig2) < lim + + ^ = (^(g^) + ,^(^,2), 
p— ^00 p p— ^00 

and therefore (t>{gig2) = 4'{9i) + 4>{92)- 

Claim (iii). The homomorphism <}) is one to one. 

Notice that (p is order preserving, in the sense that if gi < 52 then (j){gi) < 4'{92)- 
Moreover, 0(/) = 1. Let h be an element in F such that (t>{h) = 0. Assume that 
h ^ id. Then there exists n e Z such that /i" > f. From this one concludes that 
= n(j){h) = 4>{h") > (j){f ) = 1, which is absurd. Therefore, if (p{h) = then h = id, and 
this concludes the proof. □ 



If F is an infinite group acting freely on the line, then we can endow it with the order 
relation introduced in the proof of Proposition 2.2.28. This order allows us to construct 
an embedding (f) from F into (M, +). If (f){T) is isomorphic to (Z, +), then the action of 
F is conjugate to the action by integer translations. In the other case, the group (f){T) is 
dense in (R, +). For each point x in the line we then define 

ip{x) = swp{(l){h) e M: h{0) < x}. 

It is easy to sec that (^: K ^ K is a non-decreasing map. Moreover, it satisfies the equality 
ip{h{x)) = ip{x)+(j){h) for all xGR and all /i G F. Finally, (p is continuous, since otherwise 
the set M \ <p(M) would be a non-empty open set invariant by the translations of (f>{T), 
which is impossible. 

To summarize, if F is a group acting freely on the line, then its action is semiconjugate 
to an action by translations. 

Exercise 2.2.30. If F admits an Archimedean ordering, then this ordering is necessarily bi- 
invaxiant. To show this claim (first remarked by Conrad [57]) just follow the following steps, 
(i) Prove that an ordering ^ is bi-invariant if and only if its positive cone is a normal subsemi- 
group, that is, hgh~^ belongs to r+ for every g € r+ and every /i e P (see Exercise 2.2.16). 
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(ii) Let < be an Archimedean ordering on a group F. Suppose that g G r+ and h G F- arc such 
that hgh~^ ^ r+, and consider the smallest positive integer n for which h^^ -< g"- Using the 
relation hgh~^ -< id, show that K"^ -< g~^h~^ -< g"'~^, thus contradicting de definition of n. 
Conclude that r+ is stable under conjugacy by elements in F_. 

(iii) Assume now that g £ F+ and h € r+ verify hgh^^ ^ r+. In this case, hg^^h^^ y id, and 
since € r_, by (ii) one has h~^{hg~^h~^)h € r+, that is, € r+, which is absurd. 

Exercise 2.2.31. As an alternative argument to that of the preceding exercise, show that if a 
countable group is endowed with an Archimedean ordering, then the action of the corresponding 
dynamical realization is free. 

Let us now consider a group F acting freely by circle homeomorphisms. In this case, 
the preimage F of F in Homeo+(S^) acts freely on the line. If we repeat the arguments 
of the proof of Proposition 2.2.29 by considering the translation x i-^ x + 1 as being the 
positive element /, then one obtains that F is isomorphic to a subgroup of (M, +), and 
this isomorphism projects to an isomorphism between F and a subgroup of SO (2, R). We 
record this fact as a theorem. 

Theorem 2.2.32. If T is a group acting freely by circle homeomorphisms, then F is 
isomorphic to a subgroup of S0(2,K). 

As in the case of the real line, under the above hypothesis the action of F is semicon- 
jugate to that of the corresponding group of rotations. 

Exercise 2.2.33. Prove that if F is a finitely generated subgroup of Homeo+(S^) all of whose 
elements axe torsion, then F is finite. 

Remark. It is unknown whether the same is true for torsion subgroups of Homeo+(S^). 

Exercise 2.2.34. Let F be a subgroup of PSL(2,R) all of whose elements are elliptic. Prove 
that F is conjugate to a group of rotations. 

Exercise 2.2.35. Give an alternative proof for Proposition 1.1.2 using Holder's theorem. 

The preceding results show that free actions on the circle or the real line are topolog- 
ically semiconjugate to the actions of groups of rotations or translations, respectively. In 
a similar direction, remark that nontrivial elements of the afEne group fix at most one 
point. In what follows, we will see that, up to topological semiconjugacy and discarding 
a degenerate case, this property characterizes the afline group. The next result is due to 
Solodov. 

Theorem 2.2.36. LetT be a subgroup o/ Homeo_|- (R) such that every nontrivial element 
in T fixes at most one point. Suppose that there is no global fixed point for the action. 
Then F is semiconjugate to a subgroup of the affine group. 

Notice that the case we are not considering, namely when there exists a point xq 
which is fixed by every element, the actions of F on ] — cx), xo[ and ]xo, oo[ arc free, and 
therefore semiconjugate to actions by translations. However, the action of F on the line 
is not necessarily conjugate to the action of a subgroup of the stabilizer of some point in 
the afHne group, since F may contain elements for which xq is a parabolic fixed point... 
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Proof of Theorem 2.2.36. If the action is free, then the claim of the theorem foUows 
from Holder's theorem. We will assume throughout that the action is not free. Under 
this assumption, T cannot be Abelian. Indeed, if T were Abelian, then the orbit of a 

fixed point xq of a nontrivial element .g G F would be contained in the set of fixed points 
of g. Thus, xq would be a global fixed point of F, which is a contradiction. 

First step. We claim that if Fq is a normal subgroup of F containing a nontrivial element 
with a fixed point, then Fq has an element with an attracting fixed point. 

Indeed, let ho&To be a nontrivial element such that /io(.to) =a;o for some point a;o SR. 
Suppose that xo is a parabolic fixed point of ho- Replacing ho by its inverse if necessary, 
we may assume that ho{y) > y ior y ^ xq- By hypothesis, there exists an element g GT 
such that xi = g{xo) 7^ x^- Changing ghy g~^ if necessary, wc may assume that xi>Xo. 
Let us consider the elements hi = ghog~^ e Fq and h = hgh^^ e Fq. It is easy to see 
that h{xo) < Xq and h{xi) > xi. Thus, h has a repeUing fixed point in ]a;o,a;i[, which 
proves the claim. 

Second step. The definition of an order relation. 

Given g, h in F, we write g ^ h if there exists .xGM such that g{y) < h{y) for every 
y > X. It is easy to check that this defines a total and bi-invariant order relation. We 
claim that this ordering satisfies the following weak form of the Archimedean property: 
if / G F has a repelling fixed point and g G F, then there exists nEN such that g ^ /". 
Indeed, letting xq be the fixed point of /, let X-,x+ be such that X- < xq < x+. For 
n e N large enough we have < g{x-) and /"(a;+) > g{x+), and therefore g~^ 

has a fixed point in the interval ]x_,a;+[. Since g~^ f'^{x+) > x+, this implies that 
/"(x) > g{x) for all x > and thus g di f"- 

Third step. A homomorphism into the reals. 

Let us fix an element / € F with a repelling fixed point. As in the proof of Holder's 
theorem, for gGF such that g y id we define 



and for g ^ id we let 4'{g~'^) = —(f){g). The map 0: F ^ (R, +) is a group homomorphism 
satisfying = 1. Notice that if Fq is a normal subgroup of F containing a nontrivial 
element having a fixed point, then by the first step of the proof there exists /i € Fq with 
a repelling fixed point. By the second step we have / ^ /i" for nSN large enough, and 
thus 4){h) >l/n. In particular, </'(Fo) 7^ {0}. 

Fourth step. The action of [F, F] on the line is free. 

Indeed, [F, F] being normal in F, if F has a nontrivial element with a fixed point then 
(^([F,F]) ^ 0. Nevertheless, this is absurd, since [F, F] is contained in the kernel of (j). 

Therefore, [F, F] is semiconjugate to a group of translations, that is, there exists a 
group homomorphism 0o : [F, F] (R, +) and a continuous non-decreasing surjective 
map ip of the line such that (p{h{x)) = (p{x) + (j)o{h) for all a; G M and all h G [F,F]. 
We claim that ^o([r, F]) is non discrete. If not, the conjugacies by elements in F would 
preserve the generator of 0o([F, F]) ~ Z, and so [F,F] would be contained in the center 
of F. However, this is impossible, because F contains elements having one fixed point. 
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Fifth step. End of the proof. 

By the above, the image 0o([r,r]) is dense in R. It is then easy to see that the 
conjugacy Lp of the fourth step is unique up to composition by the right with elements in 
the affine group. Since [F, F] is normal in F, for each g^T the homeomorphism ^pg'fi~^ 
belongs to the afRne group, and this finishes the proof. □ 

Once again, wc emphasize that neither Holder's nor Solodov's theorem can be ex- 
tended in a natural way to groups acting (even minimally and smoothly) on the circle so 
that every nontrivial element fixes at most two points [144, 180]. 

2.2.5 Translation numbers and quasi-invariant measures 

As in the case of actions on the circle, for a Radon measure v on the line we may 
consider the group of the homeoniorpliisnis preserving it. For g G F^; we define its 
translation number with respect to v by letting 

f v{[x,g{x)[) if g{x) > x, 

Tv{g) = S if = X, 

[ -v{[g{x),x[) if g{x) < x. 

It is easy to see that this number does not depend on the choice of x G M. 

The translation number satisfies many properties which are similar to those of the 
rotation number of circle homeomorphisms. For instance, for fif € F„ one has 

Tvid) = if and only if g has a fixed point. (2.5) 

Indeed, if Fix(5') = then the orbit of every point x in the line is unbounded from both 
sides. Let us fix x S M, and let us assume that g{x) > x (if this is not the case, then 
we may change g by g~^)- If Ty{g) = 0, then letting n go to infinity in the equality 
v{[x,g'^{x)[) = v{[g~"{x),x[) = we conclude that v{] — oo, +oo[) = 0, which is absurd. 

Conversely, if Fix (5) is nonempty, then by definition we have r^lg) = 0. 

Let us remark that a stronger property holds for elements g namely 

if Fix{g) ^ then supp{v) C Fix{g). (2.6) 

Indeed, if supp{v) is not contained in Fix(g), then there is a positive -u- measure set A 
contained in a connected component of the complement of ¥\x{g) such that A\^g{A) = 0. 
At least one of the sets U„£n5'"(^) or U„gN5~"(A) must be bounded, and therefore of 
finite w-measure. However, the w-measure of these sets equals X^neN ^(^) — 

Notice that the function t„ : r„ ^ M is a group homomorphism from F,; into (M, +). 
This property will be very important for dealing with the problem of the uniqueness (up 
to a scalar factor) of the invariant Radon measure. 

Lemma 2.2.37. // vi and V2 are Radon measures which are invariant by a subgroup 
F of Homeo+(M), then there exists k > such that the homomorphisms r^^ and 
satisfy the relation t^^ = kt^^ . 

Proof. Due to (2.5), the kernels of r^^ and r^^ coincide with Tq = {g : Fix{g) ^ 0}. 
We then dispose of two homomorphisms ti and T2 from F/Fq into (K, +). Let us fix a 
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point xq in Fix(ro) (the existence of such a point is ensured by (2.6)). The group T/Tq 
acts freely on the orbit r(a;o), hence it admits an Archimedean ordering ^, namely the 
one given by qiTq -< g2To if gi{xo) < g2{xo)- Notice that both r^^ and r^^ preserve this 
order. If we fix an element f G T such that Fq -< /Fq, it is easy to see that for every 
5 e F one has 

TiigTo) = TiifTo) ■ lim : f"To < g^To ^ f+'To] . 

Thus, T2(/) • = Ti(/) • Tv2, which concludes the proof. □ 

In the case where F preserves w and t^,(F) is trivial or isomorphic to Z, one cannot 
expect having uniqueness (up to a scalar factor) of the invariant measure v. However, 
the case where T^iT) is dense in M is distinct. 

Proposition 2.2.38. // Vi and f 2 are two Radon measures which are invariant by a 
subgroup T of Homeo+ (M) so that that r^^ (F) and t„2 (F) are dense in M, then there 
exists K> such that these measures satisfy the relation v\ = kv2- 

Proof. By the preceding lemma, after normalization wc may assume that t,,^ = t,;^ • 
We will then show that Vx =V2- For this, first notice that none of these measures has 
atoms. Indeed, if Vf ({a;o}) > then every positive element in t^^ (F) would be greater 
than or equal to Vii{xo}) > 0, which contradicts the fact that t^,. (F) is dense. A similar 
argument shows that the actions of F on the supports of vi and V2 are minimal. 

Now we show that the supports suppivi) and suppiv2) are actually equal. Indeed, in 
case of non-equality there would be a point x G supp{vi)\supp{vi^i) (where i GZ/2Z). By 
the density of the orbits on the supports, we could then choose g€T such that gix) ^ x 
and such that the Uj+i-measure of the interval of endpoints x and gix) is zero. However, 
this would imply that T\,;^j(g) = and Ti,^ {g) ^ 0, which is absiud. 

To finish the proof of the equality between vi and V2i we need to show that they 
give the same mass to intervals having endpoints in their common support. If {x, y] is 
an interval of this type, we may choose gn &T such that gnix) converges to y. We then 
have 

= vA[x,gnix)]) = lim r^i(5„) 

= lim Tv^ign) = lim V2i[x, g„ix)]) = V2i[x,y]), 

thus concluding the proof. □ 

The preceding discussion shows how important is to know a priori what conditions 
ensure the existence of an invariant Radon measure. The following result, due to Plante 
[203], is an important issue in this direction. 

Theorem 2.2.39. If F is a finitely generated virtually nilpotent subgroup of Homeo+(]R), 

then F preserves a Radon measure on the line. 

We immediately state a corollary of this result which will be useful later on. 
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Corollary 2.2.40. // F is a finitely generated virtually nilpotent subgroup o/Homeo+(M), 
then the action of the commutator subgroup [F, F] has global fi,xed points. 

Indeed, if v is an invariant Radon measure, then the translation number of every 
element of [F,F] with respect to v is zero. The claim of the corollary then follows from 
(2.5). 

The original proof by Plante of Theorem 2.2.39 involves very interesting ideas re- 
lated to growth of groups (see §4.2.2), the notion of pseudo-group (see §3.2), and group 
amenability (see Appendix B), which apply in more general situations. Nevertheless, as 
an application of the methods from §2.1.1, we will give a more direct proof based on the 
fact that nilpotent groups do not contain free semigroups. 

Definition 2.2.41. Two elements /, g in a group F generate a free semigroup if the 
elements of the form jn^ . . . jm^^m^ where Uj and ruj are positive integers, 

m > 0, and n > 0, are two-by-two different for different choices of the exponents. 

Exercise 2.2.42. Prove that virtually nilpotent groups do not contain free semigroups on two 

generators. 

Hint. For nilpotent groups, use induction on the nilpotence degree. 

To find free semigroups inside groups acting on the line, the following notion is quite 
appropriate. 

Definition 2.2.43. Two orientation preserving homeomorphisms of the real line are 

crossed on an interval \a,b[ if one of them fixes a and h but no other point in [a, 6], 
while the other one sends either a or & into ]a,b[. Here we allow the cases a = — oo or 
h = +00. 

In Foliation Theory, the notion of crossed elements corresponds to that of resilient 
leaves {feuilles ressort, in the French terminology): see for instance [46]. However, 
the latter is more general, since it also applies to pseudo-groups of homeomorphisms 
of one- dimensional manifolds (c./., Definition 3.2.1). In addition, crossed elements are 
dynamically relevant since they somewhat correspond to one-dimensional versions of 
Smale horseshoes [198]. 

The next elementary criterion showing that certain semigroups are free is well-known. 

Lemma 2.2.44. Every subgroup of Homeo-)-(]R) having crossed elements contains a free 
semigroup on two generators. 

Proof. Suppose that for two elements f,g in Homeo+(M) there exists an interval [a, 6] 
such that Fix(/) n [a,b] = {a,b} and g{a)G]a,b[ (the case where g{b)G]a,b[ is similar). 
Changing / by its inverse if necessary, we may assume that f{x) < x for every x€]a, b[. 
Let c = g{a) e]a, 6[, and let d' be a point in ]c, b[. Since gf''{a) = c for every Zee N, and 
since gf'^{d') converges to c as fc goes to infinity, for fc gN large enough the map gf'' has 
a fixed point on ]a, d'[. Let ne N be such an integer, and let d > c be the infimum of the 
set of fixed points of 5/" in ]a, b[. Let me N be large enough so that f"^{d) < a. Then 
the Positive Ping-Pong Lemma applied to the restrictions of J™ and g/" to [a, b] shows 
that the semigroup generated by these elements is free (see Exercise 2.3.12). □ 
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According to Exercise 2.2.42 and Lemma 2.2.44, the following result corresponds to 

a generalization of Theorem 2.2.39 (compare [14, 15, 226]). 

Proposition 2.2.45. Let T be a finitely generated group of orientation preserving home- 
omorphisms of the real line. If V has no crossed elements, then T preserves a Radon 
measure on R. 

Proof. If r has a global fixed point, then the claim is obvious: the Dirac measure with 
mass on any of these points is invariant by the action. Assume throughout that there is 
no global fixed point. According to Proposition 2.1.12, F preserves a non-empty minimal 
invariant closed set A. Moreover, by the comments after the proof of that proposition, 
there are three possibilities. 

Case (i). A' = 0. 

In this case, A coincides with the set of points of an increasing sequence {yn)ne2 
without accumulation points in K. One then easily checks that the Radon measure 

X^nez ^Vrz is invariant by T. 
Case (ii). dA = 0. 

In this case, the action of F is minimal. We claim that this action is also free. Indeed, if 
not then there exist an interval in M. of the form [u, v[ot]u,v], and an element g&T fixing 
]u,v[ and with no fixed point inside. Since the action is minimal, there must be some 
h gT sending u ov v inside ]u, v[; however, this implies that g and h are crossed on [u, v], 
thus contradicting our assumption. Now the action of F being free. Holder's theorem 
implies that F is topologically conjugate to a (in this case dense) group of translations. 
Pulling back the Lebesgue measure by this conjugacy, we obtain an invariant Radon 
measure for the action of F. 

Case qii). dA = A' = A. 

Collapsing to a point the closure of each connected component of the complement 
of the "local Cantor set" A, we obtain a topological line with a F-action induced by 
semi-conjugacy. As in the second case, one easily checks that the induced action is free, 
hence it preserves a Radon measure. Pulling back this measure by the semi-conjugacy, 
one obtains a Radon measure on K which is invariant by the original action. □ 

Exercise 2.2.46. Let L be a non-necessarily finitely generated group of homeomorphisms of 
the line without crossed elements. 

(i) Prove directly {i.e., without using Proposition 2.2.45) that the set To formed by the elements 
of r having fixed points is a normal subgroup of P. 

(ii) Prove that the group F/Po admits an Archimedean ordering. 

(iii) Using (i) and (ii), give an alternative proof for Proposition 2.2.45. 

Exercise 2.2.47. Let Q — {/i, . . . , /j,} be a system of generators of a group P of homeomor- 
phisms of the line having no global fixed point and without crossed elements. Show that at least 

one of these generators docs not have fixed points. 

Hint. Suppose for a contradiction that all the /f's have fixed points, and let e R be any fixed 
point of /i. If /2 fixes xi then the point = xi is fixed by both /i and f^. If not, choose a 
fixed point a;2 G R of /2 such that /2 does not fix any point between xi and X2 . Show that X2 
is still fixed by /i. Continuing in this way, show that there is a point which is simultaneously 
fixed by all the /i's, thus contradicting the hypothesis. 
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The reader will easily check that the finite generation hypothesis is necessary for 
Proposition 2.2.45 (see Exercise 2.2.50). However, throughout the proof this hypothesis 
was only used for ensuring the existence of a non-empty minimal invariant closed set, 
which in its turn easily follows from the existence of an element without fixed points. 
Therefore, if such a condition is assumed a priori, then the theorem still holds (compare 
Exercise 2.2.57). We record this fact in the case of Abelian groups as a proposition. 

Proposition 2.2.48. Every Abelian subgroup o/Homeo+(R) having elements without 
fixed points preserves a Radon measure on the line. 

Exercise 2.2.49. In an alternative way, prove the proposition above by considering the action 
induced on the topological circle obtained as the quotient of the line by the action of an element 
without fixed points. 

Exercise 2.2.50. Give an example of a countable, Abelian, infinitely generated subgroup of 
Homco+(R) for which there is no invariant Radon measure on the line (see [202] in case of 
problems with this). 

Remark 2.2.51. If a finitely generated group acts on the real line without global fixed points 
and preserving a Radon measure, then the corresponding translation number function provides 
us with a nontrivial homomorphism into (K, +). However, there is a large variety of finitely 
generated orderable groups for which there is no such a homomorphism (compare §2.2.6). A 
concrete example is the prcimage G in Homeo-i-(R) of Thompson's group G. Indeed, although G 
is not simple, it is a perfect group, that is, it coincides with its first derived group [44]. Another 
(historically important) example will be discussed in §5.1. For these groups, all nontrivial actions 
on the line must have crossed elements. 

Theorem 2.2.39 concerns nilpotent groups, and leads naturally to the case of solvable 
groups. To begin with, notice that ii t ^ and k ^ 1, then the subgroup Aff+(R) 
generated by f{x) = x + t and g{x) = kx does not preserve any Radon measure on the 
line. However, since the elements in the affine group preserve the Lebesguc measure up 
to a factor, having in mind Proposition 1.2.2 it is natural to ask for conditions ensuring 
that a solvable group of Homeo+(M) leaves quasi-invariant a Radon measure on the 
line. Once again, we will only consider finitely generated groups, since there exist non 
finitely generated Abelian groups of homeomorphisms of the line which do not admit any 
nontrivial quasi-invariant Radon measure (compare Exercise 2.2.50). 

Solvable groups are constructed starting from Abelian groups by successive exten- 
sions. We then begin with an elementary remark: if Fq is a normal subgroup of a 
subgroup r of Homeo+(M) and preserves a Radon measure v, then for each g gT the 
measure g{v) is also invariant by Fq. Indeed, for every /i e Fq we have 

ighg-'){giv)) = g{h{v)) = giv), 

where g{v){A) = g^{v){A) = v(g^''-{A)) for every Borel set ^ C M. By Lemma 2.2.37, 
there exists a constant K(g) such that Tg(^;) = K{g)T^. 

Exercise 2.2.52. Show that K,{g) does not depend on the To-invariant Radon measure v. 

The next three lemmas deal with the problem of showing the existence of a quasi- 
invariant measure for a group starting from the quasi-invariance of some measure for a 
normal subgroup. 
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Lemma 2.2.53. Let Tq be a normal subgroup of a subgroup T of Homco+(R), and let 
V be a Radon measure invariant by Tq. Suppose that Tv{To) ^ {0}. If k{T) = {1} and 
r/Fo ^5 amenable, then there exists a Radon measure which is invariant by T. 

Proof. If T„(ro) is dense in R, then Proposition 2.2.38 shows that v is invariant by F. 

Assume throughout that Tv{To) is cydic, and let us normahze v so that Ttj(ro) equals Z. 
Let ho e To be such that T„(fto) = 1, and let Fq be the kernel of r^,. The set Fix(ro) is 
non-empty (it contains the support of v) and is invariant by Fq; hence, it is unbounded 
in both directions. Moreover, Fq coincides with {h €Tq: Fix(/i) ^ 0}, which shows that 
Fq is normal in F (and not only in Fq). 

We will now use a similar idea to that of the proof of Proposition 2.2.48. We first 
claim that Fq/Fq is contained in the center of F/Fq. To prove this, it suffices to show that 
for every g£T and every xeFix(FQ) one has g~^hog{x) = ho{x). Consider a measure vi 
giving mass 1 to each point in the set {hQ{x), n £ Z}. Notice that Vi is invariant under 
Fq. From the hypothesis k(F) = 1 we conclude that 

vi{[x,g~'^hog{x)[) = T^^ig'^hog) = Tg(^vi){ho) = K,{g) vi{[x,ho{x)[) = vi{[x,ho{x)[) , 

which implies that g~^hog{x) < ho{x). On the other hand, by considering the measure 
V2 which gives mass 1 to each point in the set g~^hQg{x), and changing ho by g~^hog, 
the same argument shows that ho{x) < g~^hog{x). 

Taking xq e Fix(FS), we notice that the group (F/F;5)/(Fo/F5) = F/Fo acts on the 
quotient space Fix(rg)/(/io)(a;o), which is compact. By the amenability hypothesis, 
F/Fo preserves a probability measure on this space, which lifts to a F-invariant Radon 
measure on Fix(FQ). □ 



Lemma 2.2.54. Let Tq be a normal subgroup of a subgroup F o/HomcO-|-(R), and let v 
be a Radon measure invariant by Fq. Suppose that t„(Fo) ^ {0}. If k{T) ^ {!}, then v 
is quasi-invariant by F. 

Proof. Let h gTq and g gT he such that t„(/i) ^ and K{g) ^ 1. Since the equality 

T„(<?-"/i'"5") = T,„(,)(/i") = mKigrr^ih) 

holds for every m,n in Z, the image r„(F) must be dense in M. Proposition 2.2.38 then 
shows that v is quasi-invariant by F. □ 



Lemma 2.2.55. Let Fq be a normal subgroup of a subgroup F o/Homeo+(R), and let v 
be a Radon measure quasi-invariant by Fq . Let Fg be the subgroup of the elements /i G Fq 
such that h{v) = v. /f r^(Fo) ^ {0} and k(Fo) ^ {!}, then v is quasi-invariant by F. 

Proof. Since t„(Fo) ^ {0} and niVo) ^ {!}, it is easy to see that an element /i e Fq 

belongs to Fq if and only if either Fix(/i) = or Fix(ft) is unbounded in both directions. 
Both conditions being stable under conjugacy, one concludes that Fg is normal in F. It 
is also clear that «;(F) ^ {!}. The claim then follows from the preceding lemma. □ 

We are now ready to deal with the problem of the existence of a quasi-invariant Radon 
measure for a large family of solvable subgroups of IIomeo-i-(R). 
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Theorem 2.2.56. Let T he a solvable subgroup 0/ Homco+ (R) . Suppose that T admits 
a chain of subgroups {id} = r„ < r„_i < ... < Fq = F such that each Fj is finitely 
generated and each quotient Fj-i/Fj is Abelian. Then there exists a Radon measure 
which is quasi-invariant by F. 

Proof. We will assume that F does not preserve any Radon measure. We then have 
Fix(F) = 0, since otherwise the Dirac delta with mass on a global fixed point would 
be an invariant measure. Let j > be the smallest index for which Fix(rj) 7^ 0. The 
Abelian and finitely generated group Fj-i/Fj acts on the closed unbounded sot Fix(Fj) 
by homeomorphisms which preserve the order. We leave to the reader the task of showing 
the existence of an invariant measure for this action by using (a slight modification of) 
Theorem 2.2.39. This measure naturally induces a Radon measure v on the lino which is 
invariant by Fj_i and whose support is contained in Fix(Fj). Notice that Tv{Tj-i) ^ {0}, 
since Fix(Fj„i) = 0. 

Let A: > bo the smallest index for which preserves a Radon measure. Slightly 
abusing of the notation, let us still denote this measure by As above, it is easy to see 
that T„(Ffc) ^ {0}. According to Lemma 2.2.53, we have K(Ffc_i) ^ {1}, and by Lemma 
2.2.54 this implies that v is quasi-invariant by Ffc_i. Lemma 2.2.55 then allows to prove 
by induction that v is quasi-invariant by Ffc_2, Ffc_3, etc. Thus, at the end we conclude 
that V is quasi-invariant by F. □ 

The hypothesis of finite generation for each Fj is satisfied by an important family 
of groups, namely that of polycyclic groups (see Appendix A). In addition ,it may be 
weakened, as is shown below. 

Exercise 2.2.57. The dynamics of a subgroup F of Homoo+(R) is said to be boundedly gen- 
erated if there exists a system of generators Q ofT and a point xo £ F sucfi that {h{xo) : h £ Q} 
is a bounded subset of the line. Prove that Theorems 2.2.39 and 2.2.56, as well as Proposition 
2.2.45, are true if the hypothesis of finite generation is replaced by a hypothesis of boundedly 
generated dynamics. 

2.2.6 An application to amenable, orderable groups 

In this section, we will use some previously developed ideas for giving a "dynamical 
proof" of the following algebraic result due to Witte-Morris [247] (we recommend the 
lecture of Appendix B for the concept of amenability; see also Remark 2.2.51, the example 
after Exercise 5.1.5, and Exercise A. 0.21). 

Theorem 2.2.58. Every orderable, finitely generated, infinite, amenable group admits 
a nontrivial homomorphism into (R, +) . 

This theorem settles an old problem in the theory of left-orderable groups.^ We will 
follow essentially the same brilliant idea of Witte-Morris, but unlike [247] we will avoid 
the use of the algebraic theory of C-orderable groups. 

^ A conjecture leading to the theorem above appears in the work by Linnell [148], but quite remarkably 
it is already present in a different form in an old seminal paper by Thurston to be discussed in §5.1 (see 
[235, Page 348]). 
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The first ingredient of the proof goes back to an idea independently due to Ghys 
and Sikora (see for instance [225]), which consists in the introduction of a space of 
orderings associated to an orderable group, and of a natural action of the group on 
it. More precisely, for a finitely generated orderable group T, let us denote by 0{T) the 
set of all orderings on F. If we fix a finite system Q of generators for F, then we may 
define the distance between < and -< in OiV) by putting dist{<, ^) = e~", where n 
is the maximum non-negative integer such that the orderings < and ^ coincide on the 
ball Bg(n) of radius n in F (see Appendix B for the notion of ball inside a group). In 
other words, n is the biggest non- negative integer such that for all g,h in Bg{n) one has 
g < ft, if and only if g ^ h. If we also let dist{'<, ^) = for every ordering ^, then it is 
easy to check that the thus defined function dist is a distance on 0(T) (which depends 
on Q). Actually, the resulting metric space is ultrametric and compact. 

Remark 2.2.59. The structure of the space of orderings of an orderable group is interesting by 

itself. A quite elegant result by Tararin [141] completely describes all orderable groups admitting 
only finitely many orderings. If a group admits infinitely many orderings, then it necessarily 
admits uncouiitably many [146, 174, 176]. For higher-rank torsion-free Abelian groups [225], 
for non- Abelian torsion-free nilpotent groups [176], and for non-Abelian free groups [162, 176], 
the spaces of orderings are known to be homeomorphic to the Cantor set. However, there 
exist relevant examples of groups whose spaces of orderings are infinite but do contain isolated 
points [56, 69, 176]. According to Linnell [146], one of the reasons for the interest in all of 
this concerns the structure of the semigroup formed by the positive elements, as stated in the 
following exercise. 

Exercise 2.2.60. Prove that if is a non-isolated point in the space of orderings of a finitely 

generated group, then its positive cone is not finitely generated as a semigroup. 

The group F acts (continuously) on 0{T) by right multiplication: given an ordering 
-< with positive cone r+ and an element / € F, the image of -< under / is the ordering 
:<f whose positive cone is the conjugate / F+/~^ of F_|- by /. In other words, one has 
g <f h\i and only if fgf~^ ^ fhf~^, which is equivalent to gf~^ ^ hf~^. 

We will say that an ordering ^ is right-recurrent if for every pair of elements /, h 
in F such that / >- id, there exists n G N satisfying fh" >- ft". For instance, every bi- 
invariant ordering is right-recurrent. The following corresponds to the main step in the 
proof of Witte-Morris' theorem. 

Proposition 2.2.61. If T is a finitely generated, amenable, orderable group, then F 
admits a right-recurrent ordering. 

To prove this proposition we need the following weak form of the Poincare Recurrence 
Theorem. 

Theorem 2.2.62. If T is a measurable map that preserves a probability measure n on a 
space M, then for every measurable subset A of M. and fi-almost every point xgA there 
exists neN such that T"(x) belongs to A. 

Proof. The set of points in A which do not come back to A under iterates of T is 
B = A\UneNT~^{A). One easily checks that the sets T^'^{B), with i >0, are two-by-two 
disjoint. Since T preserves /x, these sets have the same measure, and since the total mass 
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of fi equals 1, the only possibility is that this measure equals zero. Therefore, fJ,{B) = 0, 
that is, /U-almost every point in A comes back to A under some iterate of T. □ 

Exercise 2.2.63. Prove that, under the hypothesis of the preceding theorem, /x-almost every 

point in A comes back to A under infinitely many iterates of T. 

Proof of Proposition 2.2.61. By definition, if a finitely generated orderable group F is 
amenable, then its action on 0{T) preserves a probability measure /x. We will show that 

/i-almost every point in 0(T) is right-recurrent. To do this, for each .gGF let us consider 
the subset Ag of 0{r) formed by all of the orderings ^ on F such that g y id. By the 
Poincare Recurrence Theorem, for each f G T the set Bg{f) = Ag \ U„gN/"(^g) has 
null /x-measurc. Therefore, the measure of Bg = (J fi=rBg(f) is also zero, as well as the 
measure oi B = Ug^rBg. Let us consider an arbitrary element ^ in the (/z-full measure) 
set A = 0{r) \ B. Given g y id and f G T, from the inclusion Bg{f) c B we deduce 
that :< docs not belong to Bg{ f), and thus there exists n € N such that ^ belongs to 
/"(^g). In other words, one has g >~f-r^ id, that is, gf" >- /". Since g >~ id and / € F 
were arbitrary, this shows the right-recurrence of ^. □ 



h{a) 




a t{id) c Cmc'^ c„c'^ d }, 

Figure 13 



The right-recurrence for an ordering has dynamical consequences, as is shown below. 

Proposition 2.2.64. Let T be a countable group admitting a right-recurrent ordering 
:<. If {gn)n>a is any numbering ofT, then the dynamical realization of T associated to 
:< and this numbering is a subgroup o/Homeo+(IR) without crossed elements. 

Proof. The claim is obvious if F is trivial. Therefore, in what follows, we will assume 
that F is infinite. Let us suppose that there exist /, g in F and an interval [a, b] such that 
(for the dynamical reahzations one has) Fix(/) n [a, b] = {a, b} and g{a) G]a, b[ (the case 
where g{b) belongs to ]a, b[ is analogous). Changing / by its inverse if necessary, we may 
assume that f{x)<x for all x&]a, b[. As we have already observed after Theorem 2.2.19, 
there must exist some giGT such that t{gi) belongs to the interval ]a, b[. Changing gi 
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by for a large n > if necessary, we may assume that t{gi) is actually contained in 
]a, c[, where c = g{a). Now by conjugating / and g by the element gi (and changing the 
points a, b, c by their images under gi), we may suppose that t{id) belongs to ]a, c[. 

Choose a point dE]c,b[. Since gf"{a)=c for all nEN, and since gf^{d) converges 
to c<d when n goes to infinity, if n G N is big enough then the map hn = gf"' satisfies 
hn{a)>a, hn{d)<d, Fix(/i„)n]a, rf[c [c„,c^] c]c, /i„(rf)[, and {c„,c(j} C Fix(/i„), for 
some sequences of points c„ and c'^ converging to c by the right (sec Figure 13). Notice 
that the element /i„ is positive, since from hn{t{id)) > hn{a) = c > t{id) one deduces 
that t{hn) > t{id), and by the construction of the dynamical realization this implies that 
hn >~ id. Let us fix m > n large enough so that the preceding properties hold for hm 
and hn, and such that [cnnc'^ c]c, c„[. Let us fix fc G N large enough in order that 
hn{a) > hm{cn), and let us define h = h'^. For each ieN one has h''(t{id)) G ]hm{cn), Cn[, 
and thus h.mh^(t{id)) < hm{cn) < h{a) < h(t{id)) . Therefore, h„ih^ < h < h'- for all iGN. 
However, this is in contradiction with the hypothesis of right-recurrence for ■<. □ 

In the preceding proof, wc used a property which is actually weaker than right- 
recurrence, namely for all positive elements /, ft, in F one has //i" >- h for some n G N. 
This is called the Conrad property, and the groups which do admit an ordering satis- 
fying it are said to be C -orderable. There exists a very rich literature on this property 
mostly from an algebraic viewpoint (see for instance [57, 141] as well as Remark 5.1.8). 
The proof above together with Exercise 2.2.65 show that it has a natural dynamical coun- 
terpart: roughly, the Conrad property is the algebraic counterpart to the condition of 
non-existence of crossed elements for the corresponding action on the real line [174, 176]. 

Exercise 2.2.65. Let {x„) be a dense sequence of points in the line, and lot P be a subgroup 
of Homeo+(R). Prove that if P has no crossed elements, then the order relation induced from 
(xn) as in the proof of Theorem 2.2.19 satisfies the Conrad condition. 

Exercise 2.2.66. Let ^ be an ordering on a group P. 

(i) Show that if < has the Conrad property, then fh^ y h for all positive elements /, h in P. 
Hint. Following [176], suppose that the opposite inequality holds and show that for the positive 
elements / and g = fh in V one has /p" -< g for every n G N. 

(ii) More generally, prove that for every positive integer n one has fh^ y /i"^^. 

(iii) Give examples of right-recurrent orderings :< such that fh^ -< for some f y id and h >- id. 

Exercise 2.2.67. Give examples of C-ordcrablc groups which do not admit right-recurrent 
orderings (see [247, Example 4.5] in case of problems with this). 

Exercise 2.2.68. Show that the Klein group P = (/,<?: fgf~^ = g~^) is not bi-orderable, 
though it admits right-recurrent orderings. 

Proof of Theorem 2.2.58. If F is amenable, finitely generated, and orderable, then 
Proposition 2.2.61 provides us with a right-recurrent ordering on F. By Proposition 
2.2.64, the dynamical realization associated to this ordering and any numbering (,g„)„>o 
of F is a subgroup of Homeo+(IR) (isomorphic to F and) without crossed elements. By 
Proposition 2.2.45, F preserves a Radon measure v on the line. Let us now recall that, if 
F is nontrivial, then its dynamical realizations have no global fixed point. Therefore, the 
translation number function with respect to f is a nontrivial homomorphism into (M. +) 
(see (2.5) and (2.6)). □ 
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Exercise 2.2.69. Give a faithful action of tlic Baumslag-Solitar group F = {f, g : fgf~^ = g^) 
on the line without crossed elements (see [213] for more on this). 

Remark. Notice that F embeds in the afSne group by identifying / with a; i— > 2a;, and g with 

X 1-^ X + 1. 

Exercise 2.2.70. Show that finitely generated subgroups of the group of piecewise affine homeo- 
morphisms of the interval admit nontrivial homomorphisms into (R, +) (see also Exercise 2.2.21). 
Remark. Recall that the group PAff+([0, 1]) docs not contain free subgroups on two generators 
(c./., Theorem 1.5.1). Since this is also the case of countable amenable groups, this turns 
natural the following question: Do finitely generated subgroups of Homeo+([0, 1]) without free 
subgroups on two generators admit nontrivial homomorphisms into (R, +)? See [147] for an 
interesting result pointing in the positive direction. 

2.3 Invariant Measures and Free Groups 

2.3.1 A weak version of the Tits alternative 

A celebrated theorem by Tits establishes that every finitely generated subgroup 
of GL(n, M) either contains a free subgroup on two generators or is virtually solvable 
(sec [25, 27] for modern versions of this result). This dichotomy, known as the Tits 
alternative, does not hold for groups of circle homeomorphisms, as is shown by the 
following exercise. 

Exercise 2.3.1. Show that Thompson's group F is not virtually solvable (however, recall that, 
by Theorem 1.5.1, F does not contain free subgroups on two generators). 

Nevertheless, a weak version for the alternative may be established. The following 
result was conjectured by Ghys and proved by Margulis in [155]. We will develop the 
proof proposed some years later by Ghys himself in [87] . The idea of this proof will be 
pursued in a probabilistic setting in §2.3.2. 

Theorem 2.3.2. If T is a subgroup o/Homeo+(S^), then either there exists a probability 
measure on which is invariant by T, or F contains a free subgroup on two generators. 

Since virtually solvable groups are amenable (c./.. Exercise B.0.28), every action of 
such a group on the circle admits an invariant probability measure. Therefore, the 
theorem above may be considered as a weak form of the Tits alternative. However, the 
weaker alternative is not a dichotomy. Indeed, according to §2.2.3, the free group on 
two generators admits faithful actions on the interval, which induce actions on with 
a global fixed point, and hence with an invariant probability measure. 

To prove Margulis' theorem we begin by noticing that, by Theorem 2.1.1, there are 
three distinct cases according to the type of minimal invariant closed set. In the case; 
where F has a finite orbit, there is obviously an invariant probability measure, namely the 
mean of the Dirac measures with mass on the points of the orbit. We claim that the case 
where there exists an c;xccptional minimal set A reduces to the case where all the orbits 
are dense. Indeed, the associated action on the topological circle S\ is minimal. If there 
exists an invariant probability measure for this action, then it cannot have atoms, and 
its support must be total. Hence, it induces an invariant measure on whose support 
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is A. Moreover, if two elements in T project into homcomorphisms of S\ generating a 
free group, then those elements generate a free subgroup of F. 

By the discussion above, to prove Margulis' theorem we only need to consider the 
case where all the orbits are dense {i.e., the minimal case). 

Definition 2.3.3. An action of a group F by circle homcomorphisms is said to be 
equicontinuous if for every 5 > there exists e > such that, if dist{x,y) < e, then 
dist{g{x), g{y)) < 6 for all g G T. It is said to be expansive if for each x <E there 
exists an open interval / containing x and a sequence (gn) of elements in F such that the 
length of the intervals gn{I) converges to zero. 

Lemma 2.3.4. Every minimal action by circle homcomorphisms is either equicontinuous 
or expansive. 

Proof. If the action is not equicontinuous, then there exists 5 > such that for all n e N 
there exist Xn,yn in and gn in the acting group F such that |].j;„,t/„[| goes to zero 
and dist{gn{xn), gniUn)) > ^- Passing to a subsequence if necessary, we may assume that 
9n{xn) (resp. gniUn)) couvcrgcs to some asS^ (resp. 6eS^). Notice that dist{a,b) > 5. 
By the compactness of S^, and since the action is minimal, there exist hi,...,hk in F 
such that = U^^^/iiQa, Let e > be the Lebesgue number of this covering. If 
dist{x, y) < e then x,y belong to hj{\a, b\) for some j G {1, . . . , k}. The points g~^h~^{x) 
and g^^ hj^ {y) then belong to ]a;„, y„[ for n large enough, and hence the distance between 
them tends to zero. This shows that the £-neighborhood of every point in the circle is 
"contractable" to a point by elements in F, and therefore the action is expansive. □ 

Exercise 2.3.5. Let F be a group of circle homeomorphisms acting minimally. Show that the 
action of F is expansive if and only if there exists e > such that, for all a; j/ in , there exists 
€ r satisfying dist{g{x),g{y)) > e. 

If the action of a group F by circle homcomorphisms is equicontinuous then, by 
Ascoli-Arzela's theorem, the closure of F in Homeo+(S^) is compact. Therefore, by 
Proposition 1.1.2, there exists a probability measure on which is invariant by F and 
allows conjugating F to a group of rotations. In this way, to complete the proof of 
Margulis' theorem it suffices to show the following proposition. 

Proposition 2.3.6. If the action of a group F by circle homeomorphisms is minimal 
and expansive, then F contains a free subgroup on two generators. 

Margulis' argument consists in proving directly an equivalent claim to this proposition 
by using the Klein Ping-Pong Lemma. The proof by Ghys also uses this idea, but it is 
based on a preliminary study of the "maximal domain of contraction" which not only 
allows proving the proposition but provides useful additional information. 

Definition 2.3.7. If the action of a group F on the circle is minimal and expansive, then 
we will say that it is strongly expansive if, for every open interval / whose closure is 
not the whole circle, there exists a sequence of elements 5n € F such that the length 
|5f„(/)| converges to zero. 
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Not every minimal expansive action is strongly expansive: consider for instance the 
case of subgroups of PSLfe(2,]R) acting minimally, with k > 2. In what follows, we will 
see that, in the minimal, expansive case, these "finite coverings" are the only obstructions 
to strong expansiveness. 

Lemma 2.3.8. If the action of a subgroup T o/Homeo+(S^) is minimMl and expansive, 
then there exists a finite order homeomorphism -R : ^ commuting with all of the 
elements in V such that the action of T on the quotient circle S^/ obtained as the space 
of orbits of R is strongly expansive. 

Proof. For each a: G let us define R{x) e as the "supremum" of the points y for 
which the interval ]x,y[ is contractable, i.e., there exists a sequence (g„) of elements 
in r such that the length |]5n(a;), converges to zero. The fact that R commutes 
with all of the elements in T follows immediately from the definition. Moreover, i? is a 
monotonous function "of degree 1" . We claim that i? is a finite order homeomorphism. 

To show that R is "strictly increasing" we argue by contradiction, and we consider 
the (non-empty) set Plan(i?) formed by the union of the interiors of the intervals on 
which R is constant. Since R centralizes T, this set is invariant under the action. Hence, 
by minimality, Plan(/?) is the whole circle, and this implies that is a constant map, 
which is impossible. To show that R is continuous, one may use a similar argument using 
the union Salt(i?) of the interior of the intervals which are avoided by the image of R 
(compare with the proof of Theorem 2.2.6). 

The rotation number of R cannot be irrational. Indeed, if it were irrational and 
R admitted an exceptional minimal set then, since R centralizes F, this set would be 
invariant by F, which contradicts the minimality of the action. If p{R) were irrational 
and the orbits of R were dense, then the unique invariant probability measure by R would 
be invariant by F, and hence F would be topologically conjugate to a group of rotations 
(see Exercise 2.2.12), which contradicts the expansiveness of the action. 

The homeomorphism R has finite order. Indeed, since its rotation number is rational, 
it admits periodic points. The set Per(i?) of these points is closed, non-empty, and 
invariant by F (once again, the last property follows from the fact that R centralizes F). 
From the minimality of the action of F, one concludes that Per(i?) coincides with the 
whole circle. To finish the proof of the lemma just notice that, by the definition of R, 
the action of F on SV ~ is strongly expansive. □ 

In the context of the preceding lemma, the order of the homeomorphism R will be 
called the degree of F, and will be denoted by d{T). Notice that d{T) = 1 if and only if 
R is the identity, that is, if the original action of F is (minimal and) strongly expansive. 

Let us come back to the proof of Proposition 2.3.6. As we already mentioned, the 
strategy consists in finding two elements whose action on S^, up to a "finite covering", is 
similar to the action of a Schottky subgroup of PSL(2, M). Indeed, such a pair of elements 
generates a free group, as the famous Klein Ping-Pong Lemma shows. 

Lemma 2.3.9. Let IsA be a set and F a group of bijections of M. Assume that there 
exist non-empty disjoint subsets Aq and Ai ofM, and elements go and gi in T, such that 
50 (Ai) c Aq and gi{Ao) C Ai for all n € Z\{0}. Then go and gi generate a free group. 
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Proof. Wc need to show that every nontrivial word W = (fi ■ ■ ■ g}) (ji' which is 
reduced {i.e., such that the exponents are non-zero, possibly with the exception of the 
first and/or the last ones) represents a nontrivial element in F. To do this it suffices 
to notice that, if ii = and jk 7^ (rcsp. if ii 7^ and jk = 0), then (the clement 
represented by) W sends Aq into Ax (resp. Ai into Aq), and hence it cannot equal the 
identity. Moreover, if i\ and jk are both non-zero, then by conjugating appropriately g 
one obtains a word for which this argument may be applied. □ 

If the action of a group T on the circle is minimal and expansive, then we consider 

the associated action on the quotient circle SY^. This action is minimal and strongly 
expansive, and hence there exist two sequences of intervals Ln,L'^ in Sy ~ converging 
to points a, b respectively, in such a way that for each n e Z there exists € F so that 
fn{S^ \ Ln) = L'^- We can assume that a ^ b, since otherwise we may replace /„ by g/„ 
for some element g&T which does not fix a' (such an element exists by minimality) . We 
claim that there exists /sF such that a' = f{a) and b' = f{b) are different from both a 
and b. Although this could be left as an exercise, it also follows from a very interesting 
(and surprisingly not well-known^) lemma due to Ncwmann. 

Lemma 2.3.10. No group can be written as a finite union of left classes with respect to 
infinite index subgroups. 

Proof. Suppose that F = Si[gi] U . . . U Sk[gk] is a decomposition of a group into left 
classes [gi], where each set 5, is finite and the classes [gi] are taken with respect to 
different subgroups. We will show by induction on k that a certain class [gi] has finite 
index in F. 

If k = l there is nothing to prove. Suppose that the claim holds for k <n, and let us 

consider a decomposition F = Si[gi] U . . . U S„+i[gn+i\ as above. If Si[gi] = F then [gi] 
has finite index in F. In the other case, there exists 5 G F such that ^[^i] fl Si[gi] = 0. 
We then have 

9[9i] C 52 [52] U . . . U Sn+l[gn+l], 

and thus 

Si[gi] C T2[g2] U . . . U Tn+i[gn+i], 
where = {hig^^hi: hi e Si, hi e Si} is finite. Hence, 

F = (T2 u S2)[g2] u . . . u (r„+i U Sn+l)[gn+l], 

and by the induction hypothesis this implies the existence of an index j e {2, . . . ,n + l} 
such that [gj] has finite index in F. □ 

The lemma above allows to choose / e F and n e N so that the intervals _L„, i^, /(L„), 
and f{L'^), are disjoint. Indeed, F cannot be written as the union Fj, qUFq tUFft aUFh.b, 
where denotes the -perhaps empty- left class of the elements in F sending c into 
c'. Therefore, there must exist / SF such that {/(a),/(^')} H {a,b} = 0, and hence the 

^It is interesting to remark that some of the arguments in the proof of the Tits alternative for Unear 
groups where the properties of Zaxiski's topology are strongly used may be simplified using Newmann's 
lemma. 



57 



claimed property holds for n G N large enough. To complete the proof of Proposition 
2.3.6, we fix such an n, and we let go = fn and gi = fgof~^- If we denote by Jq, /q, Ji, 
and 7i, the preimages under R of L„, L'^, f{Ln), and f{L'^), respectively, then one easily 

checks that for all fc e Z \ {0} one has ,9o (/i U Ji) C /q U Jo and .gf (/o U Jo) C /i U Ji. 
Thus, one may apply Lemma 2.3.9 to conclude that 90 and 91 generate a free group. 

Exercise 2.3.11. Show that a group F of circle homeomorphisms preserves a probability mea- 
sure on if and only if for every pair of elements in F there is a common invariant probability 
measure. 

Exercise 2.3.12. Prove the following "positive version" of the Ping-Pong Lemma: If go and gi 
are two bijections of a set M for which there exist disjoint non-empty subsets Aq and Ai such 
that go{Ai) C Ao and gi{Ao) C Ai for every positive integer n, then go and gi generate a free 
semigroup {c.f., Definition 2.2.41). 

Exercise 2.3.13. Prove that Thompson's group F satisfies no nontrivial law, that is, for every 
nontrivial word W in two letters, there exist /, g in F such that W{f,g) is different from the 
identity. (This result holds for most groups of piecewise homeomorphisms of the interval, as was 
first shown in [34].) 

Hint. Let W = g^^ gl'^ ■ ■ ■ g]^ gl'' be a nontrivial reduced word, with ii^O and jk¥^^- Take two 
elements / and g having at least 2k fixed points x\, . . . , X2k and j/i, . . . , j/2fc, respectively, so that 
xi < yi < X2 < y2 < ■ ■ ■ < X2k < y2k- Use a similar argument to that of the proof of the 
Ping-Pong Lemma to show that, if p belongs to the "middle open interval" determined by these 
points, then W{f",g"){p) is different from p for n big enough. 

2.3.2 A probabilistic viewpoint 

Let r be a countable group of circle homeomorphisms and p a probability measure 
on r that is non- degenerate (in the sense that its support generates F as a semigroup). 
Let us consider the diffusion operator defined on the space of continuous functions by 



Let i> 1-^ p * ly be the dual action of this operator on the space of probability measures 
on the circle (this dual action is also called convolution). Such a measure is said to be 
stationary (with respect to p) if p* fi = fi, that is, if for every continuous function 
: ^ K one has 



The existence of at least one stationary measure is ensured by the Kakutani Fixed Point 
Theorem [253]; clearly, it may be also deduced from a simple argument using Birkhoff 
sums {i.e., using the technique of Bogolioubov and Krylov: see Appendix B). 

Lemma 2.3.14. If the orbits by T are dense, then /x has total support and no atoms. If 
r admits a minimal invariant Cantor set, then this set coincides with the support of n, 
and n has no atoms either. 




(2.7) 




(2.8) 
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Proof. Let us first show that if /i has atoms then F admits finite orbits (concerning this 
case, see Exercise 2.3.25). Indeed, if a; is a point with maximal positive mass, then from 
the equaUty 

Kx) = j^n{g~'^{x)) dp{g) 

one concludes that /Lt((7~^(a;)) = ii{x) for every g in the support of p. Since p is non- 
degenerate, by repeating this argument one concludes that the equality /^(^^^(a;)) =/x(a;) 
actually holds for every clement g E T. Since the total mass of fi is finite, the only 
possibility is that the orbit of x is finite. 

If the action of F is minimal then the support of n being a closed invariant set, it 
must be the whole circle. If F admits an exceptional minimal set A then, since this set is 
unique, it must be contained in the support of fi. Therefore, to prove that A and supp{ij) 
coincide, we need to verify that (U(7) = for every connected component of S^ \ A. Now, 
if this were not the case, then choosing such a component / with maximal measure one 
would conclude -by an argument similar to that of the case of finite orbits- that the 
orbit of I is finite. However, this is in contradiction with the fact that the orbits of the 
endpoints of / are dense in A. □ 

The existence of stationary measures allows establishing a nontrivial result of reg- 
ularity after conjugacy for general group actions on the circle [62, 65]. We point out 
that, according to [112], such a result is no longer true in dimension greater than 1 (see 
however Exercise 2.3.17). 

Proposition 2.3.15. Every countable subgroup of IIomeo+(S^) (resp. Homeo+([0, l])j 
is topologically conjugate to a group of bi-Lipschitz homeomorphisms. 

Proof. Let us first consider the case of a countable subgroup F of Homeo+(S^) whose 

orbits are dense. Endow this group with a non-degenerate symmetric probability mea- 
sure p, where symmetric means that p{g) = p{g~^) for every g G T. Let us consider 
an associated stationary measure /x on S^. For each interval / C S^ and each element 
g e supp{p) one has 

= Yl l^{h-\l))p{h) > n{g{I))p{g-'), 

hEsupp{p) 

and hence 

m(5(/))<^m(/). (2.9) 

Let us now take a circle homeomorphism ip sending /x into the Lebesgue measure. If J 
is an arbitrary interval in S^ then, by (2.9), for every g G supp{p) one has 

\^ogo^-\j)\ = ,x{go^-\j)) < -1^ f^{ip-\J)) = ^ \J\. 

Therefore, for every g G supp{p) the homeomorphism ipogoip~^ is Lipschitz with constant 
l/p{g). Since p is non-degenerate, this implies the proposition in the minimal case. 
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If r is an arbitrary countable subgroup of Homco+(S"'^), then adding an irrational ro- 
tation and considering the generated group, the problem reduces to that of dense orbits. 
By the arguments above, the new group -and hence the original one- is topologically 
conjugate to a group of bi-Lipschitz homeomorphisms. Finally, by identifying the end- 
points of the interval [0, 1], each subgroup F of Homeo-)-([0, 1]) induces a group of circle 
homeomorphisms with a marked global fixed point. Therefore, if F is countable then 
this new group is conjugate by an clement Lp of Homeo+(S'^) to a group of bi-Lipschitz 
circle homeomorphisms. To obtain a genuine conjugacy inside Homeo+([0, 1]), it suffices 
to compose ip with a rotation in such a way that the marked point of the circle is sent 
to itself. □ 



Exercise 2.3.16. Using the argument of the preceding proof, show that, for each £>0, every 
homeomorphism of the circle or the interval is topologically conjugate to a Lipschitz homeo- 
morphism whose derivative (well-defined at almost every point) is less than or equal to 1 -|- e 

(compare Exercise 4.2.22). 

Remark. Using the wcll-kuowu inequality htop{T) < dlog{Lip{T)) for the topological entropy 
of Lipschitz maps T on rf-dimcnsional compact manifolds, the claim above gives a short and 
conceptual proof of the fact that the topological entropy of any homeomorphism of the circle or 
the interval is zero (sec [244]). 

Exercise 2.3.17. Prove that every countable group of homeomorphisms of a compact manifold 

is topologically conjugate to a group of absolutely continuous homeomorphisms. 
Hint. Use the classical Oxtoby-Ulam's theorem which establishes that every probability measure 
of total support and without atoms on a compact manifold is the image of the Lebesgue measure 
by a certain homeomorphism (sec [98] for a concise presentation of this result). Use also the fact 
that every compact manifold supports minimal countable group actions (see [77] for minimal, 
finitely generated group actions). 

The preceding definitions extend to any action on a measurable space M of a countable 

group F provided with a probability measure p. For example, looking at the action (by left 
translations) of F on itself, the convolution operator may be iterated: the n*'^-convolution 
of p with itself will be denoted by p*". 

For the general case, we will denote by fl the space of the sequences (,gi, 52, . . .) G F'* 
endowed with the product measure P = p^. If a is the (one side) shift on that 
is, a{gi,g2, • • •) = {92,93, ■ ■ ■), then one easily checks that a probability measure fj, on 
M is stationary with respect to p if and only if the measure P x is invariant by the 
skew-product map TifixM^rixM given by 

T{uj,x) = {a{uj),h-i{u;){x)) = {a{u;), gi{x)) , oj = (51,52, •• •)• 

Exercise 2.3.18. A continuous function V : M ^ R is said to bo harmonic if it is invariant 
by the diffusion, that is, -D(^/') — ip. Prove the following version of the maximum principle: if 
tp is harmonic, then the set of points at which ^ attains its maximum is invariant by F. Prove 
that the same holds for super-harmonic functions, that is, for functions ijj satisfying Dtp > ip. 

We now concentrate on the case where M is a compact metric space. Following 
the seminal work of Furstenberg [82], in order to study the evolution of the random 
compositions we consider the inverse process given by hn{oij) = gi - ■■ gn- The main 
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reason for doing this lies in the following observation: if ip is a continuous function defined 
on M and /z is a stationary measure, then the sequence of random variables 

^n(<^) = / 'ip d{gi ■ ■ ■ g„{iJ,)) = / tp d{hn{u>){n)) 
Jm Jm 

is a martingale [79]. Indeed, for every 51, . . . , (/„ in F, an equality of type (2.8) applied 
to the function x 1-^ ip[gi ■ ■ ■ gn{x)) yields 

/ / V d{gi ■ ■ ■ gn9{l^)) dp{g) = / V ^^(51 • • • 9n{lJ')) , 
JtJm Jm 

that is, E{£_n+i\gn+i) = £,n- By the Martingale Convergence Theorem, the sequence 
{^n{^)) convergers for almost every oj E fl. Let (V'fe) be a dense sequence in the space 
of continuous functions on M. By the compactness of the space of probability measures 
on M, for a total probability subset f2o C fl, the sequence gig2 ■ ■ ■ gnifj) = hn{Lu){^) 
converges (in the weak-* topology) to a probability (-o{fi). Moreover, the map uj 1-^ i^(/i) 
is well-defined at almost every iv and it is measurable (see [156, page 199] for more details 
on this). 

Proposition 2.3.19. LetT be a countable subgroup o/Homeo+(S^) whose action is min- 
imal. If the property of strong expansiveness is satisfied, then for almost every sequence 
CO G SIq the measure is a Dirac measure. 

Proof. We will show that for every e g]0, 1] there exists a total probability subset 0,^ 
of Oo such that, for every u £ Q^, there exists an interval I of length jJj < e such 
that u){fj,){I) > 1 — e. This allows us to conclude that, for all u contained in the total 
probability subset Q* = rineN^i/n^ the measme a;(/i) is a Dirac measure. 

Let us then fix £ > 0. For each n G N let us denote by fi"'^ the set of the sequences 
u) Gflo such that, for all m > and every interval I in of length |/| < e, one has 
hn+m{^){l^){I) < 1 — c. We need to show that the probability of O"'*^ is zero. We will 
begin by exhibiting a finite subset Qe of supp{p), as well as an integer / G N, such that for 
all r e N and all (ffi, • • • ,gr) € F*" there exist an interval I of length |/| < e, an integer 
£ <2l, and elements fi,. . . ,fe inQ^, satisfying 

5i---5r/i---^(M)(7) > l-£. (2.10) 

To do this, let us fix two different points a and 6 in S^, as well as an integer q > 1/e, 
and let us take q different points ai, . . . , a, in the orbit of a by F. For each {1, . . . , g} 
let us choose hi e T and an open interval Ui containing aj in such a way that the Ui's 
are two-by-two disjoint, hi{a) = at, and hi{U) = Ui for some neighborhood U oi a not 
containing b. Let us now consider a neighborhood ^ of 6 disjoint from U and such that 
^(S^ \ T^) > 1 — e. By minimality and strong expansiveness, there exists /iSF such that 
h{S^ \V) C U. Now each element in {hi, . . . ,hq,h} may be written as a product of 
elements in the support of /i. This may be done in many different ways, but if we fix 
once and for all a particular choice for h and each hi, then the set Gs of the elements in 
supp{p) which are used is finite. Let I the maximal number of factors appearing in these 
choices. To check (2.10) notice that, ior g = g\ - ■ ■ g^, the intervals g{Ui) are two-by-two 
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disjoint, and hence the length of at least one of them is bounded from above by e. For 
such an interval I = g{Ui) we have 

51 • • • 9rhMti){I) = n{h-\U)) > n{S^ \V)>l-e, 

which concludes the proof of (2.10). 

Now let p = min{p(/) : / G Ge}, and let us define ^ as the set of w G l^o such 
that, for every interval / of length |/| < e and all k < m, one has hn+k{<^){l^){I) < 1 — £• 
By (2.10) we have 

Passing to the limit as t goes to infinity, this allows to conclude that P(n"'^) = 0, which 
finishes the proof. □ 

Using a well-known argument in the theory of random walks on groups. Proposition 
2.3.19 allows us to prove a general uniqueness result for the stationary measure. Let us 

point out that, according to [63], this result still holds in the much more general context 
of codimension-one foliations (the notion of stationary measure for this case is that of 
Garnett: see [45, 84]). 

Theorem 2.3.20. Let T be a countable group of circle homeomorphisms endowed with 
a non-degenerate probability measure p. IfF does not preserve any probability measure 
onS^, then the stationary measure with respect to p is unique. 

Proof. First suppose that the action of F is minimal and strongly expansive, and let /i 
be a probability measure on which is stationary with respect to p. For each w G O such 
that lim„^oo hn{u}){ii) exists and is a Delta measure, let us denote by <?;u(a;) the atom 
of the measure Lo{fi), i.e., the point in for which = (^). The map : ^ S"'^ 
is well-defined at almost every sequence and measurable. We claim that the measures jj 
and <?;:i(P) coincide. Indeed, since n is stationary, 

^ = p*"*^ = ^p-(5)3(^)= / -hn{u;)ii,)dF{u). 

Therefore, passing to the limit as n goes to infinity, we obtain 

At= / lim hn{co){p.)dF{u;)= [ 5. (flP(a;) = ^^(P). 

Now consider two stationary probabilities fii and /X2. The measure /x = (/xi -|- /Lt2)/2 
is also a stationary probability, and the function satisfies, for P-almost every w G Q, 

2 = Ki-^)- 

Clearly, this is impossible unless C/ii and coincide almost surely. Thus, by the claim 
of the first part of the proof, 

Ml=C^i(P)=C^2(P)=M2. 
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Suppose now that the action of F is minimal and expansive, but not strongly ex- 
pansive. Let /Lt be a stationary probability with respect to p. By Lemma 2.3.8, there 
exists a finite order homeomorphism R: — > which commutes with all the elements 
of r and such that the action induced on the topological circle obtained as the 

space of orbits by R is minimal and strongly expansive. For each x G let us de- 
note tl}{x) = /x([x, i?(x)[) . Since ^, has no atom, ?/) is a continuous function, and since 
R centralizes F, it is harmonic. Therefore, the set of the points at which ■0 attains its 
maximum value is invariant by F (see Exercise 2.3.18). Since the orbits by F are dense, 
il) is constant; in other words, fj, is invariant under R. On the other hand, jjL projects into 
a stationary probability measure for the action of F on SY^. By the first part of the 
proof, this projected measure is unique, and together with the i?-invariance of /U, this 
proves that /z is unique as well. 

If F admits an exceptional minimal set, then this set coincides with the support of 
/U. By collapsing to a point each connected component in its complementary set, one 
obtains a minimal action. If this action is expansive, then the arguments above give the 
imiqueness of the stationary measure. To complete the proof it suffices to notice that, in 
all the cases which have not been considered, F preserves a probability measure of the 
circle. □ 

Let us define the contraction coefficient contr(/i) of a circle homeomorphism h as 

the infimum of the numbers e > such that there exist closed intervals / and J in of 
length less than or equal to e such that h{S^ \ I) = J. This notion allows us to give a 
"topological version" of Proposition 2.3.19 for the composition in the "natural order". 

Proposition 2.3.21. Under the hypothesis of Proposition 2.3.19, for almost every se- 
quence oj = {gi,g2,- ■ ■) € O the contraction coefficient of hn{ui) =gn - ■■ gi converges to 
zero as n goes to infinity. 

Proof. Since /i has total support and no atoms, there exists a circle homeomorphism 
sending fi into the Lebesgue measure. Hence, since the claim to be proved is invariant 
by topological conjugacy, we may assume that /i coincides with the Lebesgue measure. 

Let p be the probability on F defined by p{g) = p{g~^), and let 17 be the probability 
space F^ endowed with the measure p^. On this space let us consider the inverse process 
hn{u!) = gi ■ ■ ■ gn, where ui = (51, 52, • • ■)• By Proposition 2.3.19, for almost every to G Q 
and all e > there exists a positive integer n{s,uj) such that, if n > n(s,Lu), then there 
exists a closed interval / such that /Lt(J) < e and hn{oj){l^){T) > 1 — £. If we denote by J 
the closure of S^ \ g^^ ■ ■ ■ then one easily checks that |/| = ^(/) < e, 

I J| = 1 - \g-' ■ • -ft'U)! = 1 - l^ihniu^r'il)) = 1 - hn{io){i^){I) < e, 

and g~^ ■ ■ ■ g^^{S^ \ I) = J. Therefore, contr(^g~^ ■ ■ ■ g^^) < e for all n > n(e, cj). The 
proof is then finished by noticing that the map (31,32, •• •) 1-^ {91^^92^^ ■ ■ •) identifies 
the spaces {Cl,p^) and {n,p^). □ 

The contraction coefficient is always realized, in the sense that for every circle homeo- 
morphism /i there exist intervals /, J such that max{|7|, I J|} = contr(/i) and /i(Si \I) = J 
(however, these intervals are not necessarily unique). As a consequence, and according to 
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the preceding proof, for almost every G we may choose two sequences of closed inter- 
vals /„(a;) and J„(u;) whose lengths go to zero and such that hn{co)(S^ \ /n(a;)) = J„(a;) 
for all n e N. For any of these choices, the intervals converge to the point 

Exercise 2.3.22. Let F be a group of circle homeomorphisms acting minimally. 

(i) Show that if the F-action is strongly expansive, then the centralizer of F in Homeo+(S'^) is 
trivial. 

(ii) More generally, show that if the F-action is expansive, then the only circle homeomorphisms 
commuting with all the elements of F are the powers of the map R from Lemma 2.3.8. 

Exercise 2.3.23. Using the preceding exercise, prove that if a product of groups F = Fi x F2 

acts on the circle, then at least one of the factors preserves a probability measure on S'^. 

Exercise 2.3.24. The results in this section were obtained by the author in collaboration with 
Deroin and Kleptsyn in [65] (partial results appear in [138]). Nevertheless, we must point out 

the existence of a prior work on this topic, namely the article [3] by Antonov, whore almost 
equivalent results are stated (and proved) in a purely probabilistic language. The exercise below 
contains the essence of [3]. 

(i) Given a probability measure p on a (non-nccessarily finite) system of generators of a countable 
subgroup F of Homeo-i-(S^) without finite orbits, consider the probability p on F defined by 
Pig) = p{9~^) (compare Proposition 2.3.21). If p is a measure on which is stationary with 
respect to p, show that for every x,y in the sequence of random variables 

''(w) = iJ-i[g„ ■ ■■gi{x),g„ ■ ■ ■ gi{y)]) 

is a martingale. In particular, this sequence converges almost surely. We want to show that, if 
there is no nontrivial circle homeomorphism centralizing F, then the corresponding limit equals 
or 1. 

(ii) Let f be a stationary measure for the diagonal action of F on the torus S'^ x S^. Show that 
the distribution of ^^'^ with respect to P x z/ coincides with that of ^^+1. 

(iii) Using the relation (which holds for every square integrable martingale) 

E(d+i)=E(en)+E((e„+i-e„)'), 

conclude that for f-almost every point {x,y) £ S^ x S^ one has (,^'^1 = (,n'^- 

(iv) Defining ^}>{{x,y)) — p.{[x,y]), conclude from (iii) that for z/-almost every point (x,y) in 
S^ x S^ and all g € F one has ^{{x,y)) = i^{{g{x),g{y))). 

(v) Using (iv) , prove that the support of the measure v is contained in the diagonal. 

Hint. Without loss of generality, one can restrict to the case where all of the orbits of F on S^ 
are dense. Suppose that q£]0, 1[ is such that the set 

= {(x, y) G S^ x S^ V((a;, v)) G [a - e, a + e]} 

has positive i^-measure for every e > 0. Conclude from (iv) that the normalized restriction of v 
to Xa^s is a stationary probability. Letting e go to and passing to a weak limit, this gives a 
stationary probability v on the torus concentrated on the set 

{(a;,2/) gS^xS^ ij{[x,y]) = a}. 

The density of the orbits then allows defining a unique homeomorphism R of S^ that satisfies 
ijj{{x, R{x))) = a. Show that ii commutes with all the elements of F, thus contradicting the 
hypothesis at the end of item (i). 
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(vi) Fixing x,y in S^, consider the Dirac measure <5(a;,y) with mass on the point {x,y) € S^xS^. 
Show that every measure in the adherence of the set of measures 

1 

3=0 

is a stationary probability concentrated on the diagonal. Finally, using the fact that ^^'^ con- 
verges almost surely, conclude that the limit of ^^'^ is equal to or 1. 

Exercise 2.3.25. Prove that if F is a subgroup of Homeo+([0, 1]) without global fixed point in 
the interior and p is a symmetric non-degenerate probability measure on F, then every probability 

measure on [0, 1] which is stationary (with respect to p) is supported at the endpoints of [0, 1]. 
Hint. Let /i be a stationary measure supported on ]0, 1[. Show first that /i has no atom. Then, 
by collapsing the connected components of the complement of the support and reparameterizing 
the interval, reduce the general case to that where /x coincides with the Lebesgue measure. One 
then has, for all s€]0, 1[, 

. = M[0, .]) = I K9-\[0, s])) dpig) = I M0,s]))+,{9-H[0,s])) ,^(^)^ 

which gives 

Hence, by integrating between and an arbitrary point t£]0, 1[, 

t^=l f\g{s) + g-\s))dsdp{g). (2.11) 
Jr Jo 

Now by looking at Figure 14, conclude that for every homeomorphism / of the interval and 
every f G [0, 1] one has 

f\fis) + r\s))ds>t\ 

Jo 

where the equality holds if and only if f{t) = t. Conclude that t is a global fixed point for the 
action, thus contradicting the hypothesis (see [65] for an alternative and more conceptual proof 
using Garnett's ergodic theorem). 

Remark. The hypothesis of symmetry for p above is necessary, as is shown by [131]. 
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Chapter 3 



DYNAMICS OF GROUPS OF 
DIFFEOMORPHISMS 

3.1 Denjoy's theorem 

In §2.2.1, wc have seen an example of a circle homcomorphism with irrational rotation 
number admitting an exceptional minimal set. In this section, we will see that such a 
homeomorphism cannot be a diffeomorphism of certain regularity. This is the content 
of a classical and very important theorem due to Denjoy. To state it properly, we will 
denote by Diff^+''^(Si) the group of circle diffeomorphisms whose derivatives have 
bounded variation. We will say that such a diffeomorphism is of class C^+^^, and we will 
denote by V{f) the total variation of the logarithm of its derivative, that is, 

n-l 

V{f) = sup V|log(/')(a.+i)-log(/')(ai)| = var(log(/');Si). 

ao<---<a»i=ao 

For an interval / we will use the notation V{f;I) — var(log(/')|/). 

Theorem 3.1.1. /// is a circle diffeomorphism of class 0^+*^^ with irrational rotation 
number, then f is topologically conjugate to the rotation of angle p{f). 

Every circle diffeomorphism of class or Q^+^^'p belongs to Diff^^'^^(S^). For in- 
stance, for every / e Diff^(S^) one has 

ds. (3.1) 

The same formula holds for difeomorphisms of class C^+'^'p. (In this case the function 
s ^ f"{s)/f'{s) is almost everywhere defined and essentially bounded.) However, let us 
point out that Denjoy's theorem docs not longer hold in class C"'^"'"'^ for any t< 1. This is 
a consequence of a construction due to Herman [114] which we will reproduce in §4.1.4. 
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Theorem 3.1.2. For every irrational angle 6, every r < 1, and every neighborhood of 
the rotation R$ in DifF^'^^(S^), there exists an element in this neighborhood with rotation 
number 6 which is not topologically conjugate to Rg . 

Before passing to the proof of Theorem 3.1.1, we would hke to give an "heuristic 
proof" which apphes in a particular but very illustrative case. Suppose that / is a 
circle diffeomorphism with irrational rotation number and admitting a minimal invariant 
Cantor set A so that the derivative of / on A is identically equal to 1. Following [111], 
we will prove by contradiction that / cannot be of class C^+^^p (compare [191]; see also 
Exercise 3.1.4). For this, let us fix a connected component / of the complementary set of 
A, and for each n S N let us denote /„ = <?"(/). Notice that \In+i\ = g'{p)\In\ for some 
p G In, and since the derivative of g at the endpoints of 7„ equals 1, we conclude that 

= \f'{p) - 1| < c\u 

where C is the Lipschitz constant of the derivative of /. We then have 

> (3.2) 

Without loss of generality, we may assume that the length of / as well as that of all of its 
(positive) iterates by / are less than or equal to 1/2C. The contradiction we search then 
follows from the following elementary lemma by letting d=l (the case d > 1 is naturally 
related to §4.1.44). 

Lemma 3.1.3. If d € N and is a sequence of positive real numbers such that 
(■n < 1/^(1 + 1/dY and in+i > •^n(l — Cln''') for alln €N and some positive constant 
C, then there exists A > such that in > A/n'^ for all n G N. In particular, if d = 1 
then S = J2^n diverges. 

Proof. The function s i— > s{l — Cs^^^) is increasing on the interval [O, (c(T^i/5))''] • 
Using this fact, the claim of the lemma easily follows by induction for the constant 
A = mm{£i, We leave the details to the reader. □ 

We will give two distinct proofs of Denjoy's theorem (naturally, both of them will 
strongly use the combinatorial properties of circle homeomorphisms with irrational rota- 
tion number). The first one, due to Denjoy himself, consists in controlling the distortion 
produced by the diffeomorphism on the affinc structure of the circle. As we will see later, 
this is also the main idea behind the proof of many other results in one-dimensional 
dynamics of group actions, as for instance those of Sacksteder and Duminy. In the sec- 
ond proof, we will concentrate on the distortion with respect to the projective structure 
of the circle. This technique has revealed useful in many other cases. For instance, it 
was used by Yoccoz in [252] to extend Denjoy's theorem to C°° circle homeomorphisms 
whose critical points are not infinitely flat (in particular, for real-analytic circle homeo- 
morphisms), and by Hu and Sullivan to obtain in [117] very fine results concerning the 
optimal regularity of Denjoy's theorem for diflFeomorphisms. We will use a variation of 
this idea to give a general rigidity theorem in §5.2. 
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First proof of Denjoy's theorem. Assume for a contradiction that (the group gen- 
erated by) a C^"'"'^^ circle diffeomorphism / admits an exceptional minimal set A. Let I 
be a connected component of \ A, let xq be an interior point of 7, and let be the 
semiconjugacy of / to Re, where 9 = p{f). Without loss of generality, wc may suppose 
that (p{xo) = 0. Forn€ N let us consider the intervals /„ and J„ of the construction given 
at the end of §2.2.1, and let us define In{f) = ^~^{In) and Jn{f) = 'P~^{Jn)- Notice 
that / is contained in each In{f)- From the combinatorial properties of 7„ and J„ one 
concludes that: 

(i) the intervals in {f-'{Jn{f)) : J G {0, 1, . . . , g„+i — 1}} cover the circle, and every point 
of is contained in at most two of them; 

(ii) the interval /''"+^ (/«(/)) is contained in J„(/) for every n e N, and the same holds 
for (/_„(/)). 

We claim that, for each a;, y in 7 and each n e N, 

|(/'"'+^)'(a:)(/-''"+^)'(2/)| >e-™. (3.3) 

To show this, we let y = /~'"+^(y). Since I is contained in I-n{f), by property (ii) we 
have y G Jn{f)- From (1.1) and property (i) we obtain 



log ((/«"+! )'(a;)(/-«"+i)'(2/)) 



log 



(/«"+0'(^) 



< 



<'e |iog(/')(/'(^))-iog(/')(/'(y"))l<''E y{f-^f\uf)))<'^v{f), 

fe=0 fe=0 

from where one easily concludes inequality (3.3). 
To close the proof notice that, for some x, y in 7, 

|/9„+i(7)| . |/-9n+i(7)| = {r-+^)'{x){n-+^)'{y) ■ 

From inequality (3.3) one deduces that the right-hand expression is bounded from below 
by exp ( — 2y(/)) • |7p. However, this is absurd, since the intervals /^(7) are two-by-two 
disjoint for k € Z, and hence |/^"+^(7)| • |/~^"+^(7)| goes to zero as n goes to infinity. □ 

For the second proof wc will use the following notation: given an interval 7 = [a, b] 
and a diffeomorphism / defined on 7, let (compare (1.5)) 

M(/;7)- 



\b-aWr{a)f'ib) 

The reader may easily check the relation (compare (1.4)) 

M{fog-I) = M{g-I)-M{f-g{I)). (3.4) 

Moreover, from the existence of a point c e7 such that \f{b) — f{a)\ = f'{c)\b — a\ one 
concludes that 

I log M(/; 7) I < i[|log(/'(c))-log(/'(a))| + |log(/'(c))-log(/'(6))|] < (3.5) 
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Second proof of Denjoy's theorem. Suppose again that / admits an exceptional 
minimal set A, and let us use the notation introduced at the beginning of the first proof. 
For each n e N let us fix two points a e f-'^'^^+'^'^+^^I) and bGf-i"-+^{I) such that 

|f-9«(/)| Irl 



l/-(9„+5n+i)(7)|' \f-''-+^{i)\' 

The open interval J of endpoints a and b is contained in J„(/) (recall the combinatorial 
properties at the end of §2.2.1; in particular, see Figures 11 and 12). By (3.4), (3.5), and 
property (i) of the first proof, 

y(f- f'^fJl) 

|iogM(r"+-j)|< |iogM(/,/'=(j))|< 2 

fe=0 fe=0 

We then obtain 

(^^) (/-0'(a)(/-0'W-'"'^"''^^^^^' 

that is, 

(\J_^\ \J_ — ^ 1-^ , /'^l >exp(-2y(/)). 

Since < 1 for all nGN and |/^('i'n+'i'n+i)(/)| tends to zero as n goes to infinity, 

this inequality implies that, for every n large enough, 

|/-9.+i(7)| > |/-«"(7)|. 

Nevertheless, this contradicts the fact that |/~^"(7)| converges to zero as n goes to 
infinity. □ 

Exercise 3.1.4. The proof proposed below for Denjoy's theorem in class C^"'"^''' is quite inter- 
esting by the fact that it does not use any control of distortion type argument. 

(i) Suppose that / is a C^^'^'p counterexample to Denjoy's theorem, and denote by / one of the 
connected components of the complement of the exceptional minimal set. For each j € Z choose 
a point Xj € P{I) such that |/^"'"^(7)| = f'{xj) |/^(7)|. Denoting by C the Lipschitz constant 
of /' and fixing nGN, from the inequality \ f'{xj) — f'{xj-q^)\ < C\xj — Xj-q^ \ conclude that, 
for some constant C > which is independent from n, and for every j £ {0, . . . , g„ — 1}, 

(ii) Using the combinatorial properties in §2.2.1, from the above inequality conclude the existence 
of a constant D > such that, for every n G N, 

\f-(yr-(^)\ > De-. (3.7) 

Hint. The left-side expression coincides with 
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Use inequality (3.6) to estimate each factor of this product for j large enough, and then use the 
elementary inequality 1 — a; > e~^^ (which holds for x > very small) as well as the fact that 
the intervals of endpoints Xj and Xj-q„ , with j € {0, . . . , qn — 1}, are two-by-two disjoint, 
(iii) Show that inequality (3.7) cannot hold for all n. 

To construct smooth circle homeomorphisms admitting an exceptional minimal set, 
one may proceed in two distinct ways. The first consists in allowing critical points. 
In this direction, in [108] one may find examples of C°° circle homeomorphisms with 
a single critical point and a minimal invariant Cantor set (by Yoccoz' theorem already 
mentioned [252], such a homeomorphism cannot be real-analytic). The second issue 
consists in considering diffeomorphisms of differentiability class less than C^. We will 
carefully study examples of this type in §4.1.4. 

Concerning the nature of the invariant Cantor set which may appear in differentiablity 
class less than C^, let us first notice that any Cantor set contained in may be exhibited 
as the exceptional minimal set of a circle homeomorphism. However, if there is some 
regularity for the homeomorphism, then such a set must satisfy certain properties. For 
example, in [163] it is proved that the triadic Cantor set cannot appear as the exceptional 
minimal set of any C^ circle diffeomorphism (see also [190]). On the other hand, in [192] 
it is shown that every "affine" Cantor set may appear as the exceptional minimal set of 
a Lipschitz circle homeomorphism. 

Prom the viewpoint of group actions, Denjoy's theorem may be reformulated by say- 
ing that there is no action of (Z, +) by C^+'''^ circle diffeomorphisms which admits an 
exceptional minimal set. As we will see below, this property is shared by a large family 
of finitely generated groups. 

Proposition 3.1.5. LetT be a finitely generated group o/C^+^'p circle diffeomorphisms. 
IfT admits an exceptional minimal set, then it contains a free subgroup on two generators. 

Proof. We will show that F acts expansively on the topological circle S\ associated 
to the exceptional minimal set A. By the proof of Theorem 2.3.2, this implies that F 
contains a free group. 

Suppose that the (minimal) action of F on S\ is not expansive. Then it is equicon- 

tinuous, and there is an invariant probability measure on with total support and no 
atoms which allows conjugating F to a group of rotations of S\. Let gi,. . . ,gn be the 
generators of F. If each gi has finite order then every orbit in S\ is finite, which con- 
tradicts the minimality of A. On the other hand, if some generator gi has infinite order, 
then the rotation number of g^ is irrational. Since gi has non-dense orbits (for instance, 
those contained in A), this contradicts Denjoy's theorem. □ 

The proposition above applies to finitely generated, amenable groups. (Indeed, such 
a group cannot contain F2: see Appendix B). However, this may be shown in a more 
direct way (i.e., without using Margulis' theorem). 

Exercise 3.1.6. Let F be a finitely generated amenable group of C^^''^ circle diffeomorphisms. 
Suppose that F admits an exceptional minimal set A, and consider an invariant probability 

measure fj, for the action of F on the topological circle S\ associated to A. Prove that /i has 
total support and no atoms. Conclude that F is semiconjugate to a group of rotations, and 
obtain a contradiction using Denjoy's theorem. 
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Proposition 3.1.5 still holds for non finitely generated groups provided that there exists 
a constant C such that V{g) < C for every generator g. Without such a hypothesis, it 
fails to hold for general non finitely generated subgroups of Diff^(_"'"''^(S^), as is shown by 
the following example, essentially due to Hirsh [116] (see also [126]). 

Example 3.1.7. Let : R^E be a homeomorpliism satisfying the properties (i) and (ii) of 
§1.5.2 and such that Fix{H) — {a,b}, witli a = and b > small. This homeomorphism H 
naturally induces a degree-2 circle map H (see Figure 10). Let us denote by I the interval ]o, b[. 
Let us now define gri : — > by gi{x) = y it H{x) = H{y) and x ^ y. In general, for each 
n G N let us consider the degree-2" circle map , and let us define : — > by gn{x) = y 
if H"{x) = H"-{y) and H"{x) / H"{y') for every y' e]x, y[. 

The group F = Fh generated by the gn's is Abelian and isomorphic to Q2(S^). Its action 
on the circle is semiconjugate to that of a group of rotations, and its exceptional minimal set 
is \ = S^ \ Unen ^i=o^ gn{C). Notice that if is a real-analytic difi^eomorphism of the real 
line, then the elements in Th are real-analytic circle diffeomorphisms. The reader should notice 
the similarity between this construction and the last one of §2.1.1. Indeed, the group Th is a 
subgroup of (the realization $if(G)) of Thompson's group G (though $ir(G) is not a group of 
real-analytic diffeomorphisms of !). 

Denjoy's theorem may be also seen as a consequence of the next proposition, which 
is the basis for dealing with the relevant problem of the regularity of the linearization 
of smooth circle diffeomorphisms {i.e., the conjugacy to the corresponding rotation). 

Proposition 3.1.8. Let 6'€:]0, 1[ he an irrational number, and let p/q he one of the 
rational approximations of 9 (i.e., \9 —p/q\ < ^/q^)- For a circle homeomorphism f of 
rotation number 9, denote by fx the unique prohahility measure on which is invariant 
hy f. If tp '■ ^ ^ is a (non-necessarily continuous) function with finite total variation, 
then for every x G one has 



<var(^;S^). (3.8) 



In particular, if f is differentiahle and its derivative has hounded variation, then for every 
a; e and every n e N one has 

exp ( - V{f)) < (/«")'(x) < exp (y(/)). (3.9) 

To prove this proposition, we will use the following combinatorial lemma. 

Lemma 3.1.9. // 9g]0, 1[ is irrational and p,q are two relatively prime integers such 
that q^O and \9—p/q\ < l/q^, then for eachiG{0, . . .,q—l} the interval ]i/q,{i + l)/q[ 
contains a unique point of the set {j9 (mod 1): j G {1, . . . , g}}. 

Proof. By the hypothesis, we have either < 9 — p/q < 1/q^ or — 1/g^ < 6 — p/q < 0. 
Both cases being analogous, let us consider only the first one. For every j G {1, . . . ,q} 
one has 

o<i^-^<4<-. 

q q q 

and hence j6 mod 1 belongs to ]jp/q, {jp + ^)/q[- The claim of the lemma follows from 
the fact that these intervals \jp/q,{jp+'i-)/q[ cover the circle without intersection. □ 
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Proof of Proposition 3.1.8. It is evident that the claim to be proved is equivalent to 
that the inequality 



holds for all xgS^ and every function of bounded variation ^. To show this inequality, 
we consider the map from the circle into itself defined by 



fiy) = f 

J X 



dfjL mod 1. 



From the relation ip o f = Rg o ip wc deduce that, if wc let Xj = /■'(x), then we have 
^{xj) = jO mod 1. By the preceding lemma, if for each j G {1, ... ,(7} we choose an 
interval Ij =]ij/q. {ij + l)/q[ containing fixj), then the intervals which appear are two- 
by-two disjoint. Therefore, denoting by Jj the interval (whose /i-measure equals 
l/q), from the equality 



i=l "'S^ 0=1 JJj 



one concludes that 

9 



i=i •^si ^^Jj^ j^^y^Ji 

The second part of the proposition follows from the first one applied to the function 
il>{x) = log (/'(a;)), thanks to the equality 



i 



log(/') dii = 0. 



(3.10) 



However, we point out that this equality is not at all evident. For the proof, notice that 
from (3.8) one deduces that, for every x e S^, 



exp ( - V{f)) < 



<exp(y(/)). 



exp (g„ /gi log(/')d/u) 
Integrating with respect to Lebesgue measure, this allows to conclude that 

1 



exp(-V-(/)) < 



<exp(y(/)), 



exp (qn /gi log(/')rfM) 
which cannot hold for every n e N unless (3.10) holds (compare Exercise 3.1.11). 



□ 



Relation (3.8) (resp. (3.9)) is known as the Denjoy-Koksma inequality (resp. 
Denjoy inequality). Let us point out that, similarly to Denjoy's theorem and equality 
(3.10), these inequalities still hold for piecewise affine circle homeomorphisms, and the 
argument of the proofs are similar to those of the C^+^'^ case (of course, in the piecewise 
afRne case, one consider a lateral derivative instead of the usual one). 
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Remark 3.1.10. For every C^"^^ cirele difFeomorphism / of irrational rotation number, a 
stronger conclusion than that of Proposition 3.1.8 holds: The sequence (/''") converges to the 
identity in the topology, where Pn/qn denotes the n*''-rational approximation of p(/) (see 

[114, 135, 251]). 

Exercise 3.1.11. Prove that equality (3.10) holds for every circle diffeomorphism by using 
the BirkhofF Ergodic Theorem and the unique ergodicity of / (see [244]). 

Notice that Denjoy's theorem imphes that if F is a subgroup of Difl[^+''^(Si) admitting 

an exceptional minimal set. then each of its elements has periodic points. Indeed, if g €E F 
has no periodic point then its rotation number is irrational, which implies the density of 
the orbits by g (and hence the density of the orbits by F). An interesting consequence of 
this fact is the rationality of the rotation number of the elements in Thompson's group 
G. Indeed, in §2.1.1 we constructed an action of G by C°° circle diffeomorphisms which 
is semiconjugate to the standard action and admits an exceptional minimal set. The 
fact that p{g) belongs to Q for each .g G G then follows from the above remark together 
with the invariance of the rotation number under semiconjugacy. Following [150], we 
invite the reader to develop an alternative and "more direct" proof just using Denjoy's 
inequality (alternative proofs may be found in [40] and [137]). 

Exercise 3.1.12. Given 5 e G let us define M„ e N and A^'n € N U {0} so that for each n £ N 
one has 3"(0) = M„/2''", where M„ is either odd or zero. Suppose that is not a periodic 

point for g, and thus Mn 7^ for every n G N. 

(i) Prove that Nn tends to infinity together with n. 

Hint. Notice that for every AT € N the set of dyadic rational numbers with denominator less 
than or equal to 2^ is finite. 

(ii) Using the convergence of Nn to infinity, conclude that lim„^tx)(<7")'(0) =0 (where we consider 
the right derivative of the map). 

Hint. Write g{x) = 2^'-^' + M(x)/2^''^' for some integer- valued uniformly bounded functions A, 
M, and N , and show that for n G N large enough one has 

M„+i = M„ + 2^''-^(«''W)-^(«"(°))m(s"(0)), 7V„+i =Nn- A(5"(0)). 

(iii) Show that p{g) is rational by applying Denjoy's inequality. 

3.2 Sacksteder's theorem 

Let us begin by recalling the notion of pseudo-group of homeomorphisms. 

Definition 3.2.1. A family V = {g : dom,{g) —t ran{g)} of homeomorphisms between 
subsets of a topological space M is a pseudo-group if the properties below are satisfied: 

- the domain dom{g) and the image ran{g) of each 5 G F are open sets; 
-ii g,h belong to F and ran{h) C dom{g), then gh belongs to F; 

- if .g G F then g~^ G F; 

- the identity on M is an element of F; 

- if 5 belongs to F and A c dom{g) is an open subset, then the restriction g\A of 5 to A 
is an element of F; 

- if (/ : dom{g) — > ran{g) is a homeomorphism between open subsets of M such that for 
every x G dom{g) there exists a neighborhood 14 such that h\v^ is an element of F, then 
g belongs to F. 
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The notions of orbit and invariant set for a pseudo-group arc naturally defined. We 
will say that F is finitely generated (resp. countably generated) if there exists a 
finite (resp. countable) subset ^ of F such that every element in F may be written 
as (the restriction to its domain of) a product of elements in Q. A measure /i on the 
Borel sets of M is invariant by F if for every Borel set A and every <? € F one has 
fi(A n dom{g)) = fi[g{A) n ran{g)) . Finally, for o e M we denote by F(a) the orbit of a, 
and for each p e F(a) we define its order by letting 

ord(p) = min{n € N : there exist gi^ G Q such that gi„ - ■■ gii (a) = p}- 

Pseudo-groups naturally appear in Foliation Theory: after prescribing a set of open 
transversals, the holonomies along leaves form a pseudo-group under composition. But 
as we will see, even in the context of group actions, it is sometimes important to keep 
in mind the pseudo-group approach, since many results are proved by restricting the 
original action to certain open sets where the group structure is loosed. 

3.2.1 The classical version in claiss C^+^^p 

In this section, we will prove the most classical version of a theorem due to Sacksteder 
[215] about the existence of elements with hyperbolic fixed points in some pseudo- 
groups of difFeomorphisms of one-dimensional compact manifolds. 

Theorem 3.2.2. LetT be a pseudo-group ofC^~^^^^ diffeomorphisms of a one- dimensional 
compact manifold generated by a finite family of elements Q. Suppose that for each gen- 
erator g G Q there exists g gT whose domain contains the closure of dom{g) and that 
coincides with g when restricted to dom{g)} Suppose moreover that there exists an in- 
variant closed set A such that for some connected component I=]a,b[ of its complement, 
either a is an accumulation point of the orbit F(a), or b is an accumulation point o/F(6). 
Then there exist p G A and h gT such that h{p) = p and h'{p) < 1. 

A set A satisfying the above hypotheses (with the only possible exception of the one 
concerning the regularity) is called a local exceptional set. To show the theorem, the 
main technical tool will be the next lemma, whose C^+^'p version is essentially due to 
Schwartz [218]. We give a general version including the C"^"'"'^ case for future reference; a 
slightly refined C^+^'p version will be discussed in §3.4.2 (see also Exercise 3.5.11). 

Lemma 3.2.3. LetT be a pseudo-group of diffeomorphisms of class C^^'^ (resp. Q^+^^v^ 
of a one- dimensional, compact manifold. Suppose that there exist a finite subset Q ofV, 
a constant Sg[1,oo[, and an open interval I, such that to each g G G one may associate 
a compact interval Lg contained in an open set where g is defined in such a way that, for 
each m G N, there exists gi^ G G so that for all nGN the element hn = gi„ ■ ■ ■ gii G F 
satisfies the following properties: 

- the interval gi^_i - ■ ■ gii {I) is contained in Lg.^ (where gi^_^ ■ ■■ = Id for k = 1), 

- one has the inequality Ylk=o 1^4 • ■■9ii{IW < S {resp. J2'^=o Idik ' • •fl'ii(-'')l < S). 

^This is the so-called compact generation property for the pseudo-grouj), whose relevance was 
cleverly noticed by Haefliger [107] (see Remark 3.2.13 on this). It is always satisfied by the holonomy 
pseudo-group of a codimension-one foliation on a compact manifold. 
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Then there exists a positive constant (, = (.{t,S, \I\\Q) such that, if for some n G N the 
interval hn{I) is contained in a £-neighborhood of I and does not intersect the interior 
of I, then the map hn has a hyperbolic fixed point. 

Proof. To simplify, we will think of the case r = 1 as the Lipschitz case in order to treat 

it simultaneously with the Holder case tG]0, 1[. Let e > be a constant such that each 
g & G is defined in a 2£- neighbor hood of Lg. We fix C > in such a way that, for all 
g G Q and all x,y in the £-neighborhood of Lg, one has 

\log{g\x))-\og{g'{y))\ < C \x - y\\ 

We will show that the claim of the lemma is satisfied for 

. r 1/1 



min • 



2exp(2-^C5)' 2exp(2 



lis i\ 

)(2^CS') ' 2 J ■ 



We denote by J the 2f-neighborhood of /, and we let /' (resp. /") be the connected 
component of J \ J to the right (rcsp. to the left) of /. We will show by induction that 
the following properties are simultaneously satisfied: 

(i) fe 9ik" ' 9ii (/') is contained in the £-neighborhood of Lg-, 

(ii) fc \9ik ■ ■ ■ 9ii{I')\ < \9ik ■ ■ ■ 9ii{I)\; 

(iii) , sup^,,,}e/u/' < exp(2- cs). 

Condition (iii)o is obviously satisfied, while (i)o and (ii)o follow from the hypothesis 
\I'\=2£ and the inequalities £<e/2 and £<\I\/2. Suppose that (i)j, (ii)j, and (iii)j, are 
true for every j G {0, . . . ,k — 1}. In this case, for every x,y in I U I' we have 



log 



i9ik- ■ ■ gtiY jx) 

{9ik- ■ ■ 9n)' {y) 



■9ii{y)\^ 



k-1 

< Yl I (^'^ ■■■9h{x)))- log(4+i i9ii ■■■9h{y)))\ 

3=0 
k-1 

< CY\9ij---9ii{x) - 9ij,, 

j=o 

k-1 

< cJ2{\9ir--9n{i)\ + \9ir--9iAnV 

This inequality shows (iii)^. Concerning (i)^ and (ii)fc, notice that there exist x & I and 
y G I' such that 



Hence, by (in)^, 

\9ik---9iAi')\ ^ (jn. 



\9i. 



■gn{n\ = \i'\-{9^.---9^J{y)- 



-^.^,exp(2^C.)m, 



which shows (i)^ and (ii)fe by the definition of £. Of course, similar properties also hold 
for I". 
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Now suppose that is contained in the ^-neighborhood of the interval / and does 

not intersect the interior of /. Property (ii)„ then gives /i„(J) C J. Moreover, if 
is to the right (resp. to the left) of /, then /i„(7U /') C /' (resp. U /) C /")• Both 

cases being analogous, wc will only deal with the first one. Clearly. ft,„ has a fixed point 
a; in /', and we need to verify that this fixed point is hyperbolic (and contracting). To 
do this, chose y & I such that h'^{y) = |/i„(/)|/|/| < £/\I\- By (iii)„, 

hUx) < h'MeM^CS) < if^Pjlp^ < 1, 
and this finishes the proof. □ 



An inequality of type ^^^q \gik ■ ■ ■ gii{I)\ ^ S obviously holds when the intervals 
9ik"' 9ii (-^) two-by-two disjoint. In this case, the issue of the preceding lemma lies 

on the possibility of controlling the distortion for the compositions in the 2f-neighborhood 
of /, despite the fact that the images of this neighborhood are no longer disjoint. 

Proof of Theorem 3.2.2. Suppose that b is an accumulation point of r(6) (the case 
where a is an accumulation point of T(a) is analogous). Let (/i„) = (gi^ ■ ■ ■ gi^) be a 
scqiience in F such that /;,„ [b] converges to fe, such that /i„ (6) ^ b for every n G N. and such 
that the order of the point hn{b) G r(6) is realized by /i„ (wc leave to the reader the task of 
showing the existence of such a sequence) . Clearly, the hypotheses of the preceding lemma 
are satisfied for the connected component / of the complement of A containing b and every 
constant S>1 greater than the total length of the underlying one-dimensional manifold. 
We then conclude that, for n large enough, the map /i„ G F contracts (hyperbolically) 
into itself the interval /' of length £ situated immediately to the right of /. Therefore, hn 
has an unique fixed point in I (namely the point p = C\j.Q^{hn)''{I')), which is hyperbolic 
(see Figure 15). Remark finally that, since A is a compact invariant set and /' intersects 
A, the point p must belong to it. □ 




From what precedes one immediately deduces the following. 

Corollary 3.2.4. IfV is a finitely generated subgroup ofDiS]^^^^{S^) having an excep- 
tional minimal set A, then there exist p£ A and hGT suchthat h{p)=p and h'{p)<l. 

Notice that Denjoy's theorem for C^+^^p diffcomorphisms may be deduced from this 
corollary. Actually, Sacksteder's theorem is customarily presented as a generalization of 
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Dcnjoy's theorem for groups of diffeomorphisms and codimension-onc foliations. Nev- 
ertheless, this approach is not appropriate from a dynamical point of view. Indeed, 
Denjoy's theorem strongly uses the very particular combinatorics of circle homeomor- 
phisms with irrational rotation number, which is quite distinct (even locally) from that 
of pseudo-groups acting without invariant probability measure.^ In the next section we 
will develop this view to obtain finer results than those of this section. Here we content 
ourselves by showing how to extend Sackstcdcr's theorem to non-Abclian groups acting 
minimally on the circle. We begin by a clever remark due to Ghys and taken from [71]. 

Proposition 3.2.5. LetT be a pseudo-group o/C^+'^'p dijJeom,orphisms of the circle or 
of a bounded interval, all of whose orbits are dense. Suppose that there exists an element 
/er fixing a single point on a non-degenerate (non-necessarily open) interval containing 
this point. Then T contains an element with a hyperbolic fixed point. 

Proof. Let a be the fixed point given by the hypothesis, and let a' >a be such that the 
restriction of / to an interval [a, a'] has no other fixed point than a (if such a point a' 
does not exist, then one may consider an interval of type [a', a] with a similar property). 
Changing / by f~^ if necessary, we may assume that f{y) < y for all t/e]a, a']. Since 
the orbits by T are dense, there must exist ft. G F such that h{a) €]a, a'[. Let n e N be 
large enough so that [a, /"(a')] C dom{h) and h{[a, /"(a')]) C]a, a']. 

Let us consider the intervals Aq = [a, /"(a')] = /i([a, /"(a')]), and let us define 

by induction the sets Aj+i = f^{Aj U Bj) and -Bj+i = h{Aj_^_i). For e > very small, 
consider the pseudo-group generated by the restrictions of /" and h to the intervals 
]a — e, hf"{a') + e[ and ]a — e, f^{a') + e[, respectively. With respect to this pseudo- 
group, the Cantor set A = r\j^fi{Aj[jBj) satisfies the hypotheses of Sacksteder's theorem. 
The result then follows. □ 

By Holder's theorem, a group of circle homeomorphisms which is not semiconjugate 
to a group of rotations contains an element / satisfying the hypothesis of the preceding 
proposition. Since every semiconjugacy from a group whose orbits are dense to a group 
of rotations is necessarily a conjugacy, as a corollary we obtain the following. 

Corollary 3.2.6. Let T be a subgroup o/Diff^'^'^'''(S^). Suppose that the orbits ofV are 

dense and that F is not conjugate to a group of rotations ( equivalently, suppose that F 
acts minimally and without invariant probability measure). Then F contains an element 
with a hyperbolic fixed point. 

In the next section, we will see that this corollary still holds in class C^. 

Exercise 3.2.7. The fact that some nontrivial holonomy is hyperbolic is relevant when study- 
ing stability and/or rigidity properties (see for instance §3.6.1). However, knowing that some 
holonomy is nontrivial (but not necessarily hyperbolic) may be also useful. The next proposition 
corresponds to a clever remark (due to Hector) in this direction. Before passing to its proof, the 
reader should check its validity for the modular group and for Thompson's group G. 

■^The reader should notice that an analogous dichotomy was exploited when dealing with general 
orderable groups in §2.2.6. 
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Proposition 3.2.8. Let T be a finitely generated group of (J^+^^p circle diffeomorphisrns ad- 
mitting an exceptional minimal set A. If p is the endpoint of one of the connected components I 
of \ A, then there exists gSF fixing p and whose restriction to I OV is nontrivial for every 
neighborhood Vofp. 

Hint. Suppose not and obtain a contradiction to the fact tliat for every neigliborliood of p there 
exist elements in F having a hyperbolically repelling fixed point inside. 

3.2.2 The version for pseudo-groups 

The main object of this section and the next one consists in formulating and proving 
several generalizations of Sacksteder's theorem in class C^. Some closely related versions 
were obtained by Hurder in [119, 120, 122, 123] via dynamical methods coming from 
the so-called foliated Pesin's theory. The optimal and definitive versions (obtained by 
the author in collaboration with Deroin and Kleptsyn in [65]) make a strong use of 
probabilistic arguments. 

Theorem 3.2.9. If T is a pseudo-group of diffeomorphisrns of a compact one- 
dimensional manifold without invariant probability measure, then T has elements with 

hyperbolic fixed points. 

We will show this theorem inspired by the proof of Proposition 3.2.5. Let us then 
suppose that F contains two elements / and h satisfying (compare Definition 2.2.43): 

(i) the domain of definition of / contains an interval [a,a'[ so that f{a) = a and / 
topologically contracts towards a; 

(ii) /i is defined on a neighborhood of a and h{a)G]a,a'[. 

Put c = h{a) and fix d'G]c,a'[. Replacing / by /" for neN large enough if necessary, 
we may suppose that f{d') < c, that f{d') belongs to the domain of definition of h, and 
that hf{d') €]c, (i'[. The last condition implies in particular that hf has fixed points in 
]c, d'[. Let d be the first fixed point of hf to the right of c, and let b = f{d). The interval 
I=]h,c[ corresponds to the "first gap" (i.e., the "central" connected component of the 
complement) of a Cantor set A which is invariant by / and g = hf (see Figure 16). 

d I : : ^ 




Proposition 3.2.10. With the above notation, the pseudo-group generated by f and g 
contains elements with hyperbolic fixed points in A. 
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The proof of this proposition is particularly simple in class C"'^"'''^ (where t > 0). 
Moreover, it allows illustrating the usefulness of the probabilistic methods in the theory. 
The (slightly more technical) case will be discussed later. For an alternative "purely 
deterministic" proof of a closely related result, we refer the reader to [133]. 

Proof of Proposition 3.2.10 in class C^+^. On f7 = {/, g}^ let us consider the Ber- 
noulli measure P giving mass 1/2 to each "random variable" /, g. For LU = (gi,g2, . . .) in 
fl and n e N, let h.a(uj) = gn ■ ■ ■ gi, and let ho{(jj) = id. Since the interval / is wandering 
-in the sense that the intervals in the family ■ ■ ■ gi{I)- n> 0, {gi, . . . , gn) € {/, 5}"} 
are two-by-two disjoint-, 

\9n---gi{I)\ < d-a < 00. 

«>0(3i,...,3„)e{/,g}" 

Moreover, Fubini's theorem gives 

^ 53 |<;„...ffi(/)| = ^2"( / |ft„(c.)(7)|dP(u;)) = A (^2"|fe„(u;)(/)|)dP(a;). 

«>0(gi,...,Sn)e{/,s}" n>0 n>0 

This allows us to conclude that, for P- almost every random sequence u) €Ct, the series 
^ 2"|/i,„(a;)(J)| converges. For each i? > let us consider the set 

n{B) = {weO: |/i„(a))(/)| < for all n>0}. 

The probability P[n(i3)] converges to 1 as B goes to infinity. In particular, we may fix 
B so that P[0(S)] > 0. Notice that if w belongs to n{B) then 

Y\hnH{IW < B^Y^ = ^ < (3-11) 

n>0 n>0 

Let us consider the interval J' = [b — i,c + £] containing the wandering interval I, 

where £ = £{t, S,\I\; {f, g}) is the constant which appears in Lemma 3.2.3. If iV G N 
is large enough, then both f^g and g^ f send the whole interval [0, 1] into J' \I. A 
direct application of the Borel-Cantelli Lemma then gives 

P[/i„(a;)(/) C J' \I infinitely many times] = 1. 

If w G Q{B) and n G N satisfy /i„(a;)(/) C J' \I, then Lemma 3.2.3 shows that hn{u)) 
has a hyperbolic fixed point p. Finally, since A is invariant by the pseudo-group and the 
fixed point of hn{u!) that we found contracts part of this set, p must belong to A. □ 

The proof of the general version (in class C"'^) of Proposition 3.2.10 needs some techni- 
cal improvements for finding hyperbolic fixed points in the absence of control of distortion. 
The main idea lies in that, when one knows a priori that the dynamics is differentiably 
contracting somewhere, the continuity of the derivatives forces this contraction to persists 
(perhaps with a smaller rate) on a larger domain. 

Keeping the notation of the preceding proof, fix once and for all a constant £€]0, l/2[. 
We know that for P-almost every w G Q there exists B = B{oj) > 1 such that 

\hn{oo)iI)\<§^ for all n > 0. (3.12) 
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Lemma 3.2.11. There exists a constant C depending only on f and g such thai, if 
u> = {gi,g2, . . .) e 51 satisfies (3.12), then for all x ^ I and every integer n> one has 

hnH'ix) < J^^- (3-13) 

Proof. Let us fix Eq > small enough so that for every pair of points y, z in [a, d] at 
distance less than or equal to sq one has 

IM<^ iM<^ (314) 

It is easy to check the existence of N gN such that, for every cogQ and every i>0, the 
length of the interval hN+i{to){I) is less than or equal to eq- We claim that (3.13) holds 

for C = ma.x{A, A}, where 

A= sup ^»H-(x)(2-.)"^ ^^^p c-iy. 

Indeed, if n < then (3.13) holds due to the condition C > A. For n > iV let us 
fix y = y{n) gI such that |/i„(a;)(/)| = /i„(a;)'(y) |/|. For xGl, the distance between 
hN+i{u){x) and hN+i{u)){y) is smaller than or equal to eq for all i>0. Hence, by (3.14), 

hn{ujy{x) _ hN{ujy{x) g'N+i{hN{Lu){x)) g'^{hnMcj){x)) ^ /iN(u')'(a^) / 2 



(X) / Z xn-iv 

^ V2^J ' 



n-N^ BC 



hn{uj)'{y) hN{ujy{y) g'^^-^{hN{i^){y)) g'^{hn-i{uj){y)) hwii^yiy) 
and therefore 

h (u^VM < hNH'jx) \h„{u;){I)\ ( 2 y-N hN{ujy{x) B ( 2 ^ 

^ ^ ^ - /ijv(w)'(2/) |/| \2-e) - hN{ujy{y) \I\2^\2-e) " (2 - e) 

where the last inequality follows from the condition C > A. □ 

To verify the persistence of the contraction beyond the interval J, we will use a kind 
of "dual" argument. Fix a small constant £i > such that, for every y,z in [a, d] at 
distance less than or equal to ei, one has 

m<i^ m<i^ (315) 

f'{z) -2-2e' a'{z)-2-2e- ^^"'^^ 

Lemma 3.2.12. Let C >1, to = {gi,g2, . . .) € fi, and x G [a,d], be such that 

Kiujyix) < foralln>0. (3.16) 



Ify € [a,d] is such that dist{x,y) < Si/C and n>0, th 



en 



K{^y{y) < ^S^. (3.17) 
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Proof. Wc will verify inequality (3.17) by induetion. For n = it holds due to the 
condition C> 1. Let us assume that it holds for every j G {0, . . . , n}, and let yj = hj{u>){y) 
and Xj = hj{w){y). Suppose that y < x (the case y > x is analogous). Each point yj 
belongs to the interval hj{u)){[x — ei/C,x]). By the induction hypothesis, 

\h,iu;)i[x-s,/C,x])\ < \[x-s,/C\x]\<c'^^e,. 

By the definition of ei, for every j < n one has g'j+iiyj) < 9j+i{xj) (jEi^)- Therefore, 
due to hypothesis (3.16), 

/i„+i(w)'(y) = g'liyo) ■ ■ ■ g'n+iiyn) < a'lixo) ■ ■ ■ g'n+iM (^^) 

C /2-e\"+i C 
- (2 - £)»+! \2^e} - (2 - 2£)»+i ' 

which concludes the inductive proof of (3.17). □ 

We can now complete the proof of Proposition 3.2.10. To do this, let us notice that, 
by Lemma 3.2.11, if C is large enough then the probability of the set 

f C 1 

n(C, e) = < w e O : hn{ujy{x) < — — for every n > and every x & l\ 

L (2 — e)" J 

is positive. Fix such a C > 1, let £ = min{ei/2C, |/|/2}, and let us denote by J the 
2£-neighborhood of I. Lemma 3.2.12 implies that, for every w G f2(C, e), every n > 0, 
and every y & J, 

If J' denotes the ^-neighborhood of the interval /, then the probability of the set 

{w : hn{ijj){I) C J' \I infinitely many times} 

equals 1. Since e < 1/2, we deduce the existence of a; € fl{C, e) and m e N such that 

hm{uj)iI)cJ'\I, {2-2er>C. 

By (3.18) and the inequality £ < \I\/2, this implies that /im(w) sends J into one of the 
two connected components of J \ / in such a way that /im(a>) has a fixed point in this 
component, which is necessarily hyperbolic and belongs to A. The proof of Proposition 
3.2.10 is then concluded. 

From the discussion above we see that, in order to prove Theorem 3.2.9, it suffices 
to show that every pseudo-group of diffeomorphisms of a one-dimensional compact 
manifold without invariant probability measure must contain elements / and h which 
satisfy the properties (i) and (ii) at the beginning of this section (compare Proposition 
2.2.45). Although this is actually true, the proof uses quite involved techniques related 
to the construction of the Haar measure, and we do not want to enter into the details 
here for avoiding overload the presentation: the interested reader may find the proof in 
[65]. 
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Remark 3.2.13. An interesting issue of the proof above is the fact that it allows suppressing 

the hypothesis of compact generation for the pseudo-group (see Footnote 1 in §3.2.1). 

In the case of groups acting on the circle without invariant probability measure, 
getting a pair of elements /, h as before is relatively simple: for minimal actions this may 
be done by using Holder's theorem, whereas for actions with an exceptional minimal set 
a similar argument applies to the action induced on the topological circle obtained after 
collapsing the connected components of its complement. However, in the next section 
we will see that, for groups of C"'^ circle diffeomorphisms without invariant probability 
measure, a much stronger conclusion than the one of Sacksteder's theorem holds: these 
groups have elements having finitely many fixed points, all of them hyperbolic. 

Exercise 3.2.14. Anticipating the main result of the next section, show that every group V of 

Qi+Lip diffeomorphisms without invariant probability measure contains elements with at 

least 2d(r) hyperbolic fixed points, half of them contracting and half of them repelling. 
Hint. Consider the minimal and strongly expansive case (the general case easily reduces to this 
one) . Prove that F contains two elements /, g such that for some interval I = [a, b] one has 
g{I) U 9'^(I) C \ 7 as well as lim„^oo ,f"(x-) = b and lim„^oo f~"{x) = a for all a; e \ 7. 
Then, for e > very small, apply Schwartz' technique to the sequences of compositions {f~^g) 
and {g~^ f") over the intervals [a, a + e] and g^^{[b — e, b]). 

Remark that the hypothesis of non-existence of invariant probability measure assumed 
throughout this section is necessary for the validity of Theorem 3.2.9. An easy (but 
uninteresting) example is given by (the group generated by) a diffeomorphism having 
fixed points, all of them parabolic. More interesting examples correspond to (and 
even 0^+"^) circle diffeomorphisms with irrational rotation number and non-dense orbits 
(see §4.1.4 for the construction of such diffeomorphisms). These last examples show that 
the statement of Theorem 3.2.2 is not valid for groups of C^"'"'^ circle diffeomorphisms. 
The C^+^^ case is very special. The proposition below is still true for pseudo-groups of 
Qi+hv diffeomorphisms having a minimal invariant Cantor set (compare [70]). 

Proposition 3.2.15. // F is a finitely generated group of C^^^'^ circle diffeomorphisms 
preserving an exceptional minimal set, then T has elements with hyperbolic fixed points. 

Proof. It suffices to show that F cannot preserve a probability measure, because this 
allows applying Theorem 3.2.9. However, if F preserves a probability measure, then it is 
semiconjugate to a group of rotations. Since F is finitely generated, at least one of its 
generators must have irrational rotation number. Nevertheless, the existence of such an 
element is in contradiction with Denjoy's theorem. □ 

As we will see in the next section, under the hypothesis of Proposition 3.2.15 the 
group F has elements having finitely many fixed points, all of them hyperbolic. 

Remark 3.2.16. We ignore whether Proposition 3.2.15 extends to groups of piecewise afBne 
homeomorphisms. Actually, it seems to be unknown whether some version of Sacksteder's 
theorem holds in this context. This problem is certainly related to that of knowing what are the 
subgroups of PAff+(S^) which are conjugate to groups of circle diffeomorphisms (compare 
§1.5.2). A seemingly related problem consists in finding a purely combinatorial proof of Denjoy's 
theorem in the piecewise affine case. 
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3.2.3 A shcirp version via Lyapunov exponents 

For groups of C'^ circle difFcomorphisms, it is possible to give a global and optimal 
version of Sacksteder's theorem. Recall that to every group F of circle homeomorphisms 
without invariant probability measure, there is an associated degree d(r) eN (see §2.3.1). 

Theorem 3.2.17. // F is a finitely generated subgroup o/Diff^(S^) without invariant 
probability measure, then T contains elements having finitely many fixed points, all of 
them hyperbolic. More precisely, F contains elements having 2d{T) fixed points, half of 
them hyperbolically contracting and half of them hyperbolically repelling. 



The probabilistic methods will again be fundamental for the proof of this theorem. Let 
F be a finitely generated subgroup of DiffJ'|_(S^) endowed with a non-degenerate finitely 
supported probability measure p. Let be a probability on which is stationary with 
respect to p, and let T be the skew-product map from f2 x into itself given by 

T{u;,x) = {a{ij),hi{oj){x)). 

This map T preserves P x /z, and hence the Birkhoff Ergodic Theorem [244] applied to 
the function {tj,x) i— > log (/ii(w)'(x)) shows that, for ^-almost every point xgS^ and 
P-almost every random sequence co G ^, the following limit exists: 

log(/i„(a;)Xx)) 
A(.,.)(M)=^lim . 

This value will be called the Lyapunov exponent of {lo,x). 

To continue with our discussion, the Kakutani Random Ergodic Theorem below will 
be essential (the reader may find more details on this in [81, 136]). 

Theorem 3.2.18. If the stationary measure /i cannot be written as a nontrivial convex 
combination of two stationary probabilities, then the map T is ergodic with respect to 
¥xfi. 

Proof. Let : x S"'^ ^ M be a T-invariant integrable function. We need to show that tp 
is almost everywhere constant. For each n > let tpn be the conditional expectation of ip 
given the first n entries of wSfi. We have il)o{u,x) = M{ipi){u),x). Since tp is invariant 
by T, for each n G N we have 

■i/'(w,a;) = V'(o-"(w),/i„(w)(a;)), 

which allows easily to deduce that 

il>n{i^,x) = il)n-i{a{w), hi{w){x)) = = ipo {(t"' {u)) , hn{Lj){x)) . (3.19) 

We then conclude that 

ipo{oJ,x) =E{ipo){cr{uj),hi{u)){x)). 

Now, since tpo{u>,x) does not depend on ui, we may write ipo{(jj,x) = 'tp{x), and due to 
the above equality, 'ip is invariant by the diffusion operator. We claim that this implies 
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that the function ip is /i-almost everywhere constant. Before showing it, let us remark 
that, by (3.19), this imphes that all the functions ipn are constant, and hence the limit 
function tp is also constant, thus finishing the proof of the ergodicity of T. 

To prove that "0 is constant, let us suppose for a contradiction that for some cGR the 
sets S+ = {-ip > c} and S- = {tp < c} have positive /x-measure. The invariance of tp and 
H by the diffusion allows easily to show that these sets are invariant by the action. This 
implies that /i = fiXs+ + f^'^S- is a nontrivial convex decomposition of fi into stationary 
probabilities, thus contradicting our hypothesis. □ 

Remark 3.2.19. A stationary measure which cannot be written as a nontrivial convex 
combination of two stationary probabilities is said to be ergodic. Obviously, if the 
stationary measure is unique, then it is necessarily ergodic. In general, every stationary 
measure may be written as a "wighted mean" of ergodic ones (the so-called ergodic 
decomposition; see for instance [81, 136]). 

Whenever T is ergodic, the Lyapunov exponent is P x yu-almost everywhere equal to 

A(/i)=/ / log {hiicoY (x)) d^i{x) dF{co) ^ f f log {g\x))dii{x)dp{g). 

If p is moreover symmetric and the stationary measure /i is invariant by the action of F, 
then the Lyapunov exponent A((^^a;)(/x) is equal to zero for almost every (w, x). Indeed, if 
fi is invariant then the map from f2 x into itself defined by {cj, x) i— > (w, hi{u)~^{x)) 
preserves P x /i. Due to the symmetry of p, this implies that A(/u) coincides with 

/ / log{hi{uy{x))dii{x)dF{Lo)= [ [ log{hi{wy{hi{u>)-'^{x))) dn{x)dF{u)) = 

= - f f log{{h^{u,)-'y{x))d^l{x)dF{w) = - [ [ log {{g-'y (x)) dn{x)dp{g), 

that is, A(/Lt) = — A(/x). To summarize, if /U is invariant and ergodic, then its Lyapunov 
exponent equals zero. The general case may be deduced from this by an ergodic decom- 
position type argument. 

The next proposition (which admits a more general version for codimension-one foli- 
ations: see [63] ) may be seen as a kind of converse to the above remark. 

Proposition 3.2.20. If p is non-degenerate, symmetric, and has finite support, and if 
r does not preserve any probability measure on the circle, then the Lyapunov exponent 
of the unique^ stationary measure is negative. 

Before giving the proof of this proposition, we will explain how to obtain Theorem 
3.2.17 from it. Suppose for instance that the action of F is minimal and strongly expansive 
{i.e., d(r) — 1: see §2.3.1). In this case, we know that for every uj m a. subset il* of 
total probability of O, the contraction coefhcient contr(/i„(a;)) converges to as n goes 
to infinity. This means that for every u G Q* there exist two closed intervals /„(a;) and 

^The uniqueness of the stationary measure comes from Theorem 2.3.20. 
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J„(a;) whose lengths tend to and such that /i„(a;)(S^ \ = Jn(aj). Moreover, 

/„(u;) converges to a point and the map 17* — » is measurable. If /„(a;) 

and J„(a;) are disjoint, then the fixed points of /i„(a;) are in the interior of these two 
intervals. To show the uniqueness and the hypca'bolicity of at least the fixed point in 
Jn{i^) {i.e.., of the contracting fixed point), one uses the fact that the Lyapunov exponent 
is negative. However, two technical difficulties immediately appear: the intervals /„(a;) 
and J„(cj) arc not necessarily disjoint, and the "deviation" from the local contraction 
rate depends on the initial point {ijJ,x). To overcome the first problem, it suffices to 
notice that the "times" n e N for which 7„ (w) n J„ (w) ^ are rare (the density of this set 
of integers is gcnerically equal to 0) . The second difficulty is overcome by using the fact 
that the map T is ergodic, which implies that almost every initial point {ijJ,x) will enter 
into a set where the deviation from the local contraction rate is well-controlled. Let us 
finally remark that, to show the uniqueness and the hyperbolicity of the repelling fixed 
point, one may apply an analogous argument to the compositions of the inverse maps 
in the opposite order (compare Exercise 3.2.14). To do this, it suffices to consider the 
finite time distributions. Indeed, since the probability p is supposed to be symmetric, 
the distributions of both Markov processes coincide for every finite time. 

If the action is minimal and d{V) > 1, the preceding arguments may be applied "after 
passing to a finite quotient" . Finally, if there is an exceptional minimal set, we may argue 
in an analogous way "over this set" . Making these arguments formal is just a technical 
issue, and hence we will not develop the details here: the interested reader is referred to 
[65]. However, we point out that from the arguments contained in [65] one may deduce 
a more concise statement, namely if for dGN we denote by Dd(S^) the set of circle 
diffeomorphsims having exactly 2d periodic points, all of them hyperbolic, then 



lim ^ card{ne{l,...,N}: /i„(w) e Dd(r)(Si)} = 1 



1. 



Exercise 3.2.21. Using some of the arguments above, prove that every group F of circle 
homeomorphisms without invariant probability measure contains elements with at least 2d{T) 
fixed points. Give an example of such a group so that, for every element having fixed points, 
the number of these points is greater than 2d(r). 

Remark. We ignore whether the group of piecewise afhne circle homeomorphisms contains sub- 
groups as the example asked for above (compare Remark 3.2.16). 

We now pass to the proof of Proposition 3.2.20. Let 

V'(x) = J log {g'ix)) dp{g), 

and let us suppose for a contradiction that A(/i) > 0, that is, 

/ ^{x) dn{x) > 0. (3.20) 

In this case, we will show that F preserves a probability measure. For this, we will 
strongly use a lemma which is inspired from Sullivan's theory of foliated cycles [231] 
(see also [89] ) . Recall that the Laplacian A( of a continuous real- valued function is 
defined by = DC, — (■ where D denotes the diffusion operator (2.7). A function ip is 
harmonic if its Laplacian is identically equal to (c./., Exercise 2.3.18). 
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Lemma 3.2.22. Under hypothesis (3.20), there exists a sequence of continuous functions 
defined on the circle such that, for every integer n G N and every point x € , 

i;{x) + ACnix) > ~. (3.21) 

Proof. Let us denote by C(S^) the space of continuous functions on the circle. Let E 
be the subspace of functions arising as the Laplacian of some function in C(S^), and 
let C+ be the convex cone in C(S^) formed by the non-negative functions. We need to 
show that if ip satisfies (3.20), then its image by the projection tt: C(S^) C{S^)/E is 
contained in 7r(C+). Suppose that this is not the case. Then Hahn-Banach's separation 
theorem provides us with a continuous linear functional I : C{S^)/E M. such that 
I(7r(^)) < < 1(71(77)) foi" every 77 G C+. Obviously, I induces a continuous linear 
functional I: C(S^) M which is identically zero on E and such that I(V') < < 1(77) for 
every 77 e C_|_. We claim that there exists a constant csM such that I = c /x (we identify 
the probability measures with the linear functional induced on the space of continuous 
functions by integration). To show this let us begin by noticing that, since I is zero on 
E, for every ( £ C(S^) one has 

(£»i,c) = (i,i?c) = (i,Ac+c) = a,c), 

that is, I is invariant by the (dual operator to the) diffusion. Suppose that the Hahn 
decomposition of I may be expressed in the form I = ai/i — (3^2, where vi and V2 are 
probability measures with disjoint support, a > 0, and /3 > 0. In this case, the equality 
DI = I and the uniqueness of the Hahn decomposition of Dl show that vi and V2 are 
also invariant by the diffusion. Consequently, Vi = V2 = fJ,, which contradicts the fact 
that the supports of vi and 1^2 are disjoint. The functional I may then be expressed in 
the form I = cv for some probability measure v on the circle, and the equality I = Dl 
implies that v = ^. 

Now notice that, since 

> I(V') = c ii{tl)) =c il){x) dn{x), 



hypothesis (3.20) implies that /^(V') > and c < 0. Nevertheless, since the constant 
function 1 belongs to C+, we must have c = 1(1) > 0. This contradiction concludes the 
proof. □ 

Coming back to the proof of Proposition 3.2.20 we begin by noticing that, adding a 
constant c„ to each if necessary, we may suppose that the mean of exp(^„) equals 1 
for every n € N. Let us consider the probability measures f„ on the circle defined by 

^=exp(C„(.)), 

and let us fix a subsequence f„. converging to a probability measure u on S^. We will 
show that this measure u is invariant by F. 

Let us first check that u is stationary. To do this, notice that if we denote by JaCn{g) 
the Radon- Nikodym derivative of gGT with respect to Un, then relation (3.21) implies 
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that, for every x gS^, the value of 

J log {Jacn{g){x)) dp{g) 

equals 

/ log {g\x)) dp{g) + [ [Cn{gix)) - Cn{x)] dp{g) = ^{x) + A^x) > --. 
Jr Jr ^ 

Now notice that, since the dual of the diffusion operator acts continuously on the space 

of probability measures on the circle, the sequence of measures converges in the 

weak-* topology to the measure Dp. Moreover, the diffusion of Pn is a measure which is 
absolutely continuous with respect to z/„, and whose density may be written in the form 

'^^^'f^^ = I Jacn{g~^){x)dp{g) = [ Jacn{g){x)dp{g). 
avn\Xj Jt Jr 

By the concavity of the logarithm, we have 

dDumix) 



d Vn, {x) 



> 



exp (^J log {Jacni{g){x)) dp{g)^ > exp(-l/ni). 



that is,£>f„j > exp(— l/rii) Pn-. Passing to the limit we obtain Dv > v, and since both 
V and Dv have total mass 1, they must bo equal. Hence, v is stationary. 

We may now complete the proof of the invariancc of v. For this, fix an interval J such 
that u{J) > 0, and consider the function : F^JO, 1] defined by ipn,j{9) = '^n{9iJ))- 
Prom 

Alog(V'„,.)(zd) = j\og(p^^^)dp{g) = l^log ( J^Jacn{g){x) ^^)dp{g) 
one deduces that 



Alog»„.j)(i<i) > /( /'lo6(J<«:„(9)(i))^^)<lp(9) 



dVn{x) ^ 1 



Notice that this is true for every interval J satisfying v{J) > 0. Due to the relation 
'4'n,j{gf) = i^nj{j){g), this implies that the Laplacian of log(V'n,j) is bounded from 
below by —1/n at every element of T. Therefore, if tpj is the limit of the sequence of the 
functions 'ipni,j, that is, '4)j{g) = p{g{J)), then the function log(V'j) is super-harmonic 
{i.e., its Laplacian is non- negative). On the other hand, since p is symmetric, tl)j is 
harmonic. As a consequence, for every element / € F the inequalities below are forced to 
be equalities: 

log(V'j)(/) < ^ log(^j)(5/) dp{g) < log ( ^ ^j(5/) d^l{g)) = log(V'j)(/). 

This implies that the function tpj is constant. Now since the interval satisfying u{J)>0 
was arbitrary, we deduce that the measure v is invariant by all of the elements in F. 
Proposition 3.2.20 is then proved. 
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3.3 Dummy's First Theorem: on the Existence of Ex- 
ceptional Minimal Sets 

3.3.1 The statement of the result 

In general, the subgroups of non discrete groups which are generated by elements 

near the identity behave nicely A classical result well illustrating this phenomenon is 
the Zazenhdus Lemma: In every Lie group there exists a neighborhood of the identity 
such that every discrete group generated by elements inside is nilpotent. 

Another well-known result in the same direction is j0rgensen's inequality [12, 134]: 
If f,g are elements in PSL(2,R) generating a Fuchsian group of second kind, then 

|tr2(/)-4| + |tr([/,5])-2|>l, 

where tr denotes the trace of the (equivalence class of the) corresponding matrix. In 
the same direction, Marden [154] showed the existence of a universal constant £o > 
such that for every non-elementary Fuchsian group T, every system of generators G ofT, 
and every point P in the Poincare disk, there exists geQ satisfying dist{P, g{P)) > Sq. 
This result was extended by Margulis to discrete isometry groups of hyperbolic spaces of 
arbitrary dimension (Margulis' inequality still holds for more general spaces of negative 
curvature: sec [9]). 

For the case of groups of circle diffeomorphisms, there is a large variety of results 
in the same spirit, specially in the real-analytic case [20, 67, 91, 208, 209]. One of the 
main motivations is a beautiful theorem obtained by Duminy at the end of the seventies. 
Unfortunately, Duminy never published the proof of his result. 

Theorem 3.3.1. There exists a universal constant Vq > satisfying the following prop- 
erty: IfV is a subgroup o/ Diffi',j"''^(S^) generated by a (non-necessarily finite) family Q 
of diffeomorphisms such that at least one of them has finitely many periodic points and 
^{9) < for every g G Q, then F does not admit an exceptional minimal set. 

Notice that the condition V{g) < Vq means that the elements of G are close to rota- 
tions: the equality V{g) = is satisfied if and only if is a rotation. Concerning the 
hypothesis of existence of a generator with isolated periodic points, let us point out that 
it is "generically" satisfied [164]. It is very plausible that the theorem is still true without 
this assumption. This is known for instance in the real-analytic case: see Exercise 3.3.7. 

Recall that if (/ is a C^+^^ diffeomorphism and / is an interval contained in the 
domain of definition of g, then V{g; I) denotes the total variation of the logarithm of 
the derivative of the restriction of g to I. Notice that V{g~^;I) = V{g; g~^{I)). This 
relation implies in particular that V{g) = V{g^^) for a circle diffeomorphism g. Due to 
this, there is no loss of generality for the proof of Theorem 3.3.1 if we assume that G is 
symmetric. Moreover, for every circle diffeomorphism g there must exist a point p G 
such that g'{p) = 1, which allows to conclude that 

inf f'{x) > e-^^f\ sup f'{x) < e^^^l (3.22) 
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From (3.1) and (3.22) one deduces that if (7GDifF^(S^) satisfies |.9"(.t)| < S for every 
X G S^, then V{g) < 27r(5/(l— 27r5). This imphes that, for some universal constant So, the 
conclusion of Theorem 3.3.1 applies to subgroups of Diff^(S^) generated by elements g 
satisfying |,g"(.T)| < Sa for every .x e S"'^ (at least when one of the generators has finitely 
many periodic points). In the same way, the reader should have no problem in adapting 
the arguments below to groups of piecewise afiine circle homeomorphisms generated by 
elements near rotations. 

Before entering into the proof of Theorem 3.3.1, we record two important properties. 
On the one hand, for every pair of intervals Ii , I2 inside an interval / contained in the 
domain of definition of g one has 

MMe-^te^)<MM<MMe^te^). (3.23) 
\h\ \h\ Ihl 

On the other hand, for every pair of 0^+*^^ diffeomorphisms f,g, the cocycle relation 
(1.1) implies the inequality 

V{f og-I)< V{g; I) + V{f; <?(/)). (3.24) 

3.3.2 An expanding first-return map 

The proof of Theorem 3.3.1 is based on Duminy's work on semi-exceptional leaves of 
codimension-one foliations which will be studied later. The lemma below appears in one 
of his unpublished manuscripts (see however [183]). 

Lemma 3.3.2. Let a, b, b', c be points in the line such that a<c<b and a<b' <b. Let 
f : [a, c] — > [a, b] and g : [c, b] — > [a, b'] be 0^+^"^ diffeomorphisms such that f{x) > x for 

every x ^ a, and g(x) < x for every x (see Figure 17). Suppose that for some m,n inN 
and [u,v] C [c,b], the map H = g~" o is defined on the whole interval [u,v]. Then 
one has the inequality 

H{v)-H{u) ^ H{v)-f-\H{v)) / _ __^__\vU;[a,c])+v(g;[cM) _ (3.25) 
v — u v — f~^{v) \ sup f'{x)J 

xG [a,c] 

Proof. To simplify, let us denote f — f^^ and g = g~^ (see Figure 18). Recall that 
V{f; [a, b]) = V{f; [a,c]) and V{g; [a, b']) = V{g; [c, b]). We then have to show the inequality 

H{v) - H{u) ^ H{v) - f{Hiv)) / _ .^^ -,\ (3.25) 



v — u V — f{v) \ xe[a,b\ 

To do this, first remark that 

m — 1 

V{f^; [f{v),v]) < V{f; [f''-Hv)J~''iv)]) < V{f; [a,b]). 

fe=0 

Since /(?;) < c < u < v, we have 

v — u V — f{v) V — f{v) 
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Moreover, 



r+\v) - a = nriv)) - /(a) > (r (^) - «) mf fix), 

xG[a,oJ 



from where one obtains 

r{v) - r+\v) < {r{v) - a) ( l - mf ^ fix) 



We then deduce that 

r{v)-riu) ^ r{v)-a 



V — u 



v — jyv) \ xe[a,6] 



(3.27) 



Since a<f'^{u)<f™{v)<c=g{a) and 5" is well-defined on the interval [/"*(«), 
analogous arguments show that 



r(/"W)-r(.rw) < r(/"(«))-rw gyte;[a,6'])_ 



(3.28) 



Prom (3.27) and (3.28) one deduces that {H{v) — H{u))/{v — u) is less than or equal to 



H{v) - f{H{v)) H{v) - -g{a) 



1- inf f{x) e 



,V(/;[a,6])+y(s;[a,6']) 



v-f(v) H{v)- f{H{v))\ r.e[a,fc]- 
Inequality (3.26) follows from this by using the fact that f{H{v)) < c = g{a). 



□ 
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Given two maps /, g as in Lemma 3.3.2, for each x€]c, b] there exists a positive integer 
n = n{x) such that g"'~^{x)^]c,b] and g"{x)(l^]a,c\. Analogously, for yG]a, c] there exists 
m = m{y) such that /""^(y) e]a, c] and /"*(?/) e]c, 6]. We define the first-return map 

if(a;) = /'"(9"*"'(^»o5"(^)(a;). 

Notice that the set of discontinuity points of this map is {g~^{f~-'{c)): j SN}, and for 
every e > the intersection of this set with [c + e,b] is finite. We let 



C{f) = T 



suPa;e[c,b](a;-.f(a;)) 



infxe[c,fe](a; - fix)) 



(3.29) 
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Proposition 3.3.3. Under the hypothesis of Lemma 3.3.2, suppose moreover that 

( 1 L^) ^v(na,c])+v{g-AcM) < 1. (3.30) 

V sup J {x)J 

xG[a,c] 

Then for every k > 1 there exists A^S N such that {H^)'(x) > k for every x at whieh 
is differentiable. 

Proof. Let N gN be such that 

sup fix)) ' ^ n-CifY ^'^■^^> 

x^[a.c] 

We claim that each branch of the map is K-expanding. To show this, let x be a 
differentiability point of . Let us fix an interval [x — e, a;] contained in this component. 
Denote [uqj^'o] = ^ s^^;], and for j e {1,...,N — 1} denote = {[uo,Vo])- 

Inequality (3.25) applied to H = H^^ gives 



+ ^ Vj+x- f-^iVj+i) \ sup f'{x) 

xG[a,c] 



< "3 - J \^J) ^_ \^V(f;\a.c])+V(a;k.b]) 



Taking the product from j = to j = N — 1 we obtain 

-Hvm) V SUP f'(x)J 



vn-un vn - f~'^ivN) V sup /'(a;) 



Prom this and (3.31), one deduces that 

{H^{x)-H^{x-e)) 



> K. 



Since this inequality holds for every £ > small enough, this allows to conclude that 

(iJ^)'(x)>K. □ 



Proposition 3.3.4. // / and g satisfy the hypothesis of Proposition 3.3.3, then all the 

orbits of the pseudo-group generated by these maps are dense in ]a,b[. 

Proof. Suppose that there exists an orbit which is non-dense in ]a, b[. Then it is easy to 
see that the points a, c, and b, belong to the closure of this orbit. Among the connected 
components of the complementary set of this closure contained in ]c, b[, let us choose one, 
say ]u,v[, having maximal length. Then the proposition above shows that, for N large 
enough, H^{]u,v[) has larger length, which is a contradiction. □ 



At first glance, the above estimates may seem too technical. To understand them 
better, one may consider the particular case where the maps / and g are affine, say 
f{x) = Xx, with A > 1, and g{x) = ri{x— 1/A). In this case, for every neN the restriction 
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of the first return map H : [1/A, 1] 1] to the interval g ^([l/X^^^, 1/A"]) is given 

by H{x) = /" o g{x). Since for every x € 5~^([1/A"+^, 1/A"]) one has 



A" - ' V a; - A"+i 

this gives 

H'{x) = 7?A" > ^ 



A-1 A(l-1/A)' 
and since C(/) = A, this inequahty may be written in the form 

H'{x) > ^ 



sup^ /'(x)j 
xe[o,i/A] 

Now the values of V{f) and V^(sf) being equal to zero, the similarity between the last 
inequality and those appearing throughout this section becomes evident. 

Exercise 3.3.5. State and show a proposition making formal the following claim: If the deriva- 
tive of / is near 1 and the total variation V{f; [a,c]) is small, then the constant C{f) defined 
by (3.29) is near 1. 

Exercise 3.3.6. By modifying the example in §2.1.1 slightly, prove that Proposition 3.3.4 is 
optimal when imposing a priori the condition V{g) = 0; show that, in this case, the critical 

parameter corresponds to (an integer multiple of) log(2). Moreover, prove that the proposition 
is optimal under the condition V{f) = V(g); show that, in this case, the critical parameter is 
(an integer multiple of) the logarithm of the golden number (see [183] for more details on this). 



3.3.3 Proof of the theorem 

In order to illustrate the idea of the proof of Theorem 3.3.1, suppose that a group 
acts on the circle preserving an exceptional minimal set A, and two generators /, g are 
as in Figure 17 over an interval [a, b] in whose interior intersects A. In this case, by 
an argument similar to that of Corollary 3.3.4, we conclude that the opposite inequality 
to (3.30) must be satisfied, that is, 

( 1 i^)enf;M)+vig;[c,b]) > 1. (3.32) 

V sup J {x)J 

xe[a,c] 

By (3.22), this inequality implies that 

(1 _ e-^(-^)) eV(f;[a,c])+V(g;[cM) > 1. 

If V{f) and V{g) are strictly smaller than some positive constant Vq, then this gives 
(1 - e-'^o) e^^o > 1, that is, 

e2Vo _ - 1 > 0, 
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and hence Vq > log((\/5 + l)/2). (The occurrence of the golden number here is not 
mysterious; actually, it seems to be related to the optimal constant for the theorem: see 
Exercise 3.3.6.) 

Unfortunately, the proof for the general case involves a major technical problem: it 
is not always the case that there arc generators for which one may directly apply the 
preceding argument. For instance, the modular group acts on admitting an exceptional 
minimal set, although its generators have finite order... This is the main reason why we 
assume the hypothesis that one of the generators has isolated periodic points. 

Proof of Theorem 3.3.1. Suppose that F admits an exceptional minimal set A. By 
Denjoy's theorem, the set of periodic points of each element in F is non-empty. By 
hypothesis, there exists a generator g £ G whose periodic points are isolated. Let us 
denote by Per(g) the set of these points, and let P{g) = Per{g) n A. Notice that P{g) is 
non-empty. Indeed, if the periodic points of g have order k and p e A is not a fixed point 
of g'', then limj^oo g^'^ip) and hmj^oo g~-'^{p) are fixed points of g'^ contained in A. 

We now claim that there exist p G P{g) and f & Q such that f{p) G \ If not, 
the finite set P'{g) would be invariant by F, thus contradicting the minimality of A. 

Let G = g'' G F, and let us denote by u and v the periodic points of g immediately to 
the left and to the right of f{p) , respectively. The map F = f og^ ° f^^ has a fixed point 
in [u, namely /(p). Let a be the fixed point of this map to the left of v, and let q be 
the fixed point to the right of a. Replacing G by and/or F by F~^ if necessary, we 
may suppose that G{x) < x and F{x) > x for every a;e]o, <;[ (see Figure 19). 

We now claim that, if Vq is small enough, then the point b = F{G~^{a)) belongs to 
the interval ]a,v[. To show this we first notice that 

fe-i 

V{F-^;[a,q]) = V{F-[a,q]) <^V{fogof-';fog^or\[a,q])) < V{fogof-') < 3Vo. 

In the same way one obtains V[G~^;[u,v]) = V[G;[u,v]) < Vq. Let xq G]a,v[ and 
yo &]a, q[ be such that 

V — a 

Clearly, we have |log(f -i)'(yo) - log(i^-i)'(a;o)| < V{F-'^; [a,q\), and hence 

F-'^{v)-a> e-^^°{v-a). (3.33) 
By an analogous argument one shows that 

v-G-\a) > e-^°{v-a). (3.34) 
If 6 were not contained in ]a,v[ then F~^{v) < G~^{a), and hence, by (3.33) and (3.34), 

v-a> {F-\v) - a) + {v - G-\a)) > {e-^° + e'^^") {v - a). 
Therefore, e^^° - e^^" > 1, which is impossible if Vb < log(1.46557). 
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The elements F and G in F arc thus as in Figure 17 over the interval [a,b]. Now 
notice that for every xG[a,q] one has 

|log(F')(x) - log(F')(yo)| < V{F; [a,q]) < 3Vo, 

and hence sup^^^^^^^^ F'{x) < e^^°. For c = G~^(a), inequality (3.32) applied to F and 
G yields 

3^0 + ^0 > V{F-[a,c])+V{G;[c,h]) > log(- \ ) > log 

sup F'(x)^ 

Therefore, e*^" - > 1, which is impossible if Vq < log(1.22074). □ 



b 



a 



u a b V q 

Figure 19 

Exercise 3.3.7. Prove that for every group of circle homeomorphisms which is not semiconju- 
gate to a group of rotations, and for every system of generators G, there exists an element in 

the ball -Bg(4) of radius 4 which is not scmiconjugatc to a rotation. Conclude that Duminy's 
theorem holds for groups of real-analytic diffcomorphisms generated by elements h satisfying 
V{h) < Vo for some small Vb > 0, even in the case wiiere the hypothesis of existence of a generator 
with isolated periodic points is not satisfied (see [183] for more details on this). 

Exercise 3.3.8. Prove that for every g'ePSL(2,]R) one has 

V{g)=4dist{0,g{0)), (3.35) 

where O denotes the point (0, 0) in the Poincare disk, and dist stands for the hyperbolic 
distance. Conclude that, for subgroups of PSL(2,R), the claim of Duminy's theorem follows 
from either Marden's theorem or Margulis' inequality discussed at the beginning of §3.3.1. 
Remark. By successive applications of J0rgensen's inequality, and using some results on the 
classification of Fuchsian groups, Yamada computed the value of the best constant for Marden's 
theorem. Thanks to (3.35), a careful reading of [250] then allows showing that the best constant 
Vb of Duminy's theorem for subgroups of PSL(2,K) is 41og(5/3), and this value is critical for 
the actions of PSL(2, Z) (with respect to its canonical system of generators). 
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3.4 Dummy's Second Theorem: on the Space of Semi- 
Exceptional Orbits 

3.4.1 The statement of the result 

The aim of this section is to present another great result by Duminy on the struc- 
ture "to the infinity" of some special orbits of pseudo-groups of diffeomorphisms of one- 
dimensional manifolds. Roughly, in class C^+^'p, semi-exceptional orbits are forced to 
have infinitely many ends. A proof of this result appears in [47] . In what follows, we will 
give the original (and unpublished) remarkable proof by Duminy. 

We begin by recalling some basic notions. Given a compact subset K of M, we denote 
the set of connected components oiM\K hy £k, and we endow this set with the discrete 
topology. The space of ends of M is the inverse limit of the spaces 5^ , where K runs 
over all compact subsets of M. For locally compact separable metric spaces, there is an 
equivalent, but more concrete, definition. Fix a sequence {Kn) of compact subsets of 
M such that Kn C Kn+i for every n € N and M = UnefiKn, and consider a sequence 
of connected components C„ of M \ Kn such that C„+i C C„ for every n £ N. If {K'^) 
and (Cn) satisfy the same properties, we say that (C„) is equivalent to (C^) if for every 
n G N there exists m G N such that C„ C C^j and C'^ C Cm. Then the space of ends of 
M identifies with the set of equivalence classes of this relation, and it is (compact and) 
metrizable: after fixing the sequence (Kn), the distance between (the ends determined 
by) (Cn) and (C^) is e^'^, where k is the minimal integer for which Cl ^ C|. 

Let F be a finitely generated pseudo-group of homeomorphisms of some space, and 
let p be a point in this space. Fix a (symmetric) system of generators Q for F. The 
Cayley graph'^ (with respect to G) of the orbit T{p) is the graph whose vcrtcxcs arc the 
points in T{p), so that two vertexes p' and p" are connected by an edge (of length 1) if 
and only if there exists g gQ such that g{p') = p" ■ We define the space of ends of 
the orbit of p as the space of ends £{r{p)) of the graph Cayg{V{p)). It is not difficult 
to check that, although the Cayley graph depends on Q, the associated space of ends is 
independent of the choice of the system of generators. To simplify, in what follows we 
will omit the reference to Q when this causes no confusion, and for each n G N we will 
denote by B{p, n) the ball of center p and radius n in CayiT{p)) (compare §2.2.5). 

An orbit of a pseudo-group of homeomorphisms of a one-dimensional manifold is said 
to be semi- exceptional if it corresponds to the orbit of a point p in a local exceptional 
set A so that p is an endpoint of one of the connected components of the complement A'^ 
of A (see §3.2.1). Duminy's second theorem may then be stated as follows. 

Theorem 3.4.1. Every semi- exceptional orbit of a finitely generated pseudo-group of 
Qi-i-Lip diffeomorphisms of a one-dimensional, compact manifold has infinitely many 
ends. 

It is unknown whether this result holds for all the orbits of local exceptional sets A 
as above. (This is known in the real-analytic case, according to a result due to Hector.) 
To deal with semi-exceptional orbits, the basic idea consists in associating, to each point 
p in such an orbit, the connected component of A" having p as an endpoint. To be 

^Perhaps the appropriate terminology should be Schreier graph. 
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more concrete, we let G* = UfegN^*^, and to each g = {hi, . . . , hk) G G* wc associate the 
element g = hk ■ ■ ■ hi. For each connected component / of A'^ on which g is defined, we 
denote 

fc-i 

S{g;I) = \I\+J2\hi---hi{I)\. 

i=l 

For any two points p',p" belonging to some semi-exceptional orbit T(p), we denote the 
set of the elements g & G* such that g{p') = p" by G*{p' ,p")- Then we consider the 
connected component / of A'^ having p' as endpoint, and we let 

S{p',p") - ini{S{g-I): geG*{p',p"), ICdom{g)}. 

In the case where there is no 5 G G*{p' ,p") for which / C dom{g), we let S{p' ,p")=oo. 

Lemma 3.4.2. If p' and p" are points of a semi- exceptional orbit T(p) for which there 
exists an element / GF such that f{p')^p' and f{p")^p", then the sequences of points 
p'n = f^{p') o,nd p'^ = f"{p") determine ends ofT{p), and these ends coincide if and only 
if lim„^oo'S'(p^„K) = 0. 

Proof. Since f{p') ^ p' , the points f^ijJ) arc two-by-two different. Therefore, the 
sequence (/"(p')) escapes from the compact sets of Caj/(F(p)). Since the distance in 
Cay(r(p)) between p'^ and p'^j^i is independent of n, this easily shows that (p^) deter- 
mines an end of the orbit of p\ the same applies to (p"). 

Now fix a constant 5 > such that, \i h ^ G and x € dom{h) (1 A, then the 2S- 
neighborhood of x is contained in the domain of h. Fix also mo S N so that B{p, mo) 
contains all the points in T{p) which arc cndpoints of some connected component A"^ 
of length greater than or equal to S. For each n G N we denote by (resp. /^') the 
connected component of A'^ whose closure contains p'^ (resp. p"). Prom the hypotheses 
f{p') y^p' and f{p") y^p", one deduces that the intervals /'^ (resp. /") arc two-by-two 
disjoint, and hence the sum of their lengths is finite (in particular, |/^| and tend to 
as n goes to infinity). Since the space of ends does not depend on the choice of the 
system of generators, without loss of generality we may assume that / belongs to G- 

Suppose that, for every nG N large enough, every path g from p'^ to p'^ {i.e., such that 
g{p'n) = p'n) satisfies I'^ dom{g). If this is the case, these paths must intersect B{p, mo), 
from where one deduces that the ends determined by {p!^) and {p!^) are diflferent, and 

lim S{p'^,p") = 00. 

n — ^00 

In what follows, suppose that for infinitely many n G M there exists g G G*{p'niPn) 
such that C dom{g). One then easily checks that the same is true for every n large 
enough. A concatenation type argument then shows that, for all m > n very large, 

m 

s{p'm,p'L) < s{p'^,p'::)+j2{\ij\ + \ij\)- 

This inequality obviously implies that {S{p'J^,p'J^)) is a Cauchy sequence, and hence con- 
verges (to a finite limit). 
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Fix an arbitrary e > 0, and denote the sum of the lengths of the connected components 
of A° by S. Clearly, we may choose a finite family of these components so that the sum 
of their lengths is greater than S—s. Let rrie e N be such that B{p, me) contains all the 
points in T{p) situated in the closure of some interval in I^. On the one hand, if the ends 
determined by {p'^) and {p'^) coincide, then for every n large enough there exists a path 
g G Q* from p'^ to p" avoiding B{p,me). This implies that S{p'^,p'^) < S{g;I'^) < e, 
and since e > was arbitrary, this shows that limn^oo S{pj^,p'^) = 0. On the other 
hand, if the ends we consider are different, then there exists an integer rrig such that, for 
every n e N large enough, each path from p'^ to p" passes through B{p, jtiq) . Denoting by 
So the minimum among the lengths of the connected components of A"^ having a vertex 
in B{p,mQ) as an endpoint, we conclude that S{p'^,p'^) > Sq for all n large enough. 
Therefore, lim„^oo S{p'„,p'^) > 0. □ 

To show Theorem 3.4.1 we will argue by contradiction. Assuming that the ends 
determined by two sequences as those in the preceding lemma coincide, we will use the 
equivalent condition lim„^(X) S{p'n,Pn) = to find paths g„ from to p'^ with arbitrarily 
small distortion. We will then conclude the proof by applying Corollary 3.3.4 to and 
g~^. However, we immediately point out that, throughout the proof, we will need to 
overcome several nontrivial technical difficulties. 

Remark 3.4.3. The orbits associated to a free action of Z (resp. Z"*, for d > 2) clearly have 
two ends (resp. one end). Since there exist free non minimal actions of Z'' by C^"*"^ circle 
difFcomorphisms for some positive r (sec §4.1.4), this shows that the (J^+^^p regularity hypothesis 
is necessary for Duminy's second theorem. However, we ignore whether the theorem still holds 
in lower differentiability assuming a priori that there is no invariant probability measure. 

3.4.2 A criterion for distinguishing two different ends 

To fix notation, in what follows we will consider a semi-exceptional orbit T{p) associ- 
ated to a finitely generated pseudo-group F of C^+^'p diffeomorphisms. We denote by A 
the local exceptional set, we choose a finite and symmetric system of generators G for F, 
and we denote by C a simultaneous Lipschitz constant for the logarithm of the derivative 
of each element h £ Q on a, (5-neighborhood of A n dom{h) (where (5 > 0). 

By Sacksteder's theorem, there exists f G T with a fixed point a G A such that 
/'(a) < 1. Since the orbit of p intersects every open interval containing points of A, it 
approaches a at least from one side. In what follows, we will assume that T{p) approaches 
a by the right, since the other case is analogous. Let 6 > a be very near to a so that 

< inf fix) = m{f) < M{f) = sup f'{x) < 1. 

xe[a,b\ xe[a,6] 

Given e > we may choose be&]a, h[ such that C{he — a)/{l — M{f)) < e/2; thus 

n—1 n—1 

y(r; [a, be]) <CJ2 ^.])| <C{be-a)J2 M{f)' < |. (3.36) 

fe=0 fc=0 

Proposition 3.4.4. Let e>0 be such that £<\ log (73^^) • Suppose that there exist 
connected components ]x,y[ and]u,v[ of the complementary set of A such that: 
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(i) a<x<y<u<v< fih), 

(ii) {x,u} (resp. {y,v]) is contained in T {p) , 

(iii) one has the inequalities 

J}_J exp 2£ < < exp -2£ . 

J ^(u) — X y — X X — a 

Then the sequences (/"(x)) and {f"{u)) (resp. {f^{y)) and {f^{v))) determine two 
different ends of T{p). 

To show this proposition we wiU need to shghtly refine for the C^+^'p case the 
Schwartz' estimates from §3.2.1. 

Lemma 3.4.5. Let I be a connected component of the complementary set of A, and 
let J he an interval containing I. Suppose that for some A > 1 and n e N there exists 
g = {hi, . . . , hn) € 0" such that 

S{g;I) <m{^^/-}, B < Aexp ( - XCS{g;I)). 

Then one has: 

(i) J C dom{g), 

(ii) V{g;J)<\CS{g-J), 

(iii) \g{J)\<X\g{I)\. 

Proof. By induction. For n = l wc liavc g ~ g (z G and S{g;I) = \I\. Property (i) 
follows from the fact that J contains / and j J| < A|/| = A5'(^; /) < 5. For (ii) notice that 
V{g\ J)<C!\J\<XCS{g;I). Concerning (iii) notice that, by hypothesis and (3.23), 

mi < Ben.;^) < A 

W)\-\i\ 

Suppose now that the claim holds up to fc € N, and consider g = {hi, . . . , hk+i) in 
Q''~^^ satisfying the hypothesis. If (i), (ii), and (iii), do hold for {hi, . . . , hk) € Q'^ , then: 

- property (i) holds for g, since hh-- - hi is defined on J, the interval /ifc • • • hi{J) intersects 
A, and 

\hk---hi{J)\<X\hk---hi{I)\<XS{g;I)<5; 

- property (ii) holds for g, since by the inductive hypothesis we have 

V{g;J) < V{hk+i;hk---hi{J)) +V{hk---hi;j) 

< C\hk---hi{J)\+XCS{{hk,...,hiy,l) < XCS{g;iy, 

- property (iii) holds for g, since from (ii) and the hypothesis of the lemma it follows 

that 
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Notice that the parameters S{g: I) and A occur simultaneously in the hypothesis of 
the preceding lemma. In particular, if S{g;I) is small, then the claim of the lemma 
asserts that the distortion is controlled in a neighborhood of I whose length is large with 
respect to that of |/|. This clever remark by Duminy will be fundamental in the sequel. 

Proof of Proposition 3.4.4. We will give the proof only for the case where {x, u} is 

contained in T{p), since the other case is analogous. Suppose for a contradiction that 
the ends determined by the sequences (/"(x)) and (/"(«)) coincide, and let us denote 
Xn = f"'ix), y„ = /"(?/), u„ = /"(u), and Vn = f"'{v). By Lemma 3.4.2, Sn - S{xn,Un) 
converges to as n goes to infinity. Hence, by definition, for each n € N there exists 
5n S t/* such that gn{xn) = Un and ^(gn; [a;„, < 25'„. Letting A„ = 1/v^ we see 
that, for n large enough, one has A„ > 1 and 

oQ ^ • r log(A„) S I 

'^"^^^n^^'A^I- 

For these integers n let 

a„ = A„exp(-2A„CS'„), = a;„ - a„(y„ - a;„), y'„ = y-n + a„{y„ - Xn) ■ 

Remark that a„ goes to infinity together with n. By Lemma 3.4.5, gn is defined on the 
whole interval and 

V{gn;K,y'n]) <2KCSn. (3.37) 



Claim (i). There exists an integer A''i such that, if n > A/'i, then [a, f ^(w„)] is contained 
Indeed, by (3.36), 

- tSt-^ ^ ^ inn [a, b.])) < ^ exp(./2). 

yn-xn r{y)-r{x) y-x ' y-x 

Hence, if we choose n so that q:„ > e^/^(x — a)/(j/ — x), then (x„ — a)/(y„ — x„) < a„, 
that is, x'^ < a. Analogously, if n is such that a„ > e^/^(/~^(w) — y)/{y — x), then 
the inequality 

f~"(^^)~y- < LM^ exp(./2) 
y-n y ^ 

implies that y'^ > /^^(?i„). 

Claim (ii). There exists an integer > -^i such that, if n > N2, then gn{t) > t for all 
tG [a,f-'^{un)]. 

To show this claim notice that, from (3.36) and hypothesis (iii) of the proposition it 
follows that 

TTTT — rZ ^^P(^) - — Z — ~ exp(-£). 
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From (3.37) one concludes that V{gn', [x'„, y'J) converges to as n goes to infinity. Take 
N2 > Ni so that V(gn; [Xn,y'n]) < e/2 for every n > N2. For such an n and every 
* e W„,y'J we have 

gj<t) < exp(e/2) < — 



Quit) > — Z exp(-£/2) > — — . 

By the Mean Value Theorem, the first inequality shows that gn{t)>t for every tG[a,Xn], 
whereas the second one gives gn{t) > t for all t G [a;„, f~^{un)] (see Figure 20). 

Now fix n > A^2- From gn{a) < gn{xn) = Un it follows that f~^gn{o) < f~^{un) < be- 
Let us consider the restrictions of / and g„ to the interval [a, f~^gnio)]- We have 

V{f; [a, r^gn{a)]) + [a, g-^ f-^ gn{a)\) < V{f; [a, 6,]) + V{gn; K,y'J} 

< £ 



W — m(f)J 



However, this is in contradiction with Corollary 3.3.4 applied to the restrictions of 
and g~^ to the interval [a, f~^gn{a)\. □ 




Xn Vn Un Vn f~^{Un) 

Figure 20 



3.4.3 End of the proof 

To complete the proof of Theorem 3.4.1, it suffices to find two intervals ]x,y[ and 
]u,v[ satisfying the hypothesis of Proposition 3.4.4. However, we immediately point out 
that this is a nontrivial issue, and it is very illustrative to follow the final steps {i.e., 
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the proofs of claims (iii) and (iv)) in the proof below for the pseudo-group illustrated by 
Figure 16. We continue considering a positive constant £ < ^ log ( i-m(/) ) ■ 

Claim (i). There exist Cggja, and (/e S F such that [a,Cs] C dom{ge), ge{cs) = c^, 
ge{t) > t for all t € [a,Ce[, and V{ge; [a, c^]) < s. 

Indeed, since the orbit of oe A intersects the interval ]a,f{be)[, we may choose g gT 
and cE]a, f{be)[ so that [g{a),g{c)] c]a, and V{g; [a,c]) < e/2. For k large enough 
we have f''g{c) < c, and since f''g{a) > a, the map g^ = f'^g has fixed points in ]a, c[. If 
we denote by the first of these points to the right of a, then from (3.36) one deduces 
that V{g,; [a, c^)] < V{g; [a, c,]) + V{f; [a, b^]) < e. 

Claim (ii). One has the inequality /'(a) + g'^ice) < e^. 
To show this claim, first notice that 

V{f; [a, c,]) + V{g,; [a, c,]) < | < log (j^^^) • 

Since the orbits of A are not dense in A n ]a, Ce[, by aplying Corollary 3.3.4 to /^^ and 
g~^ we conclude that /(ce) < ge{a), which obviously implies that to(/) + m{ge) < 1 
(where m{ge) = ''^'aix^[a,ce\ d'ei^))- We thus conclude that the value of /'(a) + g'^{ce) is 
bounded from above by 

m{f)eic£,{V{f\[a,Cs])) +m{gs)eic£,{y{ge-,[a,Cs])) < {m{f) + m{gs)) < e^. 

In what follows, we will denote a = f'{a) and (3 = g'^(ce) (so that a + (i < e^), and 
we will impose to e > the extra condition (which holds for £ > small enough) 

l-ae^ > {e^-af. 

Claim (iii). For each neN one may choose K(£,n) > so that lim£_>o K{e,n) > 
and, for every i e { 1 , . . . , n} and every tG[a,c^], 

r-'9ef{t) - r-'+'gef-\t) > (ce - a) nie,n). (3.38) 
Indeed, from ae~^ < f'{t) < ae^ and /(a) = a we conclude that, for every 

t e [a,Ce], 

a + ae~^{t - a) < f{t) <a + ae^{t - a). 
Analogously, from (3e~^ <g'^{t)<(3e^ and ge{ce) = Ce we deduce that 

Ce - /3e^(ce -t)< ge{t) <ce- I3e-%c, - t). 

Hence, 

9ef{t)- fge{t) > ge{a + ae-%t-a))-{a + ae'{g,{t)^a)) 

> Ce — (3e'^{ce — a — ae~^{t — aj) — (a + ae^{cE — (5e^^{ce — t) — a)) 
= {c^ - a)[l - I3{e^ - a) - ae^] 

> {ce - a)[l - ae' - {e' - af]. 
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Letting K{e,n) = {ae '^)" [1 — ae^ — (e^ — a)^] > we then deduce that, for every 
{1, . . . , n} and every t e [a, c^], 

> (ae-^)"-Xce-a)[l-ae=-(e=-a)2] 

> (Ce — a) K{e, n). 



Finally, notice that 



lim K{e, n) = - a - (1 - af] > 0. 

e— >0 



The preceding construction may be carried out for every e > very small. Let us 
then fix n e N, and let us impose to e > the supplementary conditions 

1 + K{e, n) > e2("+2)^ 1 - K{e, n) < e-2("+2)^ (3.39) 

Let / be a connected component of A'^ contained in ]a, Cs[, and for each ie {1, . . . , n} let 

li = r-'gefii)- 

Claim (iv). For all i<j, the intervals ]x,y[=Ii and ]u,v[=Ij satisfy the conditions in 
Proposition 3.4.4. 

Conditions (i) and (ii) easily follow from the construction. To check condition (iii) 
let us first notice that, for every fcG {1, . . . , n}. 



and therefore 



g-2(n+l)£ < IM < g2(n+l)£_ 



Hence, by (3.38) and (3.39), 

u — a y — X 



X — a V — u 



\x — a J V ' 



that is, 



^ / (ce -g) K{e,n) ^ ^ V-^ 
~ \ X — a / V — u 

> (l + K(e,n))2-2(»+i)^ 



exp(-2£ > . 

X — a y — X 



Analogously, 

f~^{u) — u y — x I u — x \y — x 



= 1 



f~^{u) — x v — u V / ^{u) — xJv — u 

\ j~^[u)—x J v — u ^ ' 
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and hence 

^ ' . exp{2s) < 



/-i(u)-a; y-x 

This concludes the verification of condition (iii) of Proposition 3.4.4, thus finishing the 
proof of Duminy's second theorem. 

Exercise 3.4.6. Show that, for the pseudo-group generated by the maps / and g in Figure 
16, the Cayley graph associated to the semi-exceptional orbit is a tree. Using this fact, show 
directly that the corresponding space of ends is infinite. For the orbits in A which are not 
semi-exceptional show that, despite the fact that they may not have the tree structure, they 
still have infinitely many ends. 



3.5 Two Open Problems 

There exist two major open questions concerning the dynamics of groups of C^+^^p 
circle diffeomorphisms, namely the ergodicity of minimal actions, and the zero Lebesgue 
measure for exceptional minimal sets. In what follows, we will make an overview of some 
partial results, and we will explain some of the difficulties lying behind them. 



3.5.1 Minimal actions 

Let us begin by making more precise the question of ergodicity for minimal actions. 
For this, recall that an action is ergodic if the measurable invariant sets have null or 
total measure. In what follows, the ergodicity will be always considered with respect to 
the (normalized) Lebesgue measure. 

Problem 1. Let F be a finitely generated subgroup of Diff^''''''^(S^) all of whose orbits 
are dense. Is the action of F on ergodic ? 

An analogous question for germs at the origin of analytic diffeomorphisms of the 
complex plane has an affirmative answer [99, 125]. This is one of the reasons why one 
should expect that the answer to the problem above is positive. (See Exercise 3.5.12 for 
another evidence.) This is the case for instance when F has an element with irrational 
rotation number, according to the result below obtained independently by Herman for 
the case, and by Katok for the general C^+^^' case (see [114] and [132], respectively). 
Here we reproduce Katok's proof, which strongly uses the combinatorial structure of the 
dynamics of irrational rotations: see §2.2.1. 

Theorem 3.5.1. If a diffeomorphism g G Diff^"^'^^(S^) has irrational rotation number, 
then the action of (the group generated by) g on the circle is ergodic. 

Proof. Recall that a density point of a measurable subset A C is a point p such 
that 

Leb(An [p-e,p + e]) 
Leb{\p - s,p + e]) 

converges to 1 as e goes to zero. A classical theorem by Lebesgue asserts that, in any 
measurable set, almost every point is a density point. 
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Let AcS'^ be a F-invariant measurable subset. Assuming that the Lcbesgue measure 
of A is positive, we will show that this measure is actually total. For this, let us consider 
a density point xq of A. Let (p be the conjugacy between g and the rotation of angle 
p{g) such that (p{xo) = 0. As in the proof of Denjoy's theorem, let In{g) = (p~^ (In) and 
Jn{g)=f~^{Jn)- Notice that xq belongs to Jn{g), and | Jn(fl')| converges to zero as n goes 
to infinity. Moreover, the intervals g'^ {Jnid)) , k G {0, . . . , Qn+i — 1}, cover the circle, and 
each point in is contained in at most two of these intervals. Using inequality (3.23) it 
is not difficult to conclude that, for every k € {0, . . . , Qn+i — I}, 

Leb{gHMg)\A)) ,,p w,^)) Leb{U9)\A) 

Leb{Jn{g)\A) 



< exp(2y(5)) 



Leb{Jn{g)) 



Therefore, by the invariancc of A, 



Leb{S^\A) < Leb{g\Jn{g)\A)) 

fe=0 

< exp {2V{g)) "^''^'ff] \f '^j:\eb{gHUg))) 
. o (oM, ,^ Leb{Ug)\A) 

Since Xq is a density point of A, the value of Leb[Jn{g) \ A) / Lebi^Jn{g)) converges to 
as n goes to infinity, from where one easily concludes that Leb{S^ \ ^) = 0. □ 



Remark 3.5.2. Although every C ^ ^ circle diffeomorphism with irrational rotation number 
is topologically conjugate to the corresponding rotation, in "many" cases the conjugating map 
is singular, even in the real-analytic case (see the discussion at the begining of §3.6). Thus, the 
preceding theorem does not follow from Denjoy's theorem. 

According to Proposition 1.1.1, every group of circle homeomorphisms acting min- 
imally and preserving a probability measure is topologically conjugate to a group of 

rotations. Moreover, if such a group is finitely generated, then at least one of its gener- 
ators must have irrational rotation number. From Theorem 3.5.1 one then deduces the 
following. 

Corollary 3.5.3. // a finitely generated subgroup of T>\&]^^^ {S^) acts minimally and 
preserves a probability measure, then its action on is ergodic. 



The differentiability hypothesis is necessary for this result. (The hypothesis of finite 
generation is also necessary: see [64] for an example illustrating this.) Indeed, in [193] the 
reader may find examples of circle diffeomorphisms with irrational rotation number 
acting minimally but not ergodically. It is very plausible that, by refining the construction 
method of [193], one may provide analogous examples in class 0^+"^ for every re]0, 1[. 
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Due to Theorem 3.5.1, for groups of C'^+^^p circle diffeomorphisms acting minimally, 
the ergodicity question arises when the rotation number of each of its elements is rational. 
Under such a hypothesis, the general answer to this question is unknown. Nevertheless, 
there exist very important cases where the ergodicity is ensured. 

Definition 3.5.4. Given a subgroup T of Diff^(S^), a point p e is expandable if 

there exists .g G F such that g'{p) > 1. The action is differentiably expanding if for 
every point p G is expandable. 

As wc will sec, if the action of a finitely generated subgroup of Diff^^^(S^) is differen- 
tiably expanding and minimal, with r > 0, then it is necessarily ergodic. Notice, however, 
that the hypothesis of this claim is not invariant under smooth conjugacy, although the 
conclusion is. To state an a priori more general result which takes into account all of 
this, let us fix some notation. Given a finitely generated subgroup F of Diff^(S^), let G 
be a finite symmetric system of generators. For each n > 1 let (compare Appendix B) 

Bg{n) = {/i e F : h = hm ■ ■ ■ hi for some hi G G and m < n}, 

and for each a; e let 

u ^ y ( 

Ala;) = limsup max ^ . 

n^oo \heBe{n) U J 

Notice that this number is always finite, since it is bounded from above by 

sup log (/i' (?/)). 

For each A > let Ex{T) = {x e : A(.x) > A}. The exponential set E{T) of the action 
is defined as the union of the sets Ex(T) with A > 0; its complement 5'(F) is called the 
sub -exponential set. Notice that every E\{T), as well as E{T) and ^(F), are Borel 
sets. Moreover, the function x i— > A(a;) is invariant by the F-action. Therefore, the sets 
Ex{r), E{T), and S'(F), are invariant by F. Finally, if (the action of) F is differentiably 
expanding, then A(a;) > for every x gS^. 



Theorem 3.5.5. Let F be a finitely generated subgroup of DiS (S^) whose action is 
minimal, where r > 0. // the exponential set o/F has positive Lebesgue measure, then it 
has full measure, and the action is ergodic. 



Remark 3.5.6. Both hypotheses above (the facts that t>0 and that the group is finitely ge- 
nerated) are necessary for the validity of the theorem. For a detailed discussion of this, see [64]. 

Example 3.5.7. Theorem 3.5.5 allows showing that if a subgroup of DifF^j_^'"'^(S^) satisfies 
the hypothesis of Duminy's first theorem and has no finite orbit, then its action is ergodic. 
Indeed, let F be a subgroup of Difrl|_"'"^'''(S^) acting minimally and generated by a family Q 
of diffeomorphisms satisfying V{f) < Vb for every / G Q. If we assume that the set Vex^g) of 
periodic points is finite for at least one element g£Q, then there must exist p£'Pex{g) and f £Q 
so that /(p) belongs to \ Per(g'). Using some of the arguments in the proof of Theorem 3.3.1, 
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starting with / and g it is possible to create elements F, G in F which are as in Figure 17 over an 
interval [a, b] of in such a way that V{F; [a, c]) and V{G; [c, b]) are small, where c — G^^(a). 
Fix e > very small, and let {/i, . . . , /„} be a family of intervals covering the circle so that 
there exist hi, . . . ,hn in F satisfying hi{x) G [c + e, b] for every x € Ij. Let C be the constant 
defined by = mi{hi{x) : x £ Ij_ U . . . U In}, and let iV be a sufficiently large integer so that 
each branch of the return map induced by F and G is C-expanding (see Proposition 3.3.3). 
For gi = H^hi G F one has g'i{x) > 1 for every x £ li (where we consider the right derivative in 
case of discontinuity). Thus, the action of F is differentiably expanding, and hence its ergodicity 
follows from Theorem 3.5.5. 

Unfortunately (or perhaps fortunately), there exist minimal actions for which the 
exponential set has zero Lebesgue measure. For instance, this is the case for the (standard 
action of the) modular group, as well as for the smooth, minimal actions of Thompson's 
group G: see [64]. 

Exercise 3.5.8. Give a precise statement and show a result in the following spirit: If F admits 
a contirmous family of representations $t in Diff^+''^(S^) so that all the orbits by <I'o(F) are 
dense and "I't(F) admits an exceptional minimal set for each t>0, then the action of $o(F) is 
not differentiably expanding. 

Remark 3.5.9. Recall that if F is a non-Abelian countable group of circle homeomorphisms 
acting minimally, then its action is ergodic with respect to every stationary measure (this follows 
directly from Theorems 2.3.20 and 3.2.18). It is then natural to ask whether in the case of 
groups of diffeomorphisms, there always exists a probability distribution on the group so that 
the corresponding stationary measure is absolutely continuous with respect to the Lebesgue 
measure (compare Remark 3.5.2). However, this relevant problem seems to be very hard. A 
partial result from [64] points in the negative direction: for the cases of the modular group and 
Thompson's group G, the stationary measure associated to any finitely supported probability 
distribution on the group is singular. Actually, for these cases the exponential set of the action 
has zero Lebesgue measure, but its mass with respect to the stationary measure is total. 

Despite the preceding discussion, for the actions of the modular group and Thomp- 
son's group G already mentioned as well as for most "interesting" actions in the litcrature- 
the set of points which are non-expandable is finite and is made up of isolated fixed points 
of certain elements. Under such a hypothesis we can give the following general result 
from [64], which covers Theorem 3.5.5 at least in the C^+^^p case (for a complete proof 
of Theorem 3.5.5, we refer the reader to [178]). 

Theorem 3.5.10. LetT be a finitely generated subgroup o/C^+'^'p circle diffeomorphisms 
whose action is minimal. Assume that for every non- expandable point x € there exist 
g+,g- in T such that g+{x) = g-{x) = x, and such that g+ (resp. g-) has no fixed point 
in some interval ]x,x + e[ (respectively, ]x — e,x[). Then the action of T is ergodic. 

To show this result we will use some slight modifications of Schwartz estimates from 
§3.2.1 that we leave as exercises to the reader. 

Exercise 3.5.11. Given two intervals I, J and a map f : I ^ J which is a diffeomorphism 
onto its image, define the distortion coefficient of / on / as 
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and its distortion norm as 

= iTJ^Im = maxl(log((/-^)'))'(z) 

{x,y}ci l/w - j(y)\ I 



(i) Show that the distortion coefficient is subadditive under composition. 

(ii) Show that x{f,I) < C"/!/!, where the constant C/ equals the maximum of the absolute 
value of the derivative of the function log(/'). Conclude that if ^ is a subset of Diff|+^'P(5i) 
such that the set {|(log(/'(x)))'| : f £ Q, x E S^} is bounded, then there exists a constant Cg 
(depending only on Q) such that, for every interval / in the circle and every fi, . . . , fn in Q, 

n-1 

>^(/n°---°/i;/) < C7g^|/i0...o/i(7)|. 

i=0 

(iii) Under the assumptions in (ii), let / be an interval of S\ and let xo be a point in I. Denoting 

Fi = fi o ■ ■ ■ o fi, Ii = Fi{I), and Xi = Fi{xo), show that 

i—1 i—1 

exp {-CgJ2 • ^ < Fiixo) < exp (Cg ^ |/,|) ■ (3.40) 

n n—1 n 

^\Ii\{< |/|exp(Cg^|/,|)^i^'(xo). (3.41) 

i=0 1=0 i=0 

(iv) Still under the conditions in (ii), show that if for xo we denote 5 = J27=o ^li^o), then 
for every S < \og(2)/2CgS one has 

x{Fn-]xo-5/2,xo + d/2[) < 2CgS5. (3.42) 



Exercise 3.5.12. The action of a group of circle homeomorphisms F is said to be conservative 
if for every measurable subset j4 C S^ of positive Lebesgue measure there exists g id itiV 
such that Leb{A n g{A)) > 0. Show that every ergodic action is conservative. Conversely, 
following the steps below, show that if the action of a finitely generated group of C^"'"'"'^ circle 
diffeomorphisms is minimal, then it is conservative. 

(i) Assuming that the action is not conservative, show that the set X](r) formed by the points 
y € for which the series ^g^zrd'iu) converges is non-empty. 

(ii) Using (3.42), from (i) deduce that X](r) is open, and using the minimality of the action 
conclude that this set actually coincides with the whole circle. 

(iii) Obtain a contradiction by choosing an infinite order element 5 G F and using the equality 

E / (a'Yiy) dy = 27rn, 

From now on, we will assume that F is a subgroup of Diff;\.+^'P(Si) satisfying the 
hypothesis of Theorem 3.5.10. In this case, the set of non-expandable points is closed, 
since it coincides with rigeri'^ ■ d'i^) — l}- Together with the lemma below, this 
implies that this set is actually finite. 



Lemma 3.5.13. The set of non- expandable points is made up of isolated points. 
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Proof. For each non-cxpandablc point yGS^, wc will find an interval of the form y + S[ 
which does not cointain any non-expandable point. The reader will notice that a similar 
argument provides us with an interval of the form ]y — 6',y[ sharing this property. 

By hypothesis, there exist G and e > such that g+{y) = y and such that (/+ 
has no other fixed point in ]y,y + £[. Changing by its inverse if necessary, we may 
assume y to be a right topologically repelling fixed point of 5+ . Let us consider the point 
y = y + s/2 e]y, y + e[, and for each integer fc > let ijk = g+'^iy) and Jk =]yk+i,yk[- 
Taking a = yi,b = y, and applying (3.40), we conclude the existence of fco G N such that 
{g^y{x) > 2 for all k > ko and all xGJk- Hence, each Jk with k > ko contains no non- 
expandable point, which clearly implies that the same holds for the interval ]y, yka [• D 

According to the proof above, for each non-expandable point y G one can find an 
interval /+=]y,2/-|-<5+[, a positive integer k^ , and an element g+ & T having y as a right 
topologically repelling fixed point and with no other fixed point than y in the closure of 
7+ such that, if for x & ly we take the smallest integer n > satisfying g''^ {x) ^ /+, then 

(5+ ° )'{x) > 2. Obviously, one can also find an interval ly =\y — d a positive 

integer kQ , and an element Q- G T, satisfying analogous properties. We then let 

Uy = 1+ U 7- U {y}. 

By definition (and continuity), for every expandable point y there exist g = gy G ^ and 
a neighborhood Vy oi y such that infxeVy g'{x) > 1. The sets {Uy : y non-expandable} 
and {Vy-.y expandable} form an open cover of the circle, from which we can extract a 
finite sub-cover 

{Uy-.y non-expandable} [J {Vy^, . . . ,Vy^}. 

Let 

A = min[2,Mjy^{x),...,Mj'y^{x)\. 
Since A is the minimum among finitely many numbers greater than 1, we have A > 1. 

Lemma 3.5.14. For every point x G either the set of derivatives {g'{x) : g £ V} is 
unbounded, or x belongs to the orbit of some non- expandable point. 

Proof. If x&S^ is expandable, then it belongs to some of the sets 7^ or Vy- , and there 
exists a map 5 e F such that g'{x) > A. Similarly, the image point g{x) is either non- 
expandable, or there exists ft, G F such that h'(^g{x)) > A. By repeating this procedure 
we see that if we do not fall into a non-expandable point by some composition, then 
we can always continue expanding by a factor at least equal to A by some element of 
F. Therefore, for each point not belonging to the orbit of any non-cxpandablc point, 
the set of derivatives {g'{x) : y G F} is unbounded. Since for each x in the orbit of a 
non-expandable point this set is obviously bounded, this proves the lemma. □ 

For the proof of Theorem 3.5.10 we will use the so-called "expansion argument" 
(essentially due to Sullivan), which is one of the most important techniques for showing 
the ergodicity of dynamical systems having some hyperbolic behavior. Let A C he 
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an invariant measurable set of positive Lebesgue measure, and let a be a density point 
of A not belonging to the orbit of any non-expandable point (notice that, since there are 
only finitely many non-expandable points and F is countable, such a point a exists). The 
idea now consists in "blowing-up" a very small neighborhood of a by using a well chosen 
sequence of compositions so that the distortion is controlled and the length of the final 
interval is "macroscopic" {i.e., larger than some prescribed positive number). Since a 
is a density point of A, this final interval will mostly consist of points in A, and by the 
minimality of the action, this will imply that the measure of the set A is very close to 1. 
Finally, by performing this procedure starting with smaller and smaller neighborhoods 
of a, this will yield the total measure for the invariant set A. 

In our context, the expansion procedure will work by applying the "exit-maps" ° 
to points in /+ U /~, and the maps gy to points in the neighborhoods Vy. To simplify 
the control of distortion estimates, in what follows we consider a symmetric generating 
system ^ of F containing the elements of the form g+ and g- . 

Lemma 3.5.15. There exists a constant Ci > such that, for every expandable point 
xgS^ , one can find /i, . . . , /„ in Q such that (/„ o • • • o /i)'(a;) > A and 

Proof. A compactness type argiimcnt rcdiiccs the general case to studying (arbitrarily 
small) neighborhoods of non-expandable points. To find a small interval of the form 
]y,y + S[ formed by points satisfying the desired property, take the corresponding element 
g^ having y as a right-repelling fixed point and no fixed point in ]y, y], and for each fc > 
let yk = g+^{y) and Jk = g~'^{Jo), where Jq = [yi,y[. We know that for some we 
have (g" )'(a;) > A for all n > fcg" and all x&Jn- For each x in the interval /+ =\y, y^+ [ 
take n e N so that x&Jn- Then the estimates in Exercise 3.5.11 show that 

{9+) {x) < exp(Cg) — < 



{glYix) > eM-Cg) ■ = eM-Cg) ■ 

Therefore, letting /i, . . . , /„ be all equal to 5+, 

E;=i(/.-°---°/iyw ^ TUiaiYix) exp(2Cg) 

(/n0...o/i)'(a;) {gD'ix) " |Jo| ' 

Moreover, for n > we have (/„ o ••• o /i)'(x) = (5+)'(*^) ^ 2 > A. Analogous 
arguments may be applied to the interval [y — 5, y[ associated to y. Since there are only 
finitely many non-expandable points, this concludes the proof. □ 



Lemma 3.5.16. There exists a constant C2 such that, for every point x which does not 
belong to the orbit of any non- expandable point and every M > 1, one can find /i, • . • , 
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in Q such that {fn o • • • o > M and 



{fnO---of,y{x) 

Proof. Starting with a;o = a; we let 

Fk = fk,nk ° ■ ■ ■ ° fk,l, Xk=Fk{Xk-l), 

where the elements fkj € G satisfy 

E?=i(/fcj°---°/fc,i)'(a^fe-i) 



< C2. (3.44) 



{fk,nk 0---0 fk,iy{xk-i) 



<Ci, {fk,nk°---° fk,l)'{Xk-l)>X. 



If we perform this procedure K > log(M) / log(A) times, then for the compositions 
Fk = Fko ■■ ■ o Fx we obtain 



K 



F'k{x) = l[{fk,nkO---ofk,iy{xk-i)>X''>M. 

k=l 

To estimate the left-side expression of (3.44) notice that, for y = /„ o • • • o /^(a;), 

(/.o-o/,)-(.) = T.if^-^ ° • • • ^" ) (^)- (^•^^) 

If we denote y = FK{x), then using (3.45) we see that the left-side expression of (3.44) is 
equal to 



fe=i j=i 



K nk 

= E(^fc+i ° • • • ° ^^')'(y) • E(4";]+i ° • • • ° /Mj'(^fc) < 
fe=i j=i 

K 



fe=i 



□ 



Lemma 3.5.17. For certain e > the following property holds: for every point x not 
belonging to the orbit of any non- expandable point, there exists a sequence Vk of neigh- 
borhoods of X converging to x such that, to each fc e N, one may associate a sequence of 
elements fi,...,fnk inQ satisfying |/„^ o- • -0/1(14)1 = e and x(/„^ o- • -o/i; Vk) < log(2). 

Proof. We will check the conclusion for e = log(2)/2Cc;C2. To do this, fix M > 1, and 
consider the sequence of compositions /« o • • • o /i associated to x and M provided by 
the preceding lemma. Denoting Fn = fn° ■ ■ ■ ° fi and y = Fn{x), for the neighborhood 
V = F-^Qy - e/2, y + e/2[)) of x we have 

x{Fn;V) = x{F-';]y-s/2,y + e/2[) = x{f^^ o ■ ■ ■ o f-^-]y - e/2,y + e/2[). 
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The estimates in Exercise 3.5.11 then show that the distortion cocfScient of the compo- 
sition o • • • o is bounded from above by log(2) in a neighborhood of y of radius 
r = log(2)/4C5S', where 

n 

Now according to (3.44) and (3.45), we have 

E;^i(/,-o---o/iy(x) ^ 
(/« o . . . o /i)'(x) - 

Thus, e/2 < r, which yields the desired estimate for the distortion. FinaUy, since 

(jn O • • • O flYix) M 

and since the last expression tends to zero as M goes to infinity, this concludes the proof 
of the lemma. □ 

To complete the proof of Theorem 3.5.10, recall that for our invariant subset A C 
of positive Lebesgue measure we found a density point a not belonging to the orbit of any 
non-expandable point. Fix 5 > 0. By the preceding lemma, for some e > there exists a 
sequence Vk of neighborhoods of a converging to a such that, for each fc e N, there exist 
elements /i, ... in ^ satisfying |/„^o- • •o/i(V'fc)| = £ and xifn^o- ■ ■ofi;Vk) < log(2). 
Passing to a subsequence if necessary, we may assume that the sequence of intervals 

o • • • o /i(Vfc) converges to some interval V of length e. Due to the minimality of the 
action, the proof will be finished when showing that Leb({S^ \A)r\V) =0. To do this 
first observe that, by the invariance of A, 

Leb{{S'\A)nfn,o---oh{Vk)) ^ Leb{iS'\A)nfn,o---oMVk)) 
e Leb{fnk o ■ ■ ■ o fi{Vk)) 

Le6((Si \ A) n Vk) 



< exp(x(/„j, o---o/i;\4)) • 



< 



Leb{Vk) 
2Leb{{S^\A)nVk) 



Now notice that the first expression in this inequality converges to Leb({S^ \A)riV) /s, 
while the last expression converges to 0, because a is a density point of A. 



3.5.2 Actions with an excepcional minimal set 

Another major open question in the theory concerns the Lebesgue measure of excep- 
tional minimal sets. 

Problem 2. If F is a finitely generated subgroup of Diff^"^'''^(S^) having an exceptional 
minimal set A, is the Lebesgue measure of A necessarily equal to zero ? 
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A closely related problem concerns the finiteness for the number of orbits of connected 
components of \ A (if this is always true, this could be considered as a kind of general- 
ization of the classical Ahlfors Finiteness Theorem [1]). In the same spirit, a conjecture 
by Dippolito suggests that the action of F on A should be topologically conjugate to the 
action of a group of piecewise afiine homeomorphisms [66] . 

The Lebesgue measure of exceptional minimal sets is zero in the case of Fuchsian 
groups, but the techniques involved in the proof cannot be adapted to the case of general 
diffeomorphisms (see for instance [189]). In what follows, we will concentrate on a partic- 
ular class of dynamics, namely that of Markovian minimal sets. Roughly speaking, over 
these sets the dynamics is conjugate to a suhshift, and this information strongly simpli- 
fies the study of the combinatorics. Following [48, 161], we will see that, for this case, 
the answer to Problem 2 is positive (the same holds for the finiteness of the connected 
components of the complement of exceptional minimal sets modulo the action [49]). 

Let P={pij) he a, kxk incidence matrix {i.e., a matrix with entries and 1). Let 
us consider the space Q = {1, . . . , k}^, and the subspace fl* formed by the admissible 
sequences , that is, by the uj^(ii,i2, ■ ■ such that Piji^^^ = 1 for every j E N. We 

endow this subspace with the topology induced from the product topology on f2, and we 
consider the dynamics of the shift cr: f2* — > il* on it. 

Definition 3.5.18. Let G = {gi, . ■ . ,gk} be a family of homeomorphisms defined on open 
bounded intervals. If {7i, . . . , Ik} is a family of closed intervals such that Ij C ran{gj) 
for every j G {1, . . . , k}, then we say that S = {{h, . . . , Ik}, G, P) is a Markov system 
for the Markov pseudo-group Ts generated by the giS if the properties below are 
satisfied: 

(i) ran{gi) fl ran{gj) = for every i ^ j, 

(ii) ifpij = 1 (resp. pij = 0), then Ij c dom{gi) and gi{Ij) C li (resp. Ijf\dom{gi) = 0). 

For each a; = (ii, 12, . . .) G f^* and each n G N, the domain of definition of the map 
Ki!^) = gii ■■■gin contains the interval g^J^{IiJ. Let J„(a;) = hn{i^){g^J^{Iin)) and 

A5 = n u ^"(^)- 

Notice that if T: \J^^lran{gi) ^u'-^idom{gi) denotes the map whose restriction to each 
set ran{gi) coincides with g~^, then the restriction of T to A5 is naturally semiconju- 
gate to the shift a : fl* ^fl*, in the sense that each x G As uniquely determines an 

admissible sequence (p{x) = u) = {11,12, ■ ■ .) such that x belongs to /„(a;) for each n, and 
the equality (p{T{x)) = a{(fi{x)) holds. 

Definition 3.5.19. A set A which is invariant by the action of a pseudo-group is said 
to be Markovian if there exists an open interval L intersecting A so that L n A equals 
As for a Markov system <S defined on L. 

In this chapter, we have already studied an example of a Markov pseudo-group, 
namely the one illustrated by Figure 16. Indeed, the properties in the definition are 
satisfied for the elements gi, 52 corresponding in Figure 16 to /, g, respectively, where 
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Ii = [a, b] and I2 = [c, d] (wc consider an open interval slightly larger than [a, d] as the 
domain of definition of gi and 32)- In this particular case, we have pij = 1 for all i,j in 
{1,2}, and thus fi* = O. 

Theorem 3.5.20. If A is a Markovian local exceptional set for a Markov pseudo-group 
of C^+'^'P difjeomorphisms of a one- dimensional compact manifold, then the Lebesgue 
measure of A is zero. 

In the case where the maps gi may be chosen (imiformly) diflerentiably contracting, 
this result still holds in class C^"*""^ (compare Theorem 3.5.22), but not in class (see 
Example 3.5.23). Actually, in the former case a stronger result holds [198]: The Hausdorff 
dimension of A is less than 1. Nevertheless, this is no longer true in the non-contracting 
Markovian case, even in the real-analytic context [86] . 

We will give the proof of Theorem 3.5.20 only for the case of the Markov system 
discussed above and illustrated by Figure 16: the reader should have no problem with 
adapting the arguments below to the general case by taking care of some technical details 
of combinatorial nature. First notice that, for every x G I = [b,c] and every element 
9 = 9i„---9ii € r (where each g^ belongs to ^? = {t/i, 52}), one has 

n— 1 n—1 

\\og{g'{b)) - \og{g'{x))\ <Cj2\9ir-- 9n (b) - 9i, ■ ■ ■ 9iAx)\ < C W) \<C{d-a). 

j=o j=o 

Choosing x G I so that 9'{x) = |5'(/)|/|/|, from this inequality we conclude that 
9'{b) < \9{I)\ e'^(<^-°)/|/|, and therefore 

Letting £ = log(2) /ACS, from the estimates in Exercise 3.5.11 it follows that for every g, h 
in r and every x£[a, d] in the ^-neighborhood of h{b) one has g'{x)/2 < g'{b) < 2g'{x), 
and hence 

\g{[h{b) - £,h{b) + e\)\ < 2i V] sup g'{x) < 4£S. (3.46) 
ger ger \=o-h{b)\<e 

Fix r eN so that for every (ii, . . . , v) S {1, 2}'" the length of the interval gi^ - ■ ■ gi^{[a, b]) 
is smaller than or equal to £. Notice that these intervals cover A, and hence for every 
n G N the same holds for the intervals of the form gi^ ■ ■ ■ gi„h{[a, d]), where (ii, . . . , i„) 
ranges over {1,2}", and h ranges over the elements of length r (that is, the elements of 
type 9h--- 9ir., with (ii, . . . , v) S {1, 2}*^). Therefore, 

Leb{A) < E E \9ii---9i„hi---hr{[a,d])\, 

(ii,...,i„)6{l,2}" (hu...,hr.)e{gug2V 

and since for each {hi, ... , hr) € {9i,g2Y the point hi - ■ ■ hrib) belongs iohf ■ ■ hr{[a, d\), 
from this we conclude that 

Leb{A) < E E \9{[hi---hr{b)- £,hi---hr{b)+£])\. 

{hi,...,hr)e{gi,g2}'' tength(g)=n 
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Letting n go to infinity in this inequality, from tlie convergence of the series in (3.46) one 
concludes that Leb{A) — 0, thus finishing the proof. 



We refer the reader to [47] and [127] for the realization of Markov pseudo-groups as 
holonomy pseudogroups of codimension-one foliations. Let us point out, however, that it 
is not difficult to construct exceptional minimal sets which are not induced by Markovian 
systems: see [49]. 

Exercise 3.5.21. Completing Exercise 3.4.6, show that if an exceptional minimal set A is 
Markovian, then all the orbits in A have infinitely many ends (see [48] in case of problems with 
this). 

To close this section, let us briefly discuss another approach to Problem 2, which is 

closely related to our approach to the ergodicity question. Let us begin by pointing out 
that Theorem 3.5.5 has a natural analogue (due to Hurder [118]) in the present context. 

Theorem 3.5.22. LetT be a subgroup of Diff^^'^(S^) admitting an exceptional minimal 
set A. If T>0, then the set Ar\E{T) has null Lebesgue measure. 

The necessity of the hypothesis t > for this result is illustrated by the following 
classical example due to Bowen [23] . 

Example 3.5.23. As the reader can easily check, the maps f,g in Figure 16 may be chosen 
so that the following supplementary conditions arc verified (to put ourselves in the Markovian 
context, we denote again gi =/, g2=g, and I = [b, c], with a = and d=l). 

(i) There exists a sequence of positive real numbers £n (where n > 0) such that |/| = £o, 

V^„<1, lim^ = l, 
and such that if for n G N and {gi^ , . . . ,5i„) € {51,52}" we denote =9ii • • • 9i,i{I), then 

I -^il , . . . ,^71 I — £n 1 2 . 

(ii) Each 5, is smooth over I and over each its derivative at the endpoints of these 
intervals equals 1/2, and 

lim max sup |fli(a:) — -| = 0. 

n^oo (ii,...,i„)G{l,2}" xeli-i^,...,i„ I 21 

(iii) Each Qi is difforontiablo on a neighborhood of a = and d = 1, with derivative identically 
equal to 1/2 to the left (resp. to the right) of a (resp. d). 

With these conditions, it is not difficult to show that 51 and 52 are of class over the whole 
interval [a, d] = [0, 1], and their derivatives equal 1/2 over the Markov minimal set A. Now for 
the Lebesgue measure of A we have 

Le6(A) = 1-|7|-^ = 1-^^n > 0. 

n>l (ii n>0 

Notice that, using this example, it is not difficult to create a subgroup of Diff]|_(S^) with two gen- 
erators and having an exceptional minimal set of positive Lebesgue measure entirely contained 
in the exponential set of the action. 
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Exercise 3.5.24. After reading §4.1.4, show that for every r > there exist finitely generated 
Abehan subgroups of Diff^"*"^(S^) admitting an exceptional minimal set of positive measure. 
Prove directly {i.e., without using Theorem 3.5.22) that, for these examples, the exceptional 
minimal set is contained (up to a null measure set) in the sub-exponential set of the action. 

Example 3.5.25. Following an idea which seems to go back to Mane, given t < 1 let us consider 
a C^"*"^ circle diffeomorphism with irrational rotation number and admitting a minimal invariant 
Cantor set Ao of positive Lebesgue measure (see the preceding exercise). Fix a cormected 
component I of the complement of Ao, and let : — > be a degree-2 map which coincides 
with / outside I {i.e., the map H makes an "extra turn" around the circle over /). Using H, it 
is easy to construct a pseudo-group with two generators admitting an exceptional minimal set 
A containing Ao. Since the Lebesgue measure of Ao is positive, this is also the case of A. 

Exercise 3.5.26. Prove that if P is a finitely generated group of real-analytic circle diffeomor- 
phisnis admitting an exceptional minimal set A then, excepting at most countably many points, 

\ A is contained in the sub-exponential set S'(P). 
Remark. Quite possibly, the same holds for subgroups of Diff^"''''^(S^). 

Hint. Use the analyticity to show that, discarding at most countably many points, if x belongs 
to \ A then there exists an open interval 7^ containing x in its interior such that the images 
of Ix by the elements in the group are two-by-two disjoint. Then use the relations 

1 > i:i5(/.)| = J2f 9{y)dy = [ {J29'{y))dy. 

3.6 On the Smoothness of the Conjugacy between 
Groups of Diffeomorphisms 

The problem of the smoothness for the conjugacy between groups of circle diffeomor- 
phisms is technical and difficult. The relevant case of free actions is already extremely 
hard. Nevertheless, this case is very well understood thanks to the works of Siegcl, 
Arnold, Herman, Moser, Yoccoz, Khanin, Katznelson and Orstein, among others. For 
r > 2, the main technical tool for obtaining the differentiability of the conjugacy^ of a C 
circle diffeomorphism / having irrational rotation number p{f) to the rotation of angle 
p{f) corresponds to the Diophantine nature of p{f). Roughly, the conjugacy is forced 
to be smooth if the approximations of p{f) by rational numbers are "bad" , in the sense 
that they are slow with respect to the denominator of the approximating rational. This 
corresponds to one of the main issues of the so-called Small Denominators Theory. 

In what follows, we will study the case of non-free actions by circle diffeomorphisms, 
which is essentially different. There is no systematic theory for this case and, perhaps, 
the only definitive results correspond to Theorem 3.6.6 to be studied in detail in the 
next section, and Proposition 4.1.16 in the next chapter. However, we point out that 
these results are much simpler than those of the theory of small denominators. Slightly 
stronger results hold in some particular cases. For instance, Sullivan showed that every 
topological and absolutely continuous conjugacy between Fiichsian groups of first kind 

^Notice that from Exercise 2.2.12 one easily concludes that two different conjugacies as above differ 
by an Euclidean rotation. Due to this, there is no ambiguity when speaking about the diflferentiability 
of the conjugacy. 
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is real-analytic, and he further obtained analogous results on the smoothness over the 
exceptional minimal set for conjugacies between Fuchsian groups of second kind [229, 
230]. On the other hand, using classical results on the existence and uniqueness of 
absolutely continuous invariant measures for expanding maps of the interval, the author 
showed in [183] that if two groups of C circle diffeomorphisms, with r > 2, satisfy 
the hypothesis of Duminy's first theorem {i.e., if they are generated by elements near 
rotations), and if their orbits are dense, then every topological and absolutely continuous 
conjugacy between them is a C diffeomorphism (see [208, 209] for a stronger result in 
the real-analytic context). 

3.6.1 Sternberg's linearization theorem and conjugacies 

Let / and g be C diffeomorphisms of a neighborhood of the origin in the line into 
their images. If / and g fix the origin, we say that they are equivalent if there exists 
e > such that — g\]-e,E[- Modulo this equivalence relation, the class of g will 

be denoted by [g]. The set of classes forms a group with respect to the composition of 
representatives, that is, [/][<?] = [f ° g]- This group, called the group of germs of C 
diffeomorphisms of the line which fix the origin and preserve orientation, will be denoted 
by g;(R,0). 

Notice that the derivative g^'^\0) of order i < r at the origin is well-defined for all 
[g] e 0). We will say that [g] is hyperbolic if g'{0) 7^ 1. 

Lemma 3.6.1. If [g]^G^{^,0) is hyperbolic, with 1 < r < 00, then there exists [h] in 
gi{R,0) such that h'{0) = 1 and (%/i-i)W(0) = for every 2<i<r. 

Proof. Let g{x) = ax + a2x'^ + . . . + arX^ + o{x^) be the Taylor series expansion of g 
about the origin. Let us formally write 

h{x) = x + b2X^ + . . . + brX^ + . . . , 

and let us try to find the coefficients bi so that 

ho g = Maoh, (3.47) 

where denotes the multiplication by a = g'{0). If we identify the coefficients of .t^ 
in both sides of this equality we obtain a2 + b2a^ =ab2, and therefore 62 = 02/(0 — o^)- 
In general, assuming that 62, ... , bi-i are already known (where i < r), from (3.47) one 
obtains 

Qi{bi, . . . , ai, . . . ,ar) + ha" = abi 
for some polynomial Qi in (r + i — I) variables. Thus, 

_ Qiipi, . . . , ai, . . . , ar) 
Oi — . 

a — a' 

Now let /i be a C diffeomorphism defined on a neighborhood of the origin and such that 
/i(0) = 0, /i'(0) = 1, and /i(*)(0) = i\ bi for every 2 < i < r. By reversing the above 
computations, it is easy to see that [h] e (IR, 0) satisfies the desired properties. □ 
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Sternberg's theorem appears in the form below in [251] (see [228] for the original, 
weaker form) . Let us point out that an analogous result holds for germs of real-analytic 
diffeomorphisms [52]. 

Theorem 3.6.2. Let g ^G^(M,0) be a hyperbolic germ, where 2<r<oo. If we denote 
a = g'{0), then there exists [h]GG+{^,0) such that h'{0) = l and h{g{x)) = ah{x) for 
every x near the origin. Moreover, if [hi] € 0) satisfies the last two properties, then 

[hi] belongs to Q'^(JS^,{)), and [hi] = [h]. 

Proof. Let us first consider the case r < oo. By the lemma above, to obtain a conjugacy 
we may suppose that fif^'HO) = for each i e {2, . . . , r}. Changing g by g~^ if necessary, 
we may suppose moreover that g'{0) = a < 1. Let < i5 < 1 be such that the domain of 
definition of g contains the interval [—5, 5]. Let us define 

C{6)=snv{]g^^\t)]:t&[-5,5]}. 

A direct application of the Mean Value Theorem shows that, for all t& \—5,S], one has 
[g'{t)[ <a + C{5) and [g^\t)[ < C{6) for every i€{2,...,r}. 

Let Eg be the space of real- valued functions of class C on [—5,5] satisfying 
^(0) = V''(0) = . . . = V'^''HO) = 0- Endowed with the norm 

\m=sup{[i;^^\t)[:t€[-S,5]}, 
Eg becomes a Banach space. For ip e Eg, t G [—6, 5], and i G {0, . . . , r}, one has 

]¥Ht)]<j^\m. 

Let us consider the linear operator Ss: Eg ^ Eg defined by Ss{'4') = {il}og)/a. We claim 
that if (5 > is small enough, then Sg is a contraction (that is, yS'^jl < 1). Indeed, it is 
easy to check that 

(^ o 5)M = (V'^*' og).Qi {g', . . . , g(^-'+^^), 

i=l 

where Qi is a polynomial with positive coefficients in (r + l — i) variables and Qr{x) = x^. 
For t e [—6, 6] this yields 

lii^o g)^^\t)\<K{S) W^W, 

where 

r — 1 

KiS) = {a + C{S)) ' + ^ T^^Q. (« + C{5), . . . , a + C{5)) . 

Notice that K{5) tends to as 5 goes to zero. Moreover, jjS'^lj < K{6)/a. Since r>2 
and a < 1, this shows that the value of [[S'^H is smaller than 1 for 5 small enough. 

Now fix 5 > such that ||S'i || < 1. Notice that the restriction of the map x i-^ g{x)—ax 
to the interval [—5, 8] defines an element V'l in Eg. Since Ss is a contraction, the equation 
(in the variable V') 

55(^)-|-a-Vi =^ 
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has a unique solution ipo ^ Eg. For h = Id + ipQwe have 



h{9{x)) = g{x)+'il)oog{x) = ii-iix) +ax + 'tl}QO g{x) 

= tpi{x) + ax + aSs{il>o){x) = aipo{x) + ax = ah{x). 

Since ipoGEs, one has h{0) — and /i'(0) = l. Therefore, if r<oo, then [h] is a germ in 
Q![_{M.,0) satisfying the required properties. 

If hi G 0) verifies the same properties, then 

ahh^^{t) = hogohi^{t) = hhi^{at) 

for every t near the origin. Prom this one deduces that 

hh7^{t) = lim — ^ ^ = t lim — ^ '- = H/i/i7^)'(0) = t, 

n— >oo a" rt— >oo a^t 

which shows the uniqueness. 

Finally, the case r = oo easily follows from the uniqueness already established for 
each finite r > 2. □ 

A direct consequence of the preceding theorem is the following result. 

Corollary 3.6.3. Let gi and 52 be elements in G^0^,0), where 2<r< 00. Suppose 
that [(p]gG]_{'M.,0) conjugates gi to g2, that is, on a neighborhood of the origin one has 
^ ° gi = g2 ° ^- If gi is hyperbolic, then [if] is an element ofQ^{R, 0). 

Proof. Let us begin by noticing that [52] is also hyperbolic, because ,92(0) = .9i(0)- If 
h e 5+(M, 0) conjugates 32 to its linear part, then ho conjugates gi to its linear part. 
If 6 = (/i(p)'(0), then Mi/i,hi^ still conjugates gi to its linear part; moreover, it satisfies 
{Mi/ijh(py{0) = 1. By the uniqueness of such a conjugacy, we have [Mi/i,hip] G 0), 
and therefore [ip] € ^(^^(IR, 0). □ 

Sternberg's linearization theorem still holds in class C''-"'"'^ for every r > (the proof 
consists in a straightforward extension of the preceding arguments; see also [54]). How- 
ever, the theorem is no longer true in class , as is illustrated by the next example due 
to Sternberg himself. 

Example 3.6.4. Let us consider the map g defined on an open interval about the origin by 
5(0) = and ^(a;) = ax{l — 1/ log(a;)) for x ^ 0, where < o < 1. It is easy to see that [g] is 
the germ of a diffeomorphism satisfying g'{0) = a. Despite this fact, [g] is not conjugate to 

the germ of the linear map Ala by any germ of a Lipschitz homcomorphism (in particular, [g] is 
not conjugate to [Afa])- To show this, fix a constant a £]0, 1[ so that g'{x) > a for every x 
near the origin, and choose a local homcomorphism h fixing and such that for these points x 
one has g{x) = hMah~^{x). For every fe € N one has g'"{x) = h(a'' h~^ (x)) , and hence 

g\x) hja^h-^x)) 

- ■ ^^-^^^ 

If h were Lipschitz with constant C then, on the one hand, the right-hand member in the above 
equality would be bounded from above by Ch~^{x) for every fc€N. On the other hand, from 
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the definition of g one easily concludes that 




= X 



fe-i / 

i=0 \ 



log {g^{x)) 



1 



) 



Since g^{x) > a^x, there exists an integer io > 1 such that, for some positive constant C and 
every i > io, 



log(fl'(a;)) > ilog(a) +log(a;) > - — . 



Prom this it follows that 



Since the last product diverges as k goes to infinity, we conclude that the left-hand member in 
(3.48) is unbounded, thus giving a contradiction 

Exercise 3.6.5. Show that the germ at the origin in Example 3.5.23 is (hyperbolic and) non 
linearizable by the germ of any C'^ diffeomorphism. 

As an application of Stcrnbcr's theorem and Corollary 3.2.6, wc now reproduce (with 
a much simpler proof than the original one) a result obtained by Ghys and Tsuboi in 



Theorem 3.6.6. Let $1 and $2 be two representations of a group T in Diff^(S^), where 
2 < r < 00. Suppose that their orbits are dense and that $i(r) is not topologically 
conjugate to a group of rotations. If a circle diffeomorphism cp conjugates $1 and $2; 

then If is a C diffeomorphism,. 

Proof. By Corollary 3.2.6, there exist g & T and x G such that ^i{g){x) = x and 
^\{g)'{x) ^ 1. In local coordinates we obtain a hyperbolic germ of a diffeomorphism 
fixing the origin. The point if>{x) G is fixed by $2(.9) = fo $1(5) o ip^^ G r2. Therefore, 
if induces a conjugacy between hyperbolic germs. Corollary 3.6.3 then implies that </? is 
of class C in a neighborhood of x. Since ip o $i(/i) = ^2{h) o holds for every h G F, 
the set of points around which is of class is invariant by 4>i(r), and since the orbits 
by ^'i(r) are dense, (p must be of class C^ on the whole circle. To show that (p~^ is of 
class C" on S^, it suffices to interchange the roles of $1 and $2- D 

Remark 3.6.7. The theorem above still holds for bi-Lipschitz conjugacies, provided that we 
assume a priori that the actions are ergodic (see Theorem 3.6.9). Moreover, the theorem is 
also true for conjugacies between groups of C^"'"'' circle difi^eomorphisms which axe non-Abelian 
and act minimally. 

Exercise 3.6.8. Prove that Theorem 3.6.6 still holds (in class or C^'*''^) for groups admitting 

an exceptional minimal set and which arc non semiconjugatc to groups of rotations. 

Hint. Apply the same argument as before having in mind that every orbit must accumulate on 

the minimal invariant Cantor set. 

Remark. This result does not generalize to bi-Lipschitz conjugacies: see Theorem 3.6.14. 



[96]. 
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3.6.2 The case of bi-Lipschitz conjugacies 

The main object of this section is to extend Theorem 3.6.6 to bi-Lipschitz conjugacies 
under the hypothesis of ergodicity for the action (see §3.5.1 for a discussion about this 
hypothesis). 

Theorem 3.6.9. Let <5?i and $2 be two representations of a finitely generated group T 
into Diff!j_(S^), where 2<r < 00. Suppose that $i(r) acts minimally and ergodically. If 

a bi-Lipschitz circle homeomorphism ip conjugates $1 and $2; then ip is a diffeomor- 
phism. Moreover, if ^i{T) is not topologically conjugate to a group of rotations, then (p 
is a C" diffeomorphism. 

The proof of this result uses an equivariant version of a classical lemma of cohomo- 
logical flavor due to Gottschalk and Hedlund. Let M be a compact metric space and F a 
finitely generated group acting on it by homeomorphisms. A cocycle associated to this 
action (compare §5.2.1) is a map c: F x M ^ M such that for each fixed /gF the map 
X I— > c(/, x) is continuous, and such that for every /, 3 in F and every x gM one has 

c{fg,x)=c{g,x)+c{f,gix)). (3.49) 

With this notation, the Equivariant Gottschalk-Hedlund Lemma may be stated as fol- 
lows. 

Lemma 3.6.10. Suppose that F is finitely generated and its action on M is minimal. 
Then the following are equivalent: 

(i) there exist xq gM and a constant Cq > such that \c{f, xo)\ < Cq for every / € F, 

(ii) there exists a continuous function </> : M — > M such that c{f,x) = (f){f{x)) — (f){x) for 
all f GT and all x gM. 

Proof. If the second condition is satisfied, then (i) follows from 
|c(/,aro)|<|<^(/(a;o))| + |</'(a;o)|<2||<A||co. 

Conversely, let us suppose that the first condition holds. For each f G T consider the 
homeomorphism / of the space M x K. defined by f(x, t) = (f(x), t + c{f, x)). It is easy 
to see that the cocycle relation (3.49) implies that this defines a group action of F on 
M X M, in the sense that fg = fg for all /, g in F. Moreover, condition (i) implies that 
the orbit of the point (a;o,0) under this action is bounded; in particular, its closure is a 
(non-empty) compact, invariant set. One may then apply the Zorn Lemma to deduce 
the existence of a non-empty, minimal invariant, compact subset A of M x M. We claim 
that A is the graph of a continuous real-valued function on M. 

First of all, since the action of F on M is minimal, the projection of A into M is the 
whole space. Moreover, if (x, ti) and {x, t2) belong to A for some x gM and some ti ^ t2, 
then this implies that A n A( 7^ 0, where t = t2 — ti and At = {{x, s + t) : {x, s) G A}. 
Notice that the action of F on M x M commutes with the map {x,s) 1-^ {x,s + t); in 
particular, A^ is also invariant. Since A is minimal, this implies that A = A^. One then 
concludes that A = At = A2t = • • •, which is impossible because A is compact and t^O. 
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Wc have then proved that, for every x E M, the set A contains exactly one point of 
the form {x,t). Putting (j){x) = t, one obtains a function from M into R. This function 
must be continuous, since its graph (which coincides with A) is compact. 

Finally, since the graph of (f) is invariant by the action, for all / G F and all a; G M 
the point f{x,(j){x)) = (/(x),^(a;) +c(/, a;)) must be of the form (/(cc), (/)(/(x))), which 
implies that c{f,x) = (j){f{x)) — (p{x). □ 

The following corresponds to a "measurable version" of the preceding lemma. 

Lemma 3.6.11. Let M be a compact metric space and F a finitely generated group acting 
on it by homeomorphisms. Suppose that the action of T on M is minimal and ergodic 
with respect to some probability measure /x, and let c be a cocycle associated to this action. 
If ^ is a function in jC^{M, fi) such that for all f gT and /i-almost every x gM one has 

c{f,x)=ct>{f{x))-<f>{x), (3.50) 

then there exists a continuous function (f> : M. ^ M. which coincides fi-a.e. with (j) and 
such that, for all f gT and all x gM, 

c{f,x) = ^{f{x))-4>{x). (3.51) 

Proof. Let Mq be the set of points for which (3.50) does not hold for some / G F. Since F 
is finitely generated, /Lt(Mo) = 0. Let M'^ the complementary set of the essential support 
of (j), and let Mi = U/gr/(M'i). Take a point xq in the full measure set M \ (Mq U Mi). 
Equality (3.50) then gives |c(/, .to)| < 2||(^||£oo for all / G F. By the preceding lemma, 
there exists a continuous function M ^ M such that (3.51) holds for every x. This 
implies that /i-a.e. one has 

4>of-4> = (t)of-(f>, 

hence 

4>-<f, = {4>-cP)of. 

Since the action of F on M is assumed to be /x-ergodic, the difference — must be i^-a,.e. 
equal to a constant C. To conclude the proof, just change by ^ — C. □ 

We may now pass to the proof of Theorem 3.6.9. First notice that, if <^ is a bi- 

Lipschitz circle homeomorphism conjugating the actions $i and $2 of our group F, 
then (fi and (p~^ are almost everywhere differentiable, and their derivatives belong to 
£^{S^,Leb). Therefore, the function x 1— > log{ip'{x)) is also in £^{S^,Leb). The relation 
$i(/) = ip~^ o $2(7) ° f gives almost everywhere the equality 

I0g($l(/)'(X)) = I0g(/(X)) -I0g(</P'($l(/)(X))) +I0g($2(/)'(<P(X))). 

Putting ^ = - log{ip') and c{f,x) = log($i(/)'(a;)) - log($2(/)'(¥'(a;))) this yields, for 
all / e r and almost every x gS^, 

c{f,x) = cf>{^^{f)ix))-4>{x). 
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Using the relation $2(5) = ^ ° ^i{g) ° ^ ^, one easily checks the cocycle identity 

c{fg,x) = c{g,x)+c{f,^i{g){x)). 

Since the action $1 is supposed to be ergodic, Lemma 3.6.11 ensures the existence of a 
continuous function (f> which coincides almost everywhere with (j) a-nd such that (3.51) 
holds for every x and all /. By integration, one concludes that the derivative of (f is 
well-defined everywhere and coincides with exp(— ^). In particular, is of class C^. 
Changing the roles of $1 and <I>2, one concludes that is a diffeomorphism. Finally, 
to show that <^ is a C diffeomorphism in the case where the actions are non conjugate 
to actions by rotations, it suffices to apply Theorem 3.6.6. □ 

Exercise 3.6.12. Let F be a group of circle diffeomorphisms and if a bi-Lipsciiitz circle 
homeomorphism. Suppose that for every / € F and almost every a; £ one has 

log(/'(a;)) - log(/'(^(a;))) = log(/(a;)) - log(/(/(a;))). 

Show that centralizes F (that is, it commutes with every element of F). 

Exercise 3.6.13. Given a circle diffeomorphism /, let F be the diffeomorphism of \ {O} 
defined in polar coordinates by 

F{r,e) = ( I. ,/(6>) 

(i) Show that, if / is of class and its rotation number is irrational, then / is conjugate to 
Rp(f) if and only if there exist positive ri,r2 such that F"(^B{0,ri)) C B(^0,r2) for all n > 0. 

(ii) Show that F preserves the Lebesgue measure, and that for every 9 the parallelogram gener- 
ated by the vectors F{1,6) and -^F{l,d) has area 1. Conclude that there exists a real-valued 
function tp defined on the circle such that, for every 9 € S^, 

F{l,9) + i>^F{l,9)=0. 

(iii) Endow the circle with the canonical projective structure (c./., Exercise 1.3.4), and identify 
each angle 9 £ [0, 2n] with the corresponding point in the projective space (so that 9 and 
9 + n identify with the same point for 9 € [0, tt]). Show that, in the corresponding projective 
coordinates, the value of the function ip above is given by 

^ 2 

Remark. This corresponds to the starting point of a proof using Sturm-Liouville's theory of 
a beautiful theorem due to Gliys: For every diffeomorphism of the circle (endowed with the 
canonical projective structure) there exist at least four points at which the Schwarzian derivative 
vanishes (see [233]). 

Remark that a conjugacy of an action to itself corresponds to a homeomorphism which 
centralizes the action. Moreover, if $1 and $2 are actions by C circle diffeomorphisms 
which are conjugate by some C" diffeomorphism ipQ, and if is another bi-Lipschitz 
homeomorphism which conjugates them, then the (bi-Lipschitz) homeomorphism fQ^f 
centralizes the action $1. This is the reason why it is so important to deal with the study 
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of ccntralizcrs before studying the general problem of conjugacies (see however Exercise 
3.6.15). In this direction, one may show that Theorem 3.6.9 is far from being true for 
non minimal actions. 

Theorem 3.6.14. Let T be a finitely generated group o/C^+^'p circle diffeomorphisms 
whose action is not minimal. If the restrictions of the stabilizers of intervals are either 

trivial or infinite cyclic, then there exist bi-Lipschitz hom,comorphisms which are not 
and which commute with all of the elements in F. Moreover, these homeomorphisms may 
be chosen non differentiable on every non-empty open interval in S^. 

This theorem is based on a very simple construction related to the techniques of the 
next chapter. This is the reason why we postpone its proof to §4.1.1. For the moment, 
let us remark that the; hypothesis on the stabilizers is not too strong. For instance, 
it is always satisfied in the real-analytic case (this result is due to Hector; a complete 
proof may be found in the Appendix of [180]). Obviously, it is also satisfied by many 
other interesting non real-analytic actions, as for instance those of Thompson's group G. 
Nevertheless, without such a hypothesis, bi-Lipschitz conjugacies are forced to be smooth 
in many cases. 

Exercise 3.6.15. Give examples of finitely generated groups of C°° circle diffeomorphisms 
which are conjugate by some bi-Lipschitz homeomorphism though there is no smooth conjugacy 
between them. 

Remark. These examples may be constructed either having finite orbits or an exceptional mini- 
mal set. However, we ignore whether there exists groups of real-analytic diffeomorphisms having 
the desired property. 
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Chapter 4 



STRUCTURE AND 
RIGIDITY VIA 
DYNAMICAL METHODS 

4.1 Abelian Groups of Diffeomorphisms 

4.1.1 Kopell's lemma 

For a group of homeomorphisms of an interval, the circle, or the real line, we will 
say that ]a,b[ is an irreducible component for the action if it is invariant and does 
not contain strictly any invariant interval. Let us denote by Diff^"^''^([0, 1[) the group of 
Qi+hv diffeomorphisms of [0, 1[, i.e., the group of diffeomorphisms / of [0, 1[ such that 
the total variation of the logarithm of the derivative is finite on each compact interval 
[a, b] C [0, 1[. Recall that this variation is denoted by V{f; [a, b]), that is, 

n 

V{f;[a,b]) = sup ^|log(/')(ai)-log(/')(ai-i)|. 

a=ao<ai<- ■ ■ <a„=b 

The group Difr;^+'^^(]0,1]) is defined in a similar way. Notice that every element / in 
Diff+([0, 1[) belongs to Diff^+^''([0, 1[). Indeed, for < a < 6 < 1 one has 

V{f;[a,b]) = f\{log{f')y{s)\ds = 

The important result below is stated as a theorem, although it is widely known (and we 
will refer to it) as Kopell's lemma, since it corresponds to the first lemma in the thesis 
of Kopell [143]. Notwithstanding, we provide a much simpler proof. 

Theorem 4.1.1. Let f and g be commuting diffeomorphisms of the interval [0, 1[ or 
]0, 1]. Suppose that f is of class C^+''^ and g of class C^. /// has no fixed point in ]0, 1[ 
and g has at least one fixed point m ]0, 1[, then g is the identity. 



f"i.s) 



f'is) 



ds. 
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Proof. Wc will give the proof only for the case of the interval [0, 1[, since the case of 
]0, 1] is analogous. Replacing / by if necessary, we may suppose that f{x) < x for 
every xe]0, 1[. Let 6e]0, 1[ be a fixed point of g. For each n e Z denote 6„ = f^{b), and 
denote a = hi = f{b). Since g commutes with /, it must fix all the intervals [6„+i,6„], 
and hence 

,'(0) = lim = 1. 

Let S = V{f; [0, 6]). If u and v belong to [a, b], then 



logfi^) 



<j2\^og{r){f-\v))-\og{r}if'-\u)) 

i=l 



< 5. 



Let u = xG[a,b] and v = f "^/"(a;) = g{x) G [a, b] . Using the equality 

and passing to the limit as n goes to infinity, it follows that supj.£[„ ^('(a;) < e^. Now 
remark that this remains true if wc replace g by for any j €N (this is due to the fact 
that the constant 6 depends only on /). Therefore, 

sup (g^Yix) < e^. 

xe[a,b] 

Since g fixes a and b, this is not possible unless the restriction of g to [a, b] is the identity. 
Finally, since / and g commute, this implies that g is the identity on the whole interval 
[0,1[. □ 

The preceding theorem allows us to conclude that , for every / G Diff ^^''^ ( [0 , 1 [) without 
fixed points in ]0, 1[, its centralizer in Diffi')_([0, 1[) acts freely on ]0, 1[. Holder's theorem 
then implies that this centralizer is semiconjugate to a group of translations. In fact, if 
this group of translations is dense, then the semiconjugacy is actually a conjugacy, as is 
stated in the next proposition. 

Proposition 4.1.2. Let T be a svhgrmip o/ Diff^([0, 1[) which is semiconjugate to a 
dense subgroup of the group of translations. If F contains an element of class C^"'"'''*' 
without fixed points in ]0, 1[, then the semiconjugacy is a topological conjugacy. 

Proof. Suppose that F is a subgroup of Diff^([0, 1[) which is semiconjugate to a dense 

subgroup of the group of translations without being conjugate to it. Let / G F be the 
element given by the hypothesis. Without loss of generality, we may suppose that / is sent 
to the translation T_i : a;i— >a; — 1 by the homomorphism induced by the semiconjugacy. 
In particular, one has f{x) < x for every xG]0, 1[. Choose an interval [a, b] non reduced 
to a point which is sent to a single point by the semiconjugacy, and which is maximal for 
this property. By the choice of [a,b], there exists an increasing sequence (rij) of positive 
integers such that for every iGN there exists /i S F verifying, for every n € N, 

/r(r(a)) > r+^(a), fr+Hna)) < f"+\a), 
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Let a„ = /" (a) and bn = f"'{b). Passing to the limit as n goes to infinity in the inequahties 

dji ciji ciji 

we obtain 

{fmr^' < no) < umr- (4.1) 

For n > the intervals &[) are two-by-two disjoint. If we denote 5 = V{f; [0, 6]), 

then for every u, v in ]fi{a), b[ one has 



logfLHM) 



< }^\log{f){r-\v))-\og{r){f-\u)) < 5. (4.2) 



Passing to the limit as n goes to infinity in the inequality 

ma,b])\ = |/-"/.r([a,6])| > "y.^^^^ • mf /;(x).|[a,6]|, 

SUp^e[/i(a),fe]U j W a!e[/"(a),/"(6)] 

and using the estimates (4.1) and (4.2), we obtain, for some positive constant C and 
every i gN, 

ma,b])\>e-'if'iO)y/-'-\[a,b]\>C. 

However, this inequality is absurd, since |/s([a, &])| obviously converges to zero as i goes 
to infinity. □ 

Exercise 4.1.3. Using Denjoy's theorem, prove that Proposition 4.1.2 holds for every finitely 
generated subgroup of Diff^"'"''^(]0, 1[) whose center contains an element without fixed points 
(compare Example 3.1.7). 

From the preceding proposition one immediately deduces the following. 

Corollary 4.1.4. /// is an element in Diff^'*''^^([0, 1[) without fixed points in ]0, 1[, then 
its centralizer in Diffi',_([0, 1[) is topologically conjugate to a group of translations of the 
line. 

Exercise 4.1.5. Prove the "strong version" of Kopell's lemma (in class C^"*"^'^) given by the 
next proposition (see either [51] or [68] in case of problems with this). 

Proposition 4.1.6. Let f : [0, 1[— > [0, 1[ be a Q^+^^p diffeomorphism such that f{x) <x for all 
x<E.]0, 1[. Fix a pomt a g]0, 1[, and for each n G N let g„: [f{a),a] [f(a),a] be a diffeomor- 
phism tangent to the identity at the endpoints. If g :]0, 1] — >]0, 1] is such that its restriction to 
[/"^^(a), /"(i)] coincides with f^gnf~^ for every nGN, then g extends to a diffeomorphism 
of [0, 1[ if and only if {g-n) converges to the identity in the topology. 



Exercise 4.1.7. Prove the following "real-analytic version" of Kopell's lemma (due to Hector): 

If / and g are real-analytic diffeomorphisms that may be written in the form f{x) = x+aix''-\ 

and g{x) = x + bjX-' + ■ ■ ■ for < e, with j > i and f{x) < x for every small positive x, then 
the sequence of maps f~"gf" converges uniformly to the identity on an interval [0, e'] (see [180] 
for an application of this claim) . 
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To close this section, we give a proof of Theorem 3.6.14. Let us begin by considering 
a diffeomorphism / of class C^+''^ of an interval /= [a, b] such that f{x) < x for every 
a;e]a, 6[. Fix an arbitrary point ce]a, 6[, and consider any bi-Lipschitz homeomorphism 
h from [/(c), c] into itself. Extending h to ]a.,h[ so that it commutes with /, and then 
putting h{a) = a and h{b) = 6, we obtain a well-defined homeomorphism of [a, b] (which 
we still denote by h). We claim that if C is a bi-Lipschitz constant for h in [/(c), c], 
then Cey is a bi-Lipschitz constant for h on [a, 5], where V = V{f-,[a,b]). Indeed, let 
us consider for instance a point x G /"([/(c), c]) for some n > 0, and such that h is 
differentiable on f~^{x) e [/(c), c], with derivative less than or equal to C (notice that 
this is the case for almost every point a;e [/""""^(c), /"(c)]). Prom the relation /i = /"/i/~" 
we obtain 

Letting y = /""(a;) G [/(c), c] and z = h{y) G [/(c), c], and arguing as in the proof of 
Kopell's lemma, this gives 



1 /(TM) = iogfiii-L£ 



'K=L nriz)) 



n-1 



< 



^ iog(/'(r(^)))-iog(/'(r(y))) 



i=0 



< V. 



Introducing this inequality in (4.3) we deduce that h'{x) <Ce^. Since x was a generic 
point, this shows that the Lipschitz constant of h is bounded from above by Ce^ . Ob- 
viously, a similar argument shows that this bound also holds for the Lipschitz constant 

of h-\ 

For the proof of Theorem 3.6.14 we will use a similar construction. To simplify, 
we will only prove the first claim of the theorem, leaving to the reader the task of 
proving the second claim concerning the existence of bi-Lipschitz centralizers which are 
non differentiable on any open set. 

Let us begin by recalling that if F is a group of C^+^^p circle diffeomorphisms preserv- 
ing an exceptional minimal set, then the stabilizer of every connected component ]a, b[ 
of the complement of this set is nontrivial (c./., Exercise 3.2.7). By the hypothesis of the 
theorem, the restriction to ]a, b[ of this stabilizer is either trivial or infinite cyclic. In the 
first case, we define h as being any bi-Lipschitz and non differentiable homeomorphism 
of [a,b]. In the second case, let / G F be so that its restriction to ]a,b[ generates the 
restriction of the corresponding stabilizer. Let [a, b] C [a, b] be such that f{x) ^ x for 
every x G]a, 6[, and such that /(a) = a and /(&) = b. Changing / by if necessary, wc 
may assume that /" {x) converges to a as n goes to infinity for every x G [a, b[. Arguing 
as in the case of the interval above, fix a point c G]a,6[, and consider any bi-Lipschitz 
and non differentiable homeomorphism h of [/(c). c]. This homeomorphism extends in a 
unique way to [a, b] so that it commutes with the restriction of / to [a, b] and coincides 
with the identity on 7 \ [a, b] . 

By the hypothesis on the stabilizers, it is not difficult to check that there exists a 
unique extension of /i to a circle homeomorphism (which we still denote by h) which 
commutes with (every element of) F and which coincides with the identity on the com- 
plement of Uggr gQ(i,b[). We claim that this extension is bi-Lipschitz. More precisely, 
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fixing a finite system of generators Q = {gi, . . . , gk} for F, letting V be the maximum 
among the total variation of the logarithm of the derivatives of the ^j's, and denoting by 
C the bi-Lipschitz constant of h on [a,b], we claim that the globally defined homeomor- 
phism h has a bi-Lipschitz constant less than or equal to Ce''^ . The proof of this claim 
is similar to that of the case of the interval. Let us fix for instance x£ U^gr idil) \ I), 
and let us try to estimate the value of h'{x). For this, let us consider the smallest neN 
for which there exists an element g = gi^ . . . gi-^ G F, with gi^ in Q, such that g{x) S /. 
The minimality of n implies that the intervals I,g^J^{I),g^J'_^g~^{I), . . . ,g~^ ■ ■ ■ g~^{I) 
have disjoint interior. Using the relation h = g~^hg we obtain, for a generic xGg~^{I), 

where y = h{x) G g~^{I). Now using the fact that the total variation of the logarithm 
of the derivative of each gi is bounded from above by V, we obtain 

/ , , n— 1 k 

log (^) <^|log(4^,(5i, • • •Sn)(x)) -log(4^,(ffi, . ■■gi,){y))\<Yv{^^i{9'i);Q")<kV. 



3=0 



Prom (4.4) we conclude that h'{x) < Ce^^ , as we wanted to check. 

Finally, let us consider the case where F admits finite orbits. If F is finite, then we 
consider any bi-Lipschitz and non differentiable difi^eomorphism which commutes with its 
generator. If F is infinite. Holder's theorem implies that the action cannot be free. Let 
J be a connected component of the complementary set of the union of the finite orbits, 
and let / € F be so that its restriction to / generates the restriction of the corresponding 
stabilizer. If we proceed as before with I and /, we may construct a bi-Lipschitz and 
non differentiable homeomorphism centralizing F. We leave the details to the reader. 



4.1.2 Classifying Abelian group actions in class 

We may now give a precise description of the Abelian groups of C^+''^ diffeomor- 
phisms of one-dimensional manifolds. The case of the interval is quite simple. Indeed, by 
Corollary 4.1.4, the restriction of such a group to each irreducible component is conjugate 
to a group of translations. The case of the circle is slightly more complicated. We begin 
with a lemma which is interesting by itself (compare §2.3.1 and Exercise 3.1.6). 

Lemma 4.1.8. IfV is an amenable subgroup o/ Homeo+(S^), then either T is semicon- 
jugate to a group of rotations or it contains a finite index subgroup having fixed points. 

Proof. Since F is amenable, it must preserve a probability measure /i on S^. If the 
orbits by F arc dense, then /z has total support, and by reparameterizing the circle one 
easily checks that F is topologically conjugate to a group of rotations. If there exists 
a minimal invariant Cantor set, then the support of fi coincides with this set, and this 
allows semiconjugating F to a group of rotations. Finally, if there is a finite orbit, then 
the elements in F preserve the cyclic order of the points in this orbit. The stabilizer of 
these points is then a finite index subgroup of F having fixed points. □ 
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From the preceding lemma (and its proof) it follows that, if F is an Abelian subgroup 
of Diff^^'^^(S^), then it is either semiconjugate to a group of rotations, or a finite central 
extension of an at most countable product of Abelian groups acting on disjoint intervals. 
By Corollary 4.1.4. the factors of this product arc conjugate to groups of translations 
on each irreducible component. Finally, recall that for finitely generated subgroups of 
Diff^'''^^(S^), every semiconjugacy to a group of rotations is necessarily a conjugacy; 
however, this is no longer true for non finitely generated groups (c./., Example 3.1.7). 

Exercise 4.1.9. Prove that every virtually Abelian group of C'^'*'''^ diffeomorphisms of the 

interval or the circle is actually Abelian. 

Exercise 4.1.10. Prove that every Abelian subgroup of Diff^+''^(R) preserves a Radon measure 
on the line (compare Proposition 2.2.48). 

4.1.3 Szekeres' theorem 

In class C^, the homomorphism given by Corollary 4.1.4 is necessarily surjcctivc. 
This follows from the result below, due to Szekeres [232] (see also [251]). To state it 
properly, given a non-empty non-degenerate interval [a, b[ and 2 < r < oo, let us denote 
by Diff^^([o, b[) the subset of Diff'^([a, b[) formed by the elements / such that f{x) ^ x 
for all x€]a,b[. For simplicity, we let oo — 1 = oo. 

Theorem 4.1.11. For every f € Diff'j:^([0, 1[) there exists a unique vector field Xf on 
[0, 1[ without singularities in ]0, 1[ satisfying: 

(i) Xf is of class C"^ on ]0, 1[ and of class on [0, 1[; 

(ii) if f^ = {f^- 1 gM.} is the flow associated to this vector field, then f^ = f; 

(iii) the centralizer of f in Diff^([0, 1[) coincides with /*. 

This theorem is particularly interesting if the germ of / at the origin is non hyperbolic, 
since otherwise we may use Sternberg's linearization theorem. Actually, in the hyperbolic 
case, the claim before Example 3.6.4 allows extending Theorem 4.1.11 to class 0^+"^ for 
every t>0. 

Exercise 4.1.12. Given A < 0, consider a vector field X = q-^ on [0, 1] such that for every 
X small enough one has q{x) = Aa;(l — 1/ log(a;)). Prove that X is not lineaxizable, that is, 
there is no diffeomorphism conjugating X to its linear part Aa;^ (compare Exercise 3.6.4). 
Hint. Show that if / is the time 1 of the flow associated to X, then 

for all X near the origin. Using this, show more generally that / is not conjugate to its linear 
part by any bi-Lipschitz homeomorphism. 

We will give the proof of Theorem 4.1.11 only for the case r = 2 (the extension to bigger 
r is straightforward). First notice that we may assume that f{x) > x for all x g]0, 1[: 
the vector field associated to a diffeomorphism which is topologically contracting at the 
origin may be obtained by changing the sign of the vector field associated to its inverse. 
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Lemma 4.1.13. Let f : [0,1[— > [0, 1[ be a diffeomorphism such that f{x) > x for 
every xejO, 1[. If X{x) = q{x)-§^ is a vector field on [0, 1[ and aG]0, 1[, then X is 
associated to f if and only if the following conditions are satisfied: 

(i) the function g is strictly positive on ]0, 1[; 

(ii) for every x G [0, 1[ one has Q{f{x)) = f'{x)g{x); 

(iii) one has jf^''^ ^ = 1. 

Proof. The first two conditions are clearly necessary. Concerning the third one, notice 
that if X is associated to /, then for every t > we have 



dtj^ 



ds _ df\a) 1 _ ^ 



q{s) dt Q{f*{a)) 

Thus, 



/ 



f'^^^ ds_ _ 



which implies (iii) by letting t = 1. Conversely, if condition (ii) is satisfied, then one easily 
checks that for every a;e]0, 1[ the derivative of the function x i— > j/^^'' ^jy is identically 
equal to zero. Hence, for every a;e]0, 1[, 

rm ds ff'"^ ds 



Jx Qis) Ja 



Therefore, if we denote by / the diffeomorphism obtained by integrating X up to time 
1, then /(0) = /(0)=0, and for all x€]0, 1[ one has 



1 = 



n^) ds /-^(^^ ds 



8{s) g{s) ■ 

Prom this one easily concludes that / = /, that is, X is associated to /. □ 

To construct the vector field X, we begin by considering the "discrete difference" 
A = Af defined by A(x) = f{x) — x. Although A(/(a;)) and /S.{x)f'{x) do not coincide, 
the "error" has a nice expression. Indeed, if we define 



1 

f'{x + tA{x))dt 



(4.5) 



e(a;) = e/(a;)=log(/'(a;))-log 
then from the equality 

f{x) = f{x) + A{x) t f'{x + tA{x))dt 
Jo 

it follows that 

A(/(a;)) exp(e(a;)) = A{x)f'{x). (4.6) 
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For later estimates we will further use the second order Taylor series expansion 

fix) = fix) + Aix)fix) + A(x)2 /V - t)f"{x + tAix))dt, 

Jo 

which allows checking the equality 

&ix) = log (^1 - - t)f"{x + tAix))dt^ . (4.7) 

The function g corresponding to X will be obtained by multiplying A by the sum 
of the successive errors under the iteration, modulo some normalization. To be more 
concrete, let us formally define a function S by letting S(0) = and, for xg]0, 1[, 

S(a;) = ^e(r"(a;)). 

This function satisfies the formal equality 

S(/(a;)) = E(a;) + e(a;). (4.8) 

Therefore, if we define the field Yix) = A(a;) exp(E(x))^, from (4.6) and (4.8) one 
concludes that 

Yifix)) = Aifix)) exp(l](/(x))) ^ = exp (e(x) + E(a;)) ^ = /'(x)y (x). 

The vector field X will be then of the form X = cY for some normalizing constant 
c = c(/) for which 



J a 



X{s) 

Remark that the condition imposed by this equality corresponds to 

'•■^("^ dx 

A(a;)exp(E(x))' 



(4.9) 



Suppose that /'(O) > 1, and denote A = /'(O). For a one has E(a;) ~ for a; < /(a), 
and 

A(x) = X - 1^ ~ xiX - 1). 

Hence, according to (4.9), we must have 

f-'^^") dx [^^"-^ dx _ log(/(a)/a) log(A) 



J a 



A(x) exp(E(a;)) a;(A - 1) A-1 A-1' 



and therefore the appropriate choice is c(/) log(A)/(A — 1). When A tends to 1, this 
expression converges to 1, and thus in the case /'(O) = 1 the normalizing constant to 
be considered should be c(/) = 1. We will now verify that the definition we have just 
sketched is pertinent and provides a vector field associated to /. 
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Proposition 4.1.14. Let f be a diffeomorphism satisfying the hypothesis of Lemma 
4.1.13. If we define X = g-^ by = c(/)A(a;) exp(S(a;)), then X is a vector field 
associated to f. 

Proof. We need to show three claims: the vector field X is well-defined (in the sense 
that the series defining the function S converges), it is of class on [0, 1[, and / is the 
time 1 of the flow associated to it. 

First step. The convergence of 

Since / is of class C"^, for each xG]0, 1[ there exists y = y{x) G [x, f{x)] such that 



^ f'{x + t/^{x))dt = f'{y). 



'0 

From this equality and (4.5) one deduces that 

|e(a;)| = I log(/'(a;)) - log(/'(t/))| < C\y - x\ < CA{x), 

where C is the Lipschitz constant of the function log(/') on [x, f{x)] (which equals the 
supremum of the function |/"|/|/'| on this interval). One then concludes that the series 
corresponding to S(x) converges for every a;e]0, 1[. Moreover, \T,{x)\ < Cx, which implies 
that the function S extends continuously to [0, 1[ by letting S(0) = 0. 

Second step. The differentiability of q. 

To show that g is differentiable at the origin, it suffices to notice that 

lim ^ = c limexp (E(t)) lim ^ = cA'(O) = log(A). 

To check the differentiability at the interior we will use an indirect argument. Denoting 
by Lx the Lie derivative along the vector field X, from the relation g(^f{x)) = Q{x)f'{x) 
it follows that Lx(0 o f~^) = (LxQ) ° f~^- Now from (4.7) it is easy to conclude that, 
for some constant C > 0, 

gix) e'{x) <C A{x). 

Therefore, the series X]„>o(^^0)°/~" converges, and its value equals Lx(S)(a;). This 
shows that S, and hence X, is of class on ]0, 1[. Moreover, for every x e]0, 1[, 



A'(x) ^ V- 

n>0 



Letting x go to the origin, one readily concludes from this relation that g'{x) converges 
to c A'(0) = log(A), which shows that X is of class on the whole interval [0, 1[. 

Third step. The time 1 of the flow. 

We need to check that condition (iii) holds for every x<e]0, 1[. Now, as we have 
already seen in the proof of Lemma 4.1.13, the equality g{f{x)) = g{x)f'{x) implies that 
the function x i— » f'^'^'' -7^ is constant. 
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Suppose first that / is tangent to the identity at the origin, that is, A = 1. In this 
case, one has A'(0) = 0. Hence, for every e > there exists 6 > such that, if a < 6 
and t e [a, f{a)], then 



\A{t)-A{a)\<e{t-a), 



l-e< 



exp(S(i)) 



<l + e. 



The first of these inequahties impfies that \A{t) — (/(a) — a)\ < s{b — a), whereas the 
second one gives 

A{t) 



Q{t) 



1 



One then obtains, for a < 5, 



< e. 



du 1-e 

> 



f — (^ - ) f 

du 



du 1 + e 



/ — -< l+£ / 



Nevertheless, since the function x i— > //^^^ ^fy is constant, letting a go to the origin as 

£ goes to zero one deduces that this constant equals 1. 

Suppose now that A > 1. In this case, A'(0) = c — 1, and hence for t small one has 



|A(i) -i(c- 1)1 <£t, 



\A(t) 



1 



< £. 



From this it follows that 



l + £ 



ds 



1 + e 



AA(,s) 



< 



A(c-l-£) a 

1 + e log(c + e) 



A{s) 
l + £ 



ds 1 + e 

< 



S{a) 



ds 



log 1 



A A (c - 1 - e)s 
, A(a)- 



A c-l-e 
Passing to the limit this yields 



+ 



A(c - 1 -e) 
log(c + e) c — 1 



/■/(«) 

J a 



ds 



log(c) c — 1 — e 



< 1. 



A similar argument shows the opposite inequality, thus concluding the proof. 



□ 



Exercise 4.1.15. Show that if the original diffeomorphism is of class 0^+^'^, then the preceding 
construction provides us with a Lipschitz vector field associated to it. 

We leave to the reader the task of checking that, if the diffeomorphism / is of class 
C for some r > 2, then the associated vector field X is of class on ]0, 1[. However, 
X may fail to be twice differentiable at the origin. Moreover, if / is a diffeomorphism of 
the interval [0, 1], then the vector field X defined on [0, 1[ extends continuously to [0, 1] 
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by letting X{1) = 0, but this extension is non difFerentiable in "most of the cases" (see 
[251, Chapters IV and V] for more details on this; see also [74]). Anyway, the uniqueness 
and the smoothness of X allows establishing an interesting result of regularity for the 
conjugacy between diffeomorphisms. 

Proposition 4.1.16. Let r > 2, and let /i,/2 be C diffeomorphisms of an interval 
which is closed at least from one side. If fi , /2 have no fixed point in the interior of 
this interval, then the restriction to the interior of every (if any) diffeomorphism 
conjugating them is a C" diffeomorphism. 



4.1.4 Denjoy counterexamples 

The regularity (J^+^^p (or 0^+'^"'') is necessary for many of the dynamical results of 
the preceding chapter, as well as for some of the algebraic results of this on(\ B(^forc 
passing to the construction of "counterexamples" to some of them, we need to recall the 
notion of modulus of continuity. 

Definition 4.1.17. Given a homeomorphism ui : [0, 1] — > [0, w(l)], we say that a function 
ip: [0, 1] is w-continuous if there exists C gR such that, for every x ^ y in [0, 1], 

Let us denote the suprcmum of the left-side expression by jlV'llwj and let us call it the 
C^-norm of ^jJ. The main interest on the notion of w-continuity comes from the obvious 
fact that every sequence of functions tpn defined on [0, 1] and such that 

SUpllV'nila; < 00 

is equicontinuous. In a certain way, having a uniformly bounded modulus of continuity 
for a sequence of functions is a kind of quantitative (and sometimes easy to handle) 
criterion for establishing equicontinuity. 

Example 4.1.18. For uj{s) = s'^ , where < r < 1, the notions of w-continuity and r-H61der 
continuity coincide. 

Example 4.1.19. For a;(s) = s, the notion of w-continuity corresponds to that of Lipschitz 

continuity. 

Example 4.1.20. Given e > 0, let w = uie be such that We(s) = s[log(l/s)]'^+^ for s small. If 
a map is We-continuous, then it is r-continuous for every < r < 1. Indeed, one easily checks 
that 

slogl-j < Cc,ts'^ , where Ce,r = —^^ 

Notice that the map s i-^ slog(l/s)^^^ is not Lipschitz. Therefore, We-continuity for a function 
does not imply that the function is Lipschitz. 

Example 4.1.21. A modulus of continuity a; satisfying w(s) = l/log(l/s) for every s small is 
weaker than any modulus s i— » s'^, where r > 0. 
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For our construction, one of the main problems will consist in controlling the modulus 
of continuity for the derivatives of maps obtained by fitting together infinitely many 
diffeomorphisms defined on small intervals. To do this, the following elementary lemma 
will be quite useful. 

Lemma 4.1.22. Let {In ■ n E N} be a family of closed intervals in [0, 1] (resp. in ) 
having disjoint interiors and such that the complement of their union has zero Lebesgue 
measure. Suppose that ip is a homeomorphism of [0, 1] such that its restrictions to each 
interval /„ are C^^'^ diffeomorphisms which are -tangent to the identity at the end- 
points of In and whose derivatives have uj-norms bounded from above by a constant C. 
Then ip is a C^"'"'^ diffeomorphism of the whole interval [0,1] (resp. ofS^), and the 
co-norm of its derivative is less than or equal to 2C. 

Proof. Wc will just consider the case of the interval, since that of the circle is analogous. 
Let a;<y be points in U„gN/„. If they belong to the same interval /„ then, by hypothesis. 



uj{y — x) 



< C. 



Now take x & li = [xi, yi] and y Ij — [xj, yj], with yi < Xj. In this case wc have 



Lj{y-x) 



{^'{y)-l) + {l-^'{x)) 



< c 



oj{y - x) 

^(.y-xj) ^ uj{yi - x) 
u{y - x) uj{y - x) 



< 



'p'{y)-f'{xj) 



u}{y - x) 
< 2C. 



'p'{y^)-v'{x) 



u){y - x) 



The map xi-^ip'(x) is therefore uniformly continuous on the dense subset Unenlm and 
hence extends to a continuous function defined on [0, 1] whose derivative has C"-norm 
bounded from above by 2C. Since / \ U„gN-fn has zero measure, this function must 
coincide (at every point) with the derivative of if. □ 



Because of the lemma above, it would be nice to dispose of a "good" family of diffeo- 
morphisms between intervals. 

Definition 4.1.23. A family {(Pa,b'- [0,(i]^ [0:^]; « > 0, b > 0} of homeomorphisms is 
said to be equivariant if cpb^c o 'Pa,b = ^Pa,c for all positive a, 6, c. 

Given an equivariant family and two intervals J=[xi, a;2] and J=[t/i, 2/2], let us denote 
by ifi{I, J): I^J the homeomorphism defined by 

Lp{I,J){x) = '^x^-xi,y^~yi{x - Xi) + t/i . 

Notice that ^{1,1) must coincide with the identity. 

Perhaps the simplest equivariant family of diffeomorphisms is the one formed by the 
linear maps ipa,b{x) — bxja. Nevertheless, it is clear that this family is not appropriate 
for fitting maps together in a smooth way. To overcome this difficulty, let us introduce 
a general procedure for constructing equivariant families. Given a family of homeomor- 
phisms {}Pa '■ ]0, a[— > M; a > 0}, let us define ipa,b = Vb^ ° '■ ]0, a[— »]0, b[. We have 

<P6,c O <fia,b = iVc^ O <Pb) O ifb^ ° fa) = <fic^ ° <fia = 'Pa,c- 
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Thus, extending ipa,b continuously to the whole interval [0,a] by setting 950,5(0) = 
and ipa,b{<i) = i>, we obtain an equivariant family. For some of our purposes, a good 
equivariant family is obtained via this procedure using the maps ■ ]0,a[— > M defined 
by 

<^„(x) = --ctg(— j. (4.10) 

The associated equivariant family was introduced by Yoccoz. The elements of this family 
satisfy remarkable differentiability properties that we now discuss. 
Letting u = <fia{x), we have 



Notice that if a; ^ (resp. x a), then u —00 (resp. u +00) and (p'^ ^(a;) 1. 
Therefore, the map ipa,b extends to a diffeomorphism from [0, a] into [0, b] which is 
tangent to the identity at the endpoints. Moreover, for a>b (resp. a<b), the function 
attains its minimum (resp. maximum) value at w = 0; this value being equal 



to b /a , we have 



sup |<^;,(,(x) - 1| 

xe[0,a] 



4-1 



For the second derivative of ipa,b we have 

\2u{ir + l/lr) - 2ii{ir + 



' dx ' 



du 



= TT 



l/a2 



(^2 + 1/62)2 



2u 



(u2 + 1/62)2 

u' + l/a' |2m(1/62_ l/a2)| 



1/62 



1/62 



From this it follows that ^pa.b is a diffeomorphism satisfying f'^i,{Q) = fabi^) ~ 



The inequality 



2\u\ 



< J applied to t = 1/6 yields 



|<^a,6(a;)| < TT- 



l/o2 



1/62 



1 

62 



b. 



For a < b, this implies that 



62 /62-a2 



a262 



b = 



■Kb ( 6' 



Hence, if a < 6 < 2a then 



|<6(^)| <67r 



- 1 



Analogously, if 26 > a > 6 then 

k»i<^(i-5)=s^'' 



- - 1 



- < 47r 




^-1 
a 
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Therefore, in both cases we have 



Kfe(2;)| <67r 



1 



(4.11) 



The last inequality together with the exercise below show that the family of maps (fia,b 
is nearly optimal. 

Exercise 4.1.24. Let (p: [0, a] — > [0,6] be a difFeomorphism. Suppose that (p'{0) = (p'{a) = l. 
Show that there exists a point s€]0, o[ such that 

\'P (s > 1 

' a a 

With the only exception of Exercise 4.1.29, in what follows the notation (fia,b and cpi^j 
will be only used for denoting the maps in Yoccoz' family. Without loss of generality, we 
will suppose that the function s i-^ lu{s)/ s is decreasing. (Notice that the moduli from 
Examples 4.1.18, 4.1.20, and 4.1.21, may be modified far from the origin so that they 
satisfy this property.) Under this assumption we have the following. 

Lemma 4.1.25. If a > and b > are such that a/b < 2, b/a < 2, and 



- 1 



1 



u!{a) 



<C, 



then the C^-norm of (p'^ ^ is less than or equal to dwC. 
Proof. According to (4.11), for every x G [0, a] one has 

For every y < 2; in [0, a] there exists x G [y, z] satisfying ip'^ ^{z) — ^p'{y) = <fi'^ bi^)i'^ ~ v)- 
Since the function s ^ uj{s) / s ]s decreasing and z—y<a, this implies that 



U){Z - y) 
which shows the lemma. 



l<Pa,fc(a;)| 



V 



Lo{z - y) 



uj{a) 



< 6ttC, 



□ 



On the basis of the preceding discussion, we can now give a conceptual construction 
of the so-called Denjoy counterexamples {i.e., we can give a proof of Theorem 3.1.2). 
The method of proof will be used later on for smoothing many other group actions on 
the interval and the circle. 



Proof of Theorem 3.1.2. Slightly more generally, for all e > 0, every irrational angle 

6, and every fc G N, we will exhibit a C^^'^" circle diffeomorphism with rotation number 
whose derivative has C^^-norm bounded from above by 2/[log(fc)]^/^. To do this let us 
fix a;o e S^, and for each nGZ let us replace each point a;„ = Rg{xo) of its orbit by an 
interval /„ of length 

i = I 

" (|n|+fc)[log(|n|+fc)]i+^/2' 
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The origincil rotation induces a honiconiorpliisni h — of a circle of length, ij^ — ^nGZ 
be letting Ro{x) = <^(J„, /„+i)(a;) for x G In and by extending continuously to S^. We 
now check that Ro is a diffeomorphism satisfying the desired properties. For this, we 
need to estimate the value of expressions of type 



1 



(4.12) 



We will make the explicit computations for n > 0, leaving the case n < to the reader. 
Expression (4.12) equals 



{n + k)[\og{n + k)] 



l+s/2 



1 



(n + fc)[log(n + /c)]i+=/2 



{n + k+ l)[log(n + k + l)]i+'^/2 
which is bounded from above by 

{n + k)[\og{n + k)]^+^/^ 



[log(n + fc) + (1 + e/2) loglog(n + k)^ 



{n + k + l)[log(n + k + l)]i+'^/2 



k 



[log(n + fc)]^/2 



By applying the Mean Value Theorem to the function s i-^ s[log(s)]^+^/2^ -^q obtain the 
following upper bound for the latter expression: 



[log(n + fc + l)]i+^/2 + (1 + £/2)[log(n + k + 1)]^/^ 
[log(n + fc + l)]i+^/2 [log(n + fc)]^/2 



< 



[log(n + fc)]^/2 ■ 



The diffeomorphism h that we constructed acts on a circle of length £k ~ 2/e[log(fc)]^/^. 
Therefore, to obtain a diffeomorphism of the unit circle, we must renormalize the circle, 
say by an afiine map (p. Notice that this procedure does not increase the C"^-norm for 



the derivative. Indeed, from the equality R'g ^ {(pohoip i)' 
deduces that 

\R'o{x) - R',{y)\ 



{h' o ip ^) • Lfe one 



We(k-y|) 



< 



u;e(|^-i(x)-^-i(y)|) 

\h'{^-\x))-h'{^-Hy))\ 



Wr{ X ■ 



y\) 



< 



u;,{\^-^{x)-^-^y)\) ^ [log(fc)]-/2' 
where the first inequality comes from the fact that is increasing and £fc < 1. 



□ 



The preceding construction might suggest that there exist Denjoy counterexamples 
for any modulus of continuity for the derivative weaker than the Lipschitz one. However, 
there exist subtle obstructions related to the Diophantine nature of the rotation number 
which are not completely understood: see [114, Chapter X] for a partial result on this. 

Exercise 4.1.26. Show that there is no Denjoy counterexample of class C^^'^" whose derivative 
is identically equal to 1 on the minimal invariant Cantor set, where u)o{s) = slog(l/s) (compare 
Lemma 3.1.3 and the argument before it). 

Remark. It seems to bo unknown whether the claim above is still true without the hypothesis 
on the derivative over the invariant Cantor set. Actually, the general problem of finding the 
weakest modulus of continuity ensuring the validity of Denjoy's theorem seems interesting. 
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We would now like to use the preceding technique for constructing smooth actions 
on the circle of higher-rank Abelian groups with an exceptional minimal set. However, 
Proposition 3.1.3 suggests that we should find obstructions in differentiability classes less 
than C^+^'P. Indeed, this will be the main object of the next section where we will show, 
for instance, that for every d > 2 and all e > 0, every free action of Z'' by C'^+'^M+^ 
circle diffeomorphisms is minimal.^ According to [236] (see also [237]), the hypothesis 
£ > should be superfluous for this result. More generally, the theorem shoiild be true 
for actions by diffeomorphisms with bounded d-variation (c./., Exercise 4.1.32). Here we 
will content ourselves with showing that, in regularity less than C^+^Z*^, this result is no 
longer true. 

Proposition 4.1.27. For every e > and every positive integer d, there exist free 
7/-actions by Q'^+V'^-e (.ij-dp diffeomorphisms admitting an exceptional minimal set. 

Proof. Notice that the case d=l corresponds to Theorem 3.1.2. However, the con- 
struction involves simultaneously all the cases, and produces examples of groups of circle 
diffeomorphisms of class C"'^"'"", where uj{s) = s^/'^ [log(l/s)]^/'^+'^. 

Let us begin by fixing a rank-d torsion- free subgroup of S0(2,R), and let 9\,. . .,9d 
be the angles of the generators. Let m > d — 1 be an integer number and p a point in S^. 
For each . . . ,14) € Z"^ let us replace the point ii^l^ • • • Rg'^{p) by an interval of 
length 

I, , = I 

(|n| + • • • + \id\ + m)' [log(Ki| + • • • + \id\ + m)] 

This procedure induces a new circle (of length 1^ < 2'^/e[log(m)]'^(d — 1)!), upon which 
the rotations Re^ induce homeomorphisms fj satisfying, for every x G 

fj{x) = <fi{In,...,i^,...,id,In,...,i+i^,...,ij^){x). 

By the equivariance properties of the (/?(/, J)'s, these homeomorphisms fj commute be- 
tween them. The verification that each fi is of class C^+" is analogous to the proof 
of Theorem 3.1.2, and we leave it to the reader. Finally, notice that by renormalizing 
the circle and letting rn go to infinity, each fi converges (in the 0^+^^ topology) to the 
corresponding rotation Ro. . □ 

An analogous procedure leads to counterexamples to Kopell's lemma. Slightly more 
generally, for each integer d> 2 and each e > 0, there exist (j^+Vid-i)-e diffeomorphisms 
/i, . . . , /d of [0, 1] and disjoint open intervals Ini,...,na disposed in ]0, 1[ according to the 
lexicographic ordering so that, for every (m, . . . , n^) eZ** and every j e {1, . . . , d}, 

fji-^ni,...,nj,...,nd) ~ Aii,...,nj — l,...,7i<j- 

To construct these; diffciomorphisms, a natural procedure goes as follows. Given an integer 
m > d — 1, for each («i, . . . , i^) e Z'^ let 

1 



(Nil + • • • + \id\ + [log(|zi| + ■■■ + + m)]^+^ 



Actually, a stronger result holds; Every free Z'^-action by circle diffeomorphisms is minimal provided 
that the generators fi, i & {1, . • . , d}, are respectively of class C^+'^» , and ti -) h > 1 (see [139]). 
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Let us inductively define = Sjjez^n,-,»3-i,»r Let [xi^,...,ij,...,i^,yii,...,ij,...,ia] 

be the interval whose endpoints are 

i'i<il i'2<i-2 ^d^*"* 



j,...,id ^" ^il----,id^ 



and let be the diffeomorphism of [0, 1] that restricted to each [xi^^, 
coincides with 



>2/ii,. 



id J y*! , 



Using some of the estimates in this section, one readily checks that the obtained fj 's are 
of class C^+'^, where u){s) = s^^'^ [log(l/s)]^/'^+^. In particular, these maps are C^+V<i-^ 
diffeomorphisms. However, notice that, by this method, we have not achieved the optimal 
regularity C^+y^'^~^)~^ that we claimed. Actually, a direct consequence of Proposition 
3.1.3 is that by this procedure it is impossible to reach the class C^+^/'^. To reach the 
optimal regularity ci+V(<i-i)-e^ jt is necessary to avoid many of the tangencies to the 
identity of the maps. To do this we will use the original technique by Pixton [200], 
following the brilliant presentation of Tsuboi [236] . 

Let X = Q ^ he a G°° vector field on [0, 1] satisfying |£i'(a;)| < 1 for all x e [0, 1], 
and such that q{x) = x for every [0,1/3], and q{x)=Q for every [1/2, 1]. Let 
(p*(a;) be the flow associated to X, that is, the solution of the differential equation 



d<p*{x) 
dt 



{x) = q{^*{x)), ip°{x)=x. 



For every positive a, 6 and each t > 0, the diffeomorphism x bip*{x/a) sends the 
interval [0, a] onto [0, 6]. Moreover, its derivative is identically equal to b/a in [a/2, a], and 
equals be* /a at the origin. Given a' <0<a and 6' < < 6, let us define a diffeomorphism 

ft'S'- [0.«] ^ [0.''] by letting 



Notice that for every c' < < c one has the equivariance property 



6', 6 a\a 
Vc',c ° Vb',b 



a ,a 



(4.13) 



which is analogous to that in Definition 4.1.23. Nevertheless, the fact that in the family 

{95^,'^} four (and not only two) parameters are involved allows obtaining a better control 
for the modulus of continuity of the derivatives (with the mild cost of having to suppress 
the tangencies to the identity at the endpoints). 

Lemma 4.1.28. Letting C = supj^^jQ j^j g"{y), for every x € [0,a] one has the inequality 



< 



C 



b'a 



(4.14) 
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Proof. Prom dip^{x)/dt = Q[(fi*{x)) one concludes that 



dt dx 



and hence 



dx ^ ' dx 

'd(p*\^ ^ dg ^ 



On the other hand, from |£>'(a;)| < 1 it follows that 



(4.15) 



ay.* 



and therefore 



dx 



{x) < e\ 



(4.16) 



Since 



using (4.15) and (4.16) we obtain 

r\ a . 



d_ 

dx 



-) 



log{b'a/a'b) ^ q 



dt dx 



dx J a 



losib' a/a'b) g^^ / d>/\ X. V /^x 

dxdt °^\dx J^J ' dt 



I d-x/xi^V)-itk^'' 



dt 



and hence 



\og{b'a/a'b) 



e*dt 



C 

a 



l/a 



□ 



Notice that 

'(0) = -.cxp(log(6 a/a 6)) = -, ^(a) = -. (4.17) 

Therefore, the diffeomorphisms 93^, are not necessarily tangent to the identity at the 
endpoints. This allows fitting togc;ther them with certain freedom. A careful choice of 
the (infinitely many) parameters a' < and b' <0 will then lead to the optimal regularity. 
In what follows, we will just sketch the (quite technical) construction of commuting 
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difFcomorphisms of the interval which arc C^~^ counterexamples to KopcU's lemma. For 
the general case of Z'^-actions on the interval we refer to [236] (see also [129]). 
Let us fix e N and e > 0, and for each pair of integers m, n let 

i = I 

(|m|2 + |n|2 + fc2)i+^ 

Let {Im.n = [xm,n,ym,n]} bc & family of intervals placed inside a closed interval / re- 
specting the lexicographic ordering and so that their union has full measure in /, with 
\Im,n\ = ^m,n- Define two homeomorphisms f,goiI by letting, for each x e Im,n, 

g{x) = Vi^' ^_2.i^' „_i ("^ Xjn.n) + '^m.n— 1 ■ 

Properties (4.13) and (4.17) imply that / and g are commuting diffeomorphisms of 
/. Using (4.14), the reader should be able to check that / and g are actually C^~^ 
diffeomorphisms, where e' > depends only on e > and goes to zero together with e. 
However, we must warn that this is not an easy task, mainly because of the absence of 
an analogue to Lemma 4.1.22 for this case: see [236] for the details. 

Exercise 4.1.29. Slightly abusing of the notation, define ipa.t '■ [0, a] [0,6] by letting 
ipa,bix) — <fi_\'l/2(^) ^^'-^ 'Pa,bix) = b — (p_^''^j'^(x) for X in [a/2, a] and [0,a/2], respectively. 
Check that {^a,b} is an equivariant family of diffeomorphisms tangent to the identity at the 
endpoints which satisfy (compare inequality (4.11)) 

— I- - ll 
alb I 



9 , (d^pa,b\, . 



4.1.5 On intermediate regulcirities 

The next result (obtained by the author in collaboration with Deroin and Kleptsyn in 
[65]) may be considered an extension (up to some parameter e > 0) of Denjoy's theorem 
for free actions of higher-rank Abelian groups on the circle. We ignore whether, under 
the same hypothesis, the corresponding actions are ergodic (compare Theorem 3.5.1). 

Theorem 4.1.30. If d is an integer greater than or equal to 2 and e>0, then every free 
action of by C^+V^+e (.^j-f^i^ diffeomorphisms is minimal. 

Before giving the proof of this result, we would like to explain the main idea, which is 
inspired by the famous Erdds principle and shows once again how fruitful the probabilistic 
methods are in the theory. Suppose for a contradiction that / is a wandering interval 
for the dynamics of a rank-2 Abelian group of C^^"^ circle diffeomorphisms generated by 
elements gi and (?2- Letting No = N U {0}, the family 

{9T92{I) ■■ (m, n) e No X No, m + n < fc} 
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consists of (k + l)(fc + 2)/2 intervals. Since these intervals are two-by-two disjoint, we 
should expect that, "typically", their length has order Hence, for a "generic" 

random sequence I,hi{I),h2{I) ■ ■ ■, where either = gihn or hn+i = g2hn, for 

T > 1/2 we should have 

fe>i fe>i 

Now notice that the left-side expression of this inequality corresponds to the series which 

allows controlling the distortion for the successive compositions. More precisely, if this 
sum is finite, then Lemma 3.2.3 should allow us to find elements with hyperbolic fixed 
points, thus contradicting the hypothesis of freeness for the action. 

To formalize the idea above, we need to make the random nature of the compositions 
more precise. For this, let us consider the Markov process on No x No with transition 
probabilities 

p{{m,n) ^ {m + l,n)) = ^ ^ „ , p((m, n) -» (m, n + 1)) = — " ~^ „ ■ (4.18) 

rn + n + 2 ^ ' rn + n + 2 

This Markov process induces a probability measure P on the corresponding space of 
paths O. One easily shows that, starting from the origin, the probability of arriving at 
the point (m, n) in k steps equals l/(fc + 1) (resp. 0) if m + n = k (resp. m + n ^ k). 



n > m =^ 
p((m, n) (m, n + 1)) > | 



; 


L 1 








3/4' 








p{{m,n 


1 

2/3 


1/4 

2/4 








1/2^ 


1/3 .■■ 

.■1/3 
^ * 


2/4 

1/4 







(0,0) 1/2 2/3 3/4 



Figure 21 



To prove Theorem 4.1.30 in the case d = 2, lot gi and 52 be two commuting C^^"^ circle 
diffeomorphisms generating a rank-2 Abelian group. The semigroup r+ generated by gi 
and 52 identifies with Nq x No; therefore, the Markov process already described induces 
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a "random walk" on F"*". In what follows, wc will identify Q with the corresponding 
space of paths over r+. For every ui £ ^ and all n G N, we denote by hn{co) G r+ 
the product of the first n entries of w. In other words, for ui = {gi^iQi^, ■ ■ ■) S we let 
hn{uj) = (ji„ ■ ■ ■ fjii (where gi. equals either gi or 92), and wc let hQ{uj) = id. 

If the action of F = ((71,52) ~ is free then, by Holder's theorem and §2.2.2, the 
restriction of the rotation number function to F is a group homomorphism. This implies 
that the rotation numbers p{gi) and p{g2) arc independent over the rationals, in the 
sense that for all (ro,ri,r2) G Q*^ distinct from (0,0,0) one has r\p{g\) + r2p{g2) 7^ 
ro- Indeed, otherwise one could find nontrivial elements with rational rotation number. 
These elements would then have periodic points, and since they are of infinite order, this 
would contradict the freeness of the action. 

Now suppose for a contradiction that the action of F is non minimal. In this case, 
there exists a minimal invariant Cantor set for the action. Moreover, every connected 
component / of the complement of this set is wandering for the dynamics. 

Lemma 4.1.31. If t > 1/2 then the series iriu)) = J2n>o\^i^i^)i^)\^ converges for 
f -almost every w G f2. 

Proof. We will show that, if t > 1/2, then the expectation (with respect to P) of the 
function (.^ is finite, which obviously implies the claim of the lemma. For this, first notice 
that since the arrival probabilities in k steps are equally distributed over the points at 
simplicial distance k from the origin. 



k>Q 

By Holder's inequality. 



fe>0 



fc>0 m+n—k 



\gTgW)[ 

k + l 



j2 l.9r.92 wr ^ 



m-\-n=k 

and hence 



k + l 



E 15^52(^)1 [{k + l) 



Km-\-n=k 



(fc + 1)1/(1- 



Wr) < E 



fe>0 



{Em+n=k\9T9Ul)\y 

{k + iy 



By applying Holder's inequality once again we obtain 



Since r > 1/2, the series 



E \9TgUi)\ 

(m,n)eNoxNo 



^ ( h.r 



E 

fe>i 



k>l 



1 



1-r 



S hT/(l 



fe>l 



A;^/(i-^) 



converges, and since the intervals of type g\^g2{I) are two-by-two disjoint, this shows 
the finiteness of E(£t-). □ 
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Exercise 4.1.32. Given a > 0, we say that a function ijj has bounded a-variation if 

n 

sup li^jaj) - ^(ai-i)|" < oo- 

ao<ai<...<an 

Suppose that gi and 32 are commuting circle difTeomorphisms which generate a rank-2 AbeHan 
group acting freely and non minimally. Let x,y he points in a connected component of the 
complement of the minimal invariant Cantor set. Prove that if g'l and g'2 have bounded a- 
variation for some a < 2, then the function Vx,y : f2 — > R defined by 

K,j,H = X^|5i(,+i(/ifcH(a;))-ff^j,_^i(/ifc(a;)(j/))| 

A:>0 

has finite expectation. 

From Lemma 4.1.31 one deduces that, if > is big enough, then the probability of 
the set fl{S) = {w € fi: £t{^) < S*} is positive (actually, P[f7(5')] converges to 1 as S goes 
to infinity). Fix such an S'>0, and let £ = i{T, S, {gi, §2}) be the constant of Lemma 
3.2.3. Let us finally consider the open interval L' of length \L'\ = £ which is next to / 
by the right. We claim that 

P[w e O: hn{uj){I) t L' for all n e N] =0. (4.19) 

To show this, recall that the action of F is semiconjugate, but non conjugate, to an action 
by rotations. Therefore, if we "collapse" each connected component of the complement 
of the minimal invariant Cantor set A, then we obtain a topological circle on which 
gi and 92 induce minimal homeomorphisms. On the other hand, the interval L' becomes 
an interval U of non-empty interior in S^. Since the rotation numbers of 171 and 52 are 
irrational, there must exist e N so that, after collapsing, gf^(C/), . . . ,g^^{U) cover 
S\, and the same holds for g2^{U), . . . ^g^^ {U). On the original circle this implies 
that, for every connected component /q of \ A, there exist n\ and n2 in {1, . . . , N} so 
that g'lHh) C L' and .93 '(-^0) C L' . 

From the definition of N it follows immediately that, for every integer A; > 0, the 
conditional probability of the event 

[g\hk{u){T) <t L' and g\hk{uj){I) <t L' for alH e {1, . . . , iV} ] 

given that hj{(jj){I) (f_ L' for all j G {1, . . . , fc} is zero. Remark now the following ele- 
mentary property which follows directly from (4.18): the probabilities of "jumping" to 

the right (resp. upwards) of the Markov process are greater than or equal to 1/2 imder 
(resp. over) the diagonal (see Figure 21). Together with what precedes, this implies that 

P {hk+i (w) (/) 5^ i', i e { 1 , . . . , AT} I /ij (w) (/) 5^ i', i e { 1 , . . . , A;}] 

As a consequence, for every r e N, 

P[ft„(a;)(/) ?:L',neN] < P[/i„(a;)(/) L',iG{l, . . . ,r7V}] 

from where (4.19) follows by letting r go to the infinity. 



< 1 



1 

2^' 



(4.20) 



< 
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To conclude the proof of Theorem 4.1.30 (in the case d = 2) remark that, if ujE^I{S) 
and tiGN satisfy hn{oj){I) C L', then Lemma 3.2.3 allows finding a hyperbolic fixed point 
for hn{(jj) € r+, which contradicts the freeness of the action. 

The proof of Theorem 4.1.30 for d > 2 is analogous to that given for the case d = 2: 
assuming the existence of a wandering interval, one may consider the Markov process on 
Nq with transition probabilities 

1 + ri- 

p((ni,...,ni,...,nd) — > (m, . . . , 1 + rij, . . . , n^)) = ■ — — — . 

^ ' ni H Vrid + d 

Once again, the arrival probabilities in k steps are equally distributed over the points at 
simplicial distance k from the origin. This allows controlling the distortion of almost every 
random sequence (that is, an analogous of Lemma 4.1.31 holds for t > 1/d). Moreover, 
one easily checks that each (m, . . . , n^) G Nq is the starting point of at least one half-line 
for which the transition probabilities between two adjacent vertexes is greater than or 
equal to 1 /d (it suffices to follow the direction of the i*'^-coordinate for which Ui attains 
its maximum value). This allows obtaining an inequality which is analogous to (4.20) 
(whose right-hand member will be equal to 1 — 1/d^ for some big integer N). Such an 
inequality implies property (4.19), which thanks to the control of distortion allows using 
Lemma 3.2.3 for finding elements with hyperbolic fixed points, thus contradicting the 
freeness of the action. 



Exercise 4.1.33. Show the following generalization of Theorem 4.1.30: if r > l/d for some d G N 
and r is a subgroup of DifF^''"'^(S'^) which is semiconjugate to a group of rotations and contains 
d elements with rotation numbers independent over the rationals, then the semiconjugacy is a 
conjugacy. In particular, if / is a Denjoy counterexample of class C^"'"'^, then its centralizer 
in DifF^''"'^(S^) cannot contain elements /i, . . . , fa-i such that p(/i), • • ■ , p{fd-i) and p{f) are 
independent over the rationals. 

Hint. A careful reading of the proof of Theorem 4.1.30 shows that the commutativity between 
the generators is needed only on the minimal invariant set. 

Similarly to the case of Denjoy's theorem, Kopell's lemma may be extended to the 
case of Abelian groups of interval diffeomorphisms with intermediate regularity. The 
next result was also established in [65] . 

Theorem 4.1.34. Let d>2 be an integer and e > . Let fi, . . . , fd+i be commuting 
diffeomorphisms of [0, 1[ for which there exist disjoint open intervals Ini,...,nd placed on 
[0, 1] according to the lexicographic ordering and such that, for all (ni, . . . ,nd) eZ"^ and 
all i&{\, . . . ^d} , 

fi{Ini,...,ni,...,nd) ~ -^ni,...,nj — l,...,nd) fd+l{Ini,...,nd) — -^m ,...,n<i • 

If fi, . . . , fd are of class C^+Vd.+e^ ^^g^ (^^Hq^ j^^^ ^/jg union of the intervals 

Ini,...,na trivial. 

Proof. We will only deal with the case d = 2, leaving to the reader the task of adapting 
the arguments to the general case. Let r = 1/2 + e, let us identify with No x No the 
semigroup r+ generated by the elements /i, /2 in Diff^p*"^ ([0, 1]), and let us consider 
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again the Markov process given by (4.18). If we denote / = 7o,o =]ctj^'[ and for each 
uj € fl we let 

i>0 

then the argument of the proof of Lemma 4.1.31 allows showing that, since e > 0, the 
function : O ^ R is almost surely finite. 

Let us consider a r-H61der constant C for log(/{) and log(/2) over [0, 6]. For each 
uj = {fj^ , /j2, . . .) € r2, each n, k in N, and each x&I, the equality = hk{co)~^ fshkiu)) 
implies that log ((/a coincides with 

k 

log {{m{hk{u){x))) +J2[\og (4 {hi.i{u){x))) - log (/^(/s" o hi-,{u){x)))], 

i=l 

and hence 

k 

|l0g((/3")'W)| < |l0g((/3")'(/lfeH(x)))| + Cj2h-lH{x)-f^ohi.^{w){x)\^ 

i=l 
k 

< \log{if^y{hkiu;){x)))\ + C^|/i,_i(a;)(7)r. 

i=l 

Choosing u G ft so that £t{co) = S is finite, the above inequality implies that 

I log iim'ix)) I < I log {im{hkiuj){x))) I + cs. 

Notice that the sequence (/ife(ti))(a;)) converges to a (necessarily parabolic) fixed point of 
/s (actually, for almost every e £7 this sequence converges to the origin) . Letting k go 
to infinity we conclude that | log ((/^)'(x)) | < CS. Therefore, {f^'Yix) < exp(CS') for 
all X G / and all n G N, which implies that the restriction of /a to the interval / is the 
identity. By the commutativity hypothesis, the same is true over all the intervals /ni,n2) 
which concludes the proof. □ 

Exercise 4.1.35. Prove that Theorem 4.1.34 still holds if /i, . . . , /j, fd+i arc commuting 
diffeomorphisms of the interval and the (d— e)-variation of the derivatives of /i, . . . , /d are finite 
for some e > (c./., Exercise 4.1.32). 

Exercise 4.1.36. One may give a version of Theorem 4.1.34 for which the commutativity 
liypothcsis between the fi's is weaker (compare Exercise 4.1.33). More precisely, let d > 2 
be an integer, and let fi, ■ ■ ■ ,/d+i be diffeomorphisms of the interval [0, 1[ (which do not 
necessarily commute). Suppose that there exist disjoint open intervals /m,.. .,71^+1 disposed on 
]0, 1[ respecting the lexicographic ordering and so that, for every (m, . . . , na+i) &Z''~^^, 

fi{Ini,...,ni,...,nd+i) = -'^ni ,...,114 -1,.. .,71^+1 for all i€{l, . . . ,d+ 1}. 

Prove that fi, . . . , fa cannot be all simultaneously of class C^"'"^'*"'"^ for any e > 0. 

Hint. Use similar arguments to those of the proof of Theorem 4.1.34. After establishing a 

(generic) control for the distortion, apply the technique of the proof of Proposition 4.2.12 to 

conclude. 
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The combinatorial hypothesis of Theorem 4.1.34 might seem strange. Nevertheless, 
according to [238], the actions of Z''^^ on [0, 1] satisfying this hypothesis are very interest- 
ing from a cohomological viewpoint. Notice, however, that it is not difficult to construct 
actions of U^^'^ by diffeomorphisms of the interval without global fixed points in 

the interior. To do this, let us consider for instance d diffeomorphisms /2, . . . , /d+i of an 
interval [a, 6] c]0, 1[ whose open supports are disjoint, and let /i be a diffeomorphism of 
[0, 1] without fixed point in the interior and sending ]a. h\ into a disjoint interval. Extend- 
ing /2, . • . ,/d-i-i to the whole interval [0, 1] so that they commute with /i, one obtains 
a faithful action of Z'*+^ by homeomorphisms of the interval and without global fixed 
point in ]0, 1[. Clearly, the methods from §4.1.4 allow smoothing this action up to class 
C^~^ for every £ > 0. 

It is also interesting to remark the existence of actions by diffeomorphisms of the inter- 
val which at the interior arc free but non conjugate to actions by translations. According 
to Proposition 4.1.2, such a phenomenon cannot appear in class 0^+*^^. However, using 
the methods from §4.1.4, it is possible to construct examples of Z^-actions by C^/^~^ 
diffeomorphisms of [0, 1] which are free on ]0, 1[ but do admit wandering intervals. Once 
again, the regularity C^/^~^ is optimal for the existence of these examples. The next 
result from [65] should be compared with Proposition 4.1.2 and Corollary 4.1.4. 

Theorem 4.1.37. Let T be a subgroup o/Diff^"^'^([0, 1[) isomorphic to , with r > 1/d 
and d > 2. If the restriction to ]0,1[ of the action of F is free, then it is minimal and 
topologically conjugate to the action of a group of translations. 

Proof. Once again, we will give the complete proof just for the case d = 2. Let fi 
and /2 be the generators of a group F ~ of 0^+"^ diffeomorphisms of [0, 1[ acting 
freely on ]0, 1[. Changing some of these elements by their inverses if necessary, we may 
assume that they topologically contract towards the origin. Suppose that the action of 
F on ]0, 1[ is not conjugate to an action by translations. In this simple control of 

distortion argument of hyperbolic type shows that all of the elements in F are tangent to 
the identity at the origin. Indeed, suppose for a contradiction that there exist wandering 
intervals and an element / G F such that f'{0) < 1. Fix A < 1 and cSjO, 1[ so that 
f'{x) < A for all xg[0, c[, and fix a maximal open wandering interval I=]a, b[ contained 
in ]0, c[. If we denote by L the interval [f{b), b], then 

J2 |r(i)r < i^r E = = ^- 

n>0 n>0 

Consequently, < exp(C5) for all a;,y in L, where C > is a r-Holder 

constant for log(/') over [0, c]. This estimate allows applying the arguments of the proof 
of Proposition 4.1.2, thus obtaining a contradiction.^ 

Let us now identify the semigroup F+ generated by /i and /2 with No x No, and let 
us cousidcr oucc again our Markov process on it. If r > 1/2, then the proof of Lemma 

"^Remark that this argument just uses the hypothesis r > 0. This is related to the fact that Sternberg's 
Unearization theorem still holds in class C^+^ for any positive t (see Remark 3.6.7). Indeed, since the 
eentralizer of a nontrivial linear germ coincides with the 1-parameter group of linear germs, this prevents 
the existence of wandering intervals for the dynamics we are dealing with. 
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4.1.31 shows the finiteness of the expectation of the function 



w £r{Lj) = ^ |/ife(a;)(7)| 



fc>0 

Choose a large enough S > so that the set fi(S') = {a; e f2 : iri^^) < S} has positive 
probability, and let £ = \I\/ ex.p{2^CS). The first part of the proof of Lemma 3.2.3 
shows that if /" denotes the interval which is next to I by the left and has length £, then 
for every a;, y in J = /" U I, every uj G i^{S), and every n e N, 

< eM^CS). (4.21) 

Since the interval / is not strictly contained in any other open wandering interval, there 
must exist h e T such that h{I) C /" (and hence \h{I)\ < \I\ exp(- 2^(75)). Fix an 
arbitrary point y & I. Since h'{0) = 1 and hn{io){y) converges to the origin for all 
w G ^{S), from the equality 

and (4.21) one deduces that h'{y) > exp(— 2^(75). By integrating this inequality we 
obtain \h{I)\ > \I\ exp(— 2^C5), which is in contradiction with the choice of h. □ 

Remark 4.1.38. Let fi, . . . , fd be the generators of a group F^Z'* acting freely by homeomor- 
phisms of ]0, 1[ so that the action is not conjugate to an action by translations. By identifying 
the points in the orbits of /i, the maps /2,...,/d become the generators of a rank-(d— 1) 
Abchan group of circle homoomorphisms which is somiconjugatc, but non conjugate, to a group 
of rotations: Theorem 4.1.30 then implies that the /i's cannot be all of class Qy(<^-'^)+^ ^ No- 
tice that this argument uses only tfic regularity of the /i's at the interior; in this context, the 
obstruction appears in class C^'''"'^^. However, according to Theorem 4.1.37, for interval diffeo- 
morphisms of [0, 1[ the obstruction already appears in class C^''. Obviously, the difference lies 
in the differentiability of the maps at the origin. This actually plays an important role along 
the proof. 

Exercise 4.1.39. Extend Theorem 4.1.37 to subgroups of Diff^''"'^([0, 1[) that are semiconjugate 
(on ]0, 1[) to groups of translations but do not act freely on the interior (compare Exercises 4.1.33 
and 4.1.36). 



4.2 Nilpotent Groups of Diffeomorphisms 

4.2.1 Plante-Thurston's theorems 

Given a nilpotent group F, let us denote 

{id} = r^" < Tf < rf = T 

the central series of F, that is, V^!^-^ = [r,Tf] and ^ {id}. Remark that the 
subgroup Fg'l^ is contained in the center of F. The next result corresponds to a (weak 
version of a) theorem due to Plante and Thurston [203, 204]. 
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Theorem 4.2.1. Every nilpotent subgroup ofDiS_^ ^([0, 1[) is Abelian. 

Proof. Without loss of generality, we may suppose that ]0, 1[ is an irreducible component 
for the action of F. We will show that the restriction of F to ]0, 1[ is free, which allows 
concluding the proof using Holder's theorem. Suppose for a contradiction that there 
exists a nontrivial / G F whose set of fixed points in ]0, 1[ is non-empty, and let xq G]0, 1[ 
be a point in the boundary of this set. Fix a nontrivial element g in the center of F. 
We claim that g{xo) = xq. For otherwise, replacing g by its inverse if necessary, we may 
assume that g{xQ) < xq- Let 

a' = lim g"{xo), b' = lim 5"(a;o). 

n — *+oo n — ^ — oo 

Notice that [a',6'[c [0, 1[. Moreover, the restriction of g to ]a',6'[ has no fixed point. 
Since / and g commute, each g"'{xQ) is a fixed point of /, and hence / fixes a' and b'. 
We then obtain a contradiction by applying Kopell's lemma to the restrictions of / and 
g to the interval [a', b'[. Therefore, g{xo) = xq. 

Since g was nontrivial and g{xo) = xq, the boundary in ]0, 1[ of the set of fixed points 
of g is non-empty. Fix a point xi g]0, 1[ in this boundary, and let h bo an arbitrary 
element in F. Since g{xi) = Xi and gh = hg, the same argument as before shows that 
h{xi) = Xi. Therefore, the intervals [a',a;i[ and are invariant by F, and this 

contradicts the fact that ]0, 1[ was an irreducible component. □ 

Exercise 4.2.2. Prove that Theorem 4.2.1 still holds for nilpotent groups of germs of Ci+t'^ 
diffeomorphisms of the line fixing the origin. 

Let us now consider the case of the circle. Since nilpotent groups are amenable, if 
F is a nilpotent subgroup of Diff^"*"^^(S^) then it must preserve a probability measure n 
on S^. The rotation number function g ^ p{g) is then a group homomorphism from F 
into (sec §2.2.2). If the rotation number of an element g G F is irrational, then /i is 
conjugate to the Lebesgue measure. The group F is therefore conjugate to a group of 
rotations; in particular, F is Abelian. 

Suppose now that the rotation number of every element in F is rational. In this case, 
the support of /x is contained in the intersection of the set of periodic points of these 
elements. If F is not Abelian then we can take f,g in F^lij so that h = [f,g] G F^'^^ 
is nontrivial. Notice that h is contained in tlic^ center of F; moreover, p{h) = 0, and 
hence h has fixed points. From the equality f^^g^^fg = h one obtains g~^fg = fh. 
Hence, g~^f^g = f"'h"', and through successive conjugacies by g one concludes that 

g-m-fUgm ^ fnf^mn foj. ^yi m G N. It followS that 

f^mn ^ j-ng-mjUgm (4 22) 

If Xq belongs to the support of /j. and m, n are positive integers so that xq is a fixed point 
for both /" and (/™, then (4.22) shows that h{xo) = xq- Let us consider the restriction 
to [xo,Xo + 1[ of the group generated by /", g™, and h. Since this group is nilpotent, 
this restriction must be Abelian, and hence from (4.22) one concludes that /i'"" is the 
identity over [a;o, xq + 1[. Therefore, h itself is the identity, which is a contradiction. We 
have then proved the following result. 
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Theorem 4.2.3. Every nilpotent subgroup ofDiS^^^{S^) is Abelian. 

Finally, in the case of the line we have the following result (recall that a group T is 
metabelian if its first derived subgroup T' = [r,r] is Abelian). 

Theorem 4.2.4. Every nilpotent subgroup of'DiS^^^{M.) is metabelian. 

This result is a direct consequence of Corollary 2.2.40 and the next proposition. 

Proposition 4.2.5. Let T be a nilpotent subgroup o/Diff^+'^^(R). // every element in T 
fixes at least one point in the line, then F is Abelian. 

Proof. Fix a nontrivial element g in the center of F, and let 6 be a point in the boundary 

of the set of fixed points of g. We claim that b is fixed by every element in F. Indeed, 
suppose for a contradiction that / € F is such that f{b) ^ b. Replacing / by if 
necessary, we may suppose that f{b) < b. By hypothesis, at least one of the sequences 
or (/""(&)) converges to a fixed point aeM of /. Since both cases are analogous, 
let us only deal with the first one. Notice that is a fixed point of g for every n€N, 

and hence g{a) = a. On the other hand, / has no fixed point in ]a, b[. Therefore, 
letting a' = lim„^oo .f~"{b) we obtain a contradiction by applying Kopell's lemma to the 
restrictions of / and g to the interval [a, a'[. 

The above discussion implies that every element /sF fixes the intervals ] — oo, 6] and 
[b, oo[. The conclusion of the proposition then follows from Theorem 4.2.1. □ 

It is important to point out that Theorem 4.2.4 does not mean that the nilpotence 

degree of every nilpotent subgroup of Diff^'^'^^(M) is less than or equal to 2. Actually, 
Diff!^(R) contains nilpotent subgroups of arbitrary degree of nilpotence. The following 
example, taken from [75], uses ideas which are very similar to those of [202]. 

Example 4.2.6. Let us consider a C°° diffeomorphism g : [0, 1] — > [0, 1] that is infinitely tangent 

to the identity at the endpoints (that is, g'{0) = g'{i) = 1, and all the higher derivatives at 
and 1 are zero). Let / be the translation f{x) = a; — 1 on the line. For each integer n > let 
k{n,m) = and let /i„ be the difFeomorphism of the line defined by 

hn{x) = g''''"'"'\x - m) + m for x e[m,m+l[. 

We leave to the reader the task of showing that the maps hn commute between them, and that 

[/, hn] ~ f~^h~^ fh„ = hn-i for every n > 1, while [/, /lo] — Id. One then easily concludes that 
the group r„ generated by / and ho, ■ ■ ■ , hn is nilpotent with degree of nilpotence n+1. 

Exercise 4.2.7. Using Theorem 4.2.4, show directly the following weak version of Theorem 
2.2.24: for n > 4, every action of a finite index subgroup of SL(n, Z) by C^"'"''^ diffeomorphisms 
of the line is trivial. 

4.2.2 On the growth of groups of diffeomorphisms 

Another viewpoint of Plante-Thurston's theorem is related to the notion of growth of 
groups. Recall that for a group provided with a finite system of generators, the growth 
function is the one that assigns, to each positive integer n, the number of elements that 
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may be written as a product of no more than n generators and their inverses. One says 
that the group has polynomial growth or exponential growth, if its growth function 
has the corresponding asymptotic behavior. These notions do not depend on the choice 
of the system of generators (see Appendix B). 

Exercise 4.2.8. Prove that if a group contains a free semigroup on two generators, then it has 
exponential growth. 

Remark. There exist groups of exponential growth without free semigroups on two generators: 
see for instance [194]. 

Example 4.2.9. The construction of groups with intermediate growth (that is, neither poly- 
nomial nor exponential growth) is a nontrivial and fascinating topic. The first examples were 
given by Grigorchuk in [102]. One of them, namely the so-called first Grigorchuk group H, may 
be seen either as a group acting on the binary rooted tree ^2 , or as a group acting isometrically 
on the Cantor set {0, 1}'^. (These points of view are essentially the same, since the boundary at 
infinity of T2 naturally identifies with {0, l}**.) Here we record the explicit definition. For more 
details, we strongly recommend the lecture of the final chapter of [110]. 

Using the convention (xi, {x2,X3, ...)) = (xi, X2, X3, . . .) for Xi £ {0, 1}, the generators of II 
are the elements a, h, c, and rf, whose actions on sequences in {0, l}"** are recursively defined by 
a{xi,X2,X3, ■■■) = (l — xi,X2,X3,---) and 



b{x\,X2,Xz, . . .) 



C{X\,X2,X3, . 



d{xi,X2,X3, ■■■) = 



{xi,a{X2,X3, 


■■■)), 


Xl 


= 0, 


{X1,C{X2,X3, 


■••)), 


Xl 


= 1, 


{xi,a{X2,X3, 


•••)), 


Xl 


= 0, 


{xi,d{x2, X;i, 


■■■)), 


Xl 


= 1, 


{X1,X2,X3, ■ ■ 




Xl 


= 0, 


{xi,b{X2,X3, 


■■■)), 


Xl 


= 1. 



In this way, the action on T2 of the element a € H consists in permuting the first two edges 

(together with the trees which are rooted at the second level vortexes). The elements b, c, and 
d, fix these edges, and their actions on the higher levels of T2 are illustrated below. 



a 







Figure 22 

A celebrated theorem of Gromov estabUshes that a group has polynomial growth if 

and only if it is almost nilpotent, i.e., if it contains a finite index nilpotent subgroup. Due 
to this and Exercise 4.1.9, Plante-Thurston's theorem may be reformulated by saying that 
every subgroup of polynomial growth of Diff^"'"''^([0, 1[) is Abelian. Actually, this was 
the original statement of the theorem, which is prior to Gromov's theorem (sec Exercise 
4.2.15). Following [177], in what follows we will generalize this statement to groups of 
sub-exponential growth, and even more generally to groups without free semigroups on 
two generators. 
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Theorem 4.2.10. Every finitely generated subgroup ofDiS_^ ^([0) 1[) without free semi- 
groups on two generators is Abelian. 



Example 4.2.11. The wreath product T — ZlZ = Z k (Bz'Z naturally acts on the interval: 
it suffices to identify the generator of the Z-factor in F with a homeomorphism / of [0, 1] 
satisfying f{x) <x for all x£]0, 1[, and the element (. . . , 0, 1, 0, . . .) of the second factor in F to a 

homeomorphism g satisfying g{x) 7^ x for all x £]f{a),a[ and g(x) — x for all x G [0, 1] \ [/(a), a], 
where a is some point in ]0, 1[. This action may be smoothed up to class C°° (see Example 4.4.1 
for more details on this construction). Notice that F is a metabelian, non virtually nilpotent 
group. According to a classical theorem by Rosenblatt [214] (which generalizes prior results of 
Milnor [165] and Wolf [249]; see also [24]), every solvable group which is non virtually nilpotent 
contains free semigroups in two generators. Therefore, F contains such a semigroup. Actually, 
looking at the action on the line, one may easily verify that the semigroup generated by / and 
g is free. 

To show Theorem 4.2.10 we will need a version of Kopell's lemma which does not 

use the commutativity hypothesis too strongly. This version will be very useful in §4.4 
for the study of solvable groups of diffeomorphisms of the interval. The proof below was 
taken from [46]. 

Lemma 4.2.12. Let hi and /12 be two diffeomorphisms from the interval [0, 1[ into their 
images that fix the origin. Suppose that hi is of class C^+^^ and /12 of class C^. Suppose 
moreover that hi{x) < x for all x€]0, 1[, that h2{xo) = xq for some xq (E]0, 1[, and that 
for each n€N the point Xn = h"{xo) is fixed by /12. Suppose finally that h2{y) > z > y 
(resp. h2{y) < z < y) for some y,z in ]xi,xo[. Then there exists N Gf^ such that 
Mhiiy)) < K{z) (resp. /i2(/i?(2/)) > for all n>N. 

Proof. Notice that the sequence (a;„) tends to zero as n G N goes to infinity. Let 
5 = V{hi; [0,a;o]). For all u,v in [xi,a;o] and all nGN one has (compare inequality (4.2)) 



Since /12 fixes each point a;„, one necessarily has ^12(0) — 1- Suppose that the claim of 
the lemma is not satisfied by some y < z in ]a;i,a;o[ (the other case may be reduced to 
this one by changing /12 by /i2 Let k be a constant such that 



Fix N large enough so that 



For some n > N we have /i2(/ii (y)) > hi{z). Let 2/„ = hi{y) and z„ — hi{z). By the 
Mean Value Theorem, there must exist points u, v in [xi , xq] such that 




(4.23) 



h'2iw) < K and (/12 ^)'(w) < k for all w G [xjv+i,a;jv]. 



(4.24) 



h2{yn) - Vi 

Vn *^n+l 



> 



{h^l)'{u) {z - y) 
(h^Yiv) (y-xi)- 
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Prom inequality (4.23) it follows that 

h2{yn)-yn . z-y 

> —FT r > K—l. 

Vn-Xn+i e%y-xi) 
One then deduces that, for some w G [a;„+i, y„], 

X h2{yn) - h2{Xn+l) /l2 (^n) - a;„+i 

h,2\W) = = > K, 

Vn ^n+l Vn ^n+l 

which contradicts (4.24). □ 

In §2.2.5, we introduced an elementary criterion (namely Lemma 2.2.44) for detecting 

free semigroups inside groups of interval homcomorphisms. Wc now give another criterion 
for the smooth case which will be fundamental for the proof of Theorem 4.2.10. Example 
4.2.11 well illustrates the lemma below. 

Lemma 4.2.13. Let f and g be elements in Homeo+([0, 1[) such that f{x) < x for all 
a;e]0, 1[. Suppose that there exists an interval [a, 6] contained in ]0, 1[ such that g{x) < x 

for every x€]a, &[, g{a) = a, g(b) = b, and f(b) < a. Let [y,z] c]a, 6[ be an interval so 
that either g{y) > z or g{z) < y. Suppose that g fixes all the intervals /"([a, 6]), and 
that there exists Nq G N such that g has fixed points inside /"(]a, b[) for every n > Nq. 
If the group generated by f and g has no crossed elements, then the semigroup generated 

by these elements is free. 

Proof. Changing [a, 6] by its image under some positive iterate of /, we may assume 
that g has no fixed point inside ]a, b[, but it has fixed points in /"(Ja, b[) for all n > 1. 
Wc need to show that any two different words Wi and W2 in positive powers of / and 
g represent different homeomorphisms. Up to conjugacy, we may suppose that these 
words are of the form Wi = f^gmrfrir . ..g^^f^^ and W2 = g'^f'g"' ■ ■ ■ f^^g"', where 
mj,nj,pj,qj are positive integers, n > 0, and q > (with n > if r = 0, and p > 
if s = 0). Since the group generated by / and g has no crossed elements, according to 
Proposition 2.2.45 this group must preserve a Radon measure v on ]0, 1[. Notice that 

TviWi) = {ni+ ...+nr+n) T,j{f), T„(VK2) = (pi + . . . + Ps) T^{f)- 

Since r,,(/) ^ 0, if the values of (ni + . . . + + n) and (pi + . . . +Ps) are different then 
Tv{Wi) ^ T^(W^2), and hence Wi ^ W2. Now assuming that these values are both equal 
to some e N, we will show that the elements f~^Wi and f~^W2 are different. To 
do this, notice that 

f~^Wi = f~^ f^g^^ f ""^ • • • 3"*^ /"^ 

— j-N J^g"^r j^llr , , , ^^Wlg jni+n2 ^y-rii ^mi ^"1) 

_ J-N J^g"^r y"'-. . . g"^3 jrai+"2+n3 ^J-(ni+n2) jni+n2^ (^f~"'^g"^^ /"^) 



= (/■ 



f^-)...{f 



-(ni+n2) gTn2 jni+n2 



)(f-nigm.fn,^ 



156 



and 



— f-^n'' fP" n'^" ■ ■ ■ fPi+P2 ( f-pi „q2 fPi \ „qi 



Since the group generated by / and g does not contain crossed elements, and since all of 
the maps . . . ^ /-("i+«2)gm2 j«i+«2 ^ f-m^rm j-m^ j^^j f'^g^'f^,..., 

f~P^g'i^fP^ , have fixed points inside ]a, b[, these maps must fix ]a, b[. On the other hand, 
g'>^ fixes the interval ]a, b[, but it does not have fixed points in its interior. Therefore, 
if -D is a Radon measure on ]a, b[ which is invariant by the group generated by (the 
restrictions to ]a,b[ of) all of these maps (including g'^^), then Ty{f~^Wi) = and 
Tv{f~'^W2) = Ty{gi^) 0. This shows that f'^Wx i- f'^W-i. □ 



We may now proceed to the proof of Theorem 4.2.10. Let F be a finitely generated 
subgroup of Diff^"^^^([0, 1[) without free semigroups on two generators. To show that F 
is Abclian, without loss of generality we may suppose that F has no global fixed point in 
]0, 1[. By Proposition 2.2.45, F preserves a Radon measure v on ]0, 1[; moreover. Exercise 
2.2.47 provides us with an element / S F such that f{x) < x for all a; e K. Let A be 
the set of points in ]0, 1[ which are globally fixed by the action of the derived group 
F'=[F, F]. The set A is non-empty, since it contains the support oiv. If A coincides with 
]0, 1[, then F is Abelian. Suppose now that A is strictly contained in ]0, 1[ and that the 
restriction of F' to each connected component of ]0, 1[\A is free. By Holder's theorem, 
the restriction of F' to each of these connected components is Abelian, and hence F is 
metabelian. By Rosenblatt's theorem [24, 214], F is virtually nilpotent, and by Plante- 
Thurston's theorem, F is virtually Abelian. Finally, from Exercise 4.1.9 one concludes 
that, in this case, F is Abelian. 

It remains the case where the action of F' on some connected component / of the 
complement of A is not free. The proof of Theorem 4.2.10 will be then finished by 
showing that, in this situation, F contains free semigroups on two generators. For this, 
let us consider an element h gV and an interval ]y,z[ strictly contained in I so that h 
fixes ]y, z[, but no point in ]y, z[ is fixed by h. We claim that there must exist an clement 
g € V sending ]y,z[ into a disjoint interval (contained in /). Indeed, if this is not the 
case then, since F has no crossed elements, every element in F' must fix ]y, z[, and hence 
the points y and z arc contained in A, thus contradicting the fact that ]y,z[ is strictly 
contained in the connected component / of ]0, 1[\A. 

The element g gT' fixes the connected component /"(/) of ]0, 1[\A for every n> 0. 
Moreover, since F has no crossed elements, for each n > the intervals /"(]j/, 2;[) and 
gf^Qy, z[) either coincide or are disjoint. Lemma 4.2.12 (applied to hi = f and /12 = g, 
with xo being the right endpoint of /) implies the existence of an integer Nq G N such 
that g fixes the interval /"(]y, z[) for every n > Nq (see Figure 23). By considering the 
dynamics of / and g on the open convex closure of Unezg"(]y, z[), it follows from Lemma 
4.2.13 that the semigroup generated by these elements is free. This concludes the proof 
of Theorem 4.2.10. 
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Exercise 4.2.14. Show that subgroups of Difr^+''''(S^) (rcsp. Diff^+''''(R)) without free semi- 
groups on two generators are AbeUan (resp. metabelian) (compare Theorems 4.2.3 and 4.2.4). 








Figure 23 



Exercise 4.2.15. Throughout this exercise, T will always be a finitely generated group of 
polynomial growth of degree k. 

(i) Prove that every finitely generated subgroup of F has polynomial growth of degree less than 
or equal to A;. 

(ii) Prove that if r„ C r„_i C . . . C Fq = F is a series of subgroups such that for every 
i G {0, . . . , n — 1} there exists a nontrivial group homomorphism 0; : F, — »■ (K, +) satisfying 
</>i(F,+i) = {0}, then n<k. 

Hint. For each i € {0, . . . ,n — 1} choose an element gi € Fj such that 4>i{gi) =^ 0, and consider 
the words of the form = fff'sr^ • • • ffn " • 

(iii) Suppose that F is a subgroup of Homeo+([0, 1]). Using (ii) and the translation number 
homomorphism, show that F is solvable with degree of solvability loss than or equal to k. 
Applying Milnor- Wolf's theorem [165, 249], conclude that F is virtually nilpotent. 

(iv) Suppose now that F is a subgroup of Diff'l|+'''^([0, 1[). Using Theorem 4.2.1 and Exercise 
4.1.9, conclude that F is Abelian. 

(v) Prove that the claim in (iv) still holds if F is contained in the group of germs C/:^^''^(R, 0). 
Hint. Instead of using the translation number homomorphism, use Thurston's stability theorem 
from §5.1. 

Exercise 4.2.16. The claim in item (ii) below may be proved either by a direct argument or 
by using the Positive Ping- Pong Lemma (see [24]). 

(i) Under the hypothesis of Lemma 4.2.13, show that the group generated by the family of 
elements {/"(//"" : n £ Z} is not finitely generated. 

(ii) Prove that if /, g are elements in a group so that the subgroup generated by {f"'gf~"- n £ Z} 
is not finitely generated, then the semigroup generated by / and gfg~^ is free. 

(iii) Use (ii) to give an alternative proof to Theorem 4.2.10. 

Remark 4.2.17. We ignore whether Theorem 4.2.10 extends (at least in the case of sub- 
exponential growth) to groups of germs of C'^'*'''^ diffeomorphisms of the line fixing the origin 
(compare Exercise 4.2.2). 



4.2.3 Nilpotence, growth, and intermediate reguleirity 

As in the cases of Denjoy's theorem and Kopell's lemma, the results from the pre- 
ceding two sections are no longer true in regularity less than C^+^'p. Indeed, using the 
first of the techniques in §4.1.4, Farb and Pranks provided in [75] a realization of 
each group N„ from Exercise 2.2.26 (notice that N„ is nilpotent for every n and non- 
Abehan for n>3). On the other hand, according to a result by Malcev (see [207]), every 
finitely generated torsion-free nilpotent group embeds into some N„. All of this shows 
the existence of a large variety of counterexamples to Plante-Thurston's theorem. 
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In fact, using the second method of construction from §4.1.4, it is possible to show 
that the canonical action of Nn on the interval may be smoothed until reaching any 
differentiability class less than C^+^/("~^^. Notice that, by Theorem 4.1.34, this action 
cannot exceed this regularity. It is then tempting to conjecture some general result which 
relates the nilpotence degree and the optimal regularity for finitely generated torsion-free 
nilpotent group actions on the interval. However, one may show that the groups from 
Example 4.2.6 can be realized as groups of C'^^'^ diffeomorphisms of [0, 1] for any r < 1 
(see [129]). Actually, it seems that the right parameter giving the obstruction for sharp 
smoothing corresponds to the degree of solvability rather than the degree of nilpotence. 

The following general question remains, therefore, open: Given a finitely generated 
torsion-free nilpotent group F, what is the best regularity for faithful actions of F by 
diffeomorphisms of the (closed) interval ? 

Remark 4.2.18. For each pair of positive integers m < n, the group Nm naturally embeds 

into N„. If wo denote by N the union of all of these groups, then one easily checks that N is 
orderable, countable, and non finitely generated. Moreover, N contains all torsion-free finitely 
generated nilpotent groups. It would be interesting to check whether the methods from §4.1.4 
allow showing that N is isomorphic to a group of C'^ diffeomorphisms of the interval. 

Summarizing the remarks above, every finitely generated torsion- free nilpotent group 
may be embedded into Diff^^^([0, 1]) for some r < 1 small enough. It is then natural to 
ask whether some other groups of sub-exponential growth may appear as groups of C^^"^ 
diffeomorphisms of the interval. According to Exercise 4.2.8, the following result (due to 
the author [177]) provides a negative answer to this. 

Theorem 4.2.19. For allr > 0, every finitely generated group 0/0^+"^ diffeomorphisms 
of the interval [0, 1[ which does not contain free semigroups on two generators is virtually 
nilpotent. 

Remark 4.2.20. In recent years, another notion has come to play an important role in the 
theory of growth of groups, namely the notion of uniformly exponential growth. One says 
that a finitely generated group F has uniformly exponential growth if there exists a constant 

A > 1 such that for every (symmetric) finite system of generators Q of F, the number Lg{n) of 
elements in F that may be written as a product of at most n elements in Q satisfies 

lim l^il^ > A. 

n— *oo n 

Although in many situations groups of exponential growth are forced to have uniform exponential 
growth (see for instance [24, 26, 73, 196]), there exist groups for which these properties are not 
equivalent [246]. We ignore whether this may happen for groups of C^"'"'^ diffeomorphisms of the 
interval. 

The condition r > in Theorem 4.2.19 is necessary. To show this, below we sketch the 
construction of a subgroup of Diff^([0, 1]) having intermediate growth. This subgroup 
is closely related to the group H from Example 4.2.9. Indeed, although H is a torsion 
group (the reader may easily check that the order of every element is a power of 2; see 
also [110]), starting with H one may create a torsion-free group of intermediate growth. 
This group was introduced in [101]. Geometrically, the idea consists in replacing 72 by a 
rooted tree whose vertexes have (countable) infinite valence. More precisely, we consider 
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the group H acting on the space = and generated by the elements a, b, c, and d, 
recursively defined by a(xi ,X2,X3,...) = {1 + Xi,X2,X3, . . .) and 



b{xi,X2,X3, . ■ .) 
C{XI,X2,X3, . . .) 
d{xi,X2,X3, . . .) 



{xi,a{x2,X3, . . .)), xi even, 
{xi,c{x2,X3, . . .)), xi odd, 

{xi,a(x2,X3,. . .)), xi even, 
{xi,d{x2,X3, . . .)), xi odd, 

{xi,X2,X3,...), xi even, 
{xi,b{x2,X3, . . .)), xi odd. 



The group H preserves the lexicographic ordering on fl, from where one concludes 
that it is orderable, and hence according to §2.2.3, it may be realized as a group of 
homeomorphisms of the interval (compare [103]). To explain this better, we give below 
a concrete realization of H as a group of bi-Lipschitz homeomorphisms of [0, 1] (compare 
Proposition 2.3.15). 

Example 4.2.21. Given C > 1, let (i'i),gz be a sequence of positive real numbers such that 
y^i = l, max|%i,-^l < C for all i € Z. 

Let li be the interval ]'}2j<i^'j:'l2j<i^j[j ^^'^ l^t / : [0,1] [0,1] be the homeomorphism 
sending afiinely each interval li onto li+i. Let us denote by g the affinc homeomorphism 
sending [0, 1] onto 7o, and by A = 1/io the (constant) value of its derivative. Let a,b,c, and d, 
be the maps recursively defined on a dense subset of [0, 1] by a{x) = f{x) and, for x e li, 

h(^\ - / fgag^'^fi^), i even, 
^ ' I rgcg-'r\x), i odd, 

_ / rgag~^f~'{x), i even, 
^ ' ~ I fgdg-^r\x), i odd. 

It \ — i * even, 

^""^ " \ fgbg-'rHx), i odd. 

We claim that a, 6, c, and d, are bi-Lipschitz homeomorphisms with Lipschitz constant bounded 
from above by C (notice that C may be chosen as near to 1 as we want). Indeed, this is evident 
for a, while for b, c, and d, this may be easily checked by induction. For instance, if x € /i for 

some odd integer i, then 

. _ irngag-'nix)) g'{ag-'nix)) ,1 , 

^ {n'{f-'{x)) g'{g-'f-'{x)) ^ 

and since (;'|[o,i]=A and (/')'|/ii =^i/^o, we have b' (x) =a'{g~^ f~'^{x)) <C. It is geometri- 
cally clear that the group generated by a, b, c, and d, is isomorphic to H. 



Exercise 4.2.22. Give an example of a finitely generated group F of homeomorphisms of the 
interval and/or the circle for which there exists a finite system of generators and a constant 5 > 
such that, for every topological conjugacy of F to a group of bi-Lipschitz homeomorphisms, at 
least one of these generators or its inverse has Lipschitz constant bigger than or equal to 1 + 5. 
Remark. It seems to be interesting to determine whether F above may be a group of 
diffeomorphisms without crossed elements (c./., Definition 2.2.43). 
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The preceding idea is inappropriate to obtain an embedding of H into DiiT^([0, 1]), 
since the derivatives of the maps that are produced have discontinuities at each "level" 
of the action of H. Next we provide another realization along which it will be essential 
to "renormalize" the geometry at each step. We begin by fixing an equivariant family 
of homeomorphisms {(pu,v '■ u > 0,v > 0}. For each n € N and each {xi,...,Xn) in 
Z", let us consider a non-degenerate closed interval Ixi_,...,x„ = luxi,...,xn > it'xi,...,x„] and an 
interval Jxi....,xr, = [vxi,....x„T'Wxi....,Xr,]j both contained in some interval [0,T]. Suppose 
that the conditions below hold (see Figure 24): 

(i) E.,«l4xl=r, 

(ii) Uxi,...,Xn '^Xi,...,Xn — '^CCi . . ,Xn ? that Jxi,...,Xn ^ ^Xi,...,Xn^ 

(iii) Wxi^.^.^Xn-liXn '^Xl,...,Xn-l)l+a^n 5 

(iv) lirUa;^ — ^ — oo'^xi,...,Xn — i,Xn — ^a:i,...,Xn — 1 5 

(v) liXHx^— ^OO tlx I,..., Xn — l-Xn "^X i , . . . .X n - I J 

(vi) lim„^ooSup(^^_ I4i,...,x„| = 0. 



I 1 

ix\,...,xn,x^x '^^lr")^n '^^^If'-i^n 

Figure 24 

Notice that 

\Jx^,...,x^ + |4i,...,x„,x„+i| = |4i,...,xJ- (4.25) 

x„+i£Z 

Let us denote by H„ the stabilizer in H of the n*'^-level of the tree 7^. For each n G N 
we will define four homeomorphisms a„,6„,c„, and so that the group generated by 
them is isomorphic to H/H„. For this, let us consider the group homomorphisms and 
(^1 from the subgroup (6, c, J) C H into H defined by 

00 (6) = o, 00 (c) = a, 4>o(d) = id, 0i(6) = c, 0i(c) = d, 0i(J) = b. 

Definition of an. 

-If Jxi,...,xi for somei<n, we let an{p) = ip{Jxi,x2,...,xi, Jl+xux2,...,xi){p)■ 
-FoI p€ 4l,...,X„, we let a„(p) = 'p{Ixi,X2,...,X„, Il+Xl,X2,...,Xn){P)- 

Definition of &„ . 

Suppose that pe]0, 1[ belongs to and denote by (aii, . . . , S„) e {0, 1}" the 
sequence obtained after reducing each entry modulo 2. 

- If (j)x, (b), 4>x2<l>xi (b), . . ., 02„ . . . 0x2«^'xi (5) are well-defined, we let 6„(p) = p. 

- In the other case, we denote by i = i{p) < n the smallest integer for which • ■ • (f>x2^xi {b) 
is not defined, and we let 
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{P, P&Jxu-,Xj, j < h 

'P{Jxi,...,Xi,...,Xj ){p), peJxu-,xi,...,xj, i<j<n, 

¥'(-^Xl,...,Xi,...,X„ ) Ixi,...,l+Xi,...,Xn){p)j P&Ixi,...,Xn ■ 



The definitions of c„ and ti„ are similar to that of 6„. Clearly, the maps a„, 5„, c„, and 
dn, extend to homeomorphisms of [0, T]. The fact that they generate a group isomorphic 
to H/Hji follows from the equivariance properties of the maps (p{I,J). Condition (vi) 
implies moreover that the sequences of maps Un, bn, Cn, and dn, converge to homeomor- 
phisms a, b, c, and d, respectively, which generate a group isomorphic to H. We leave the 
details to the reader. 

Example 4.2.23. Given a sequence (^i)igz of positive real numbers such that = 1, let us 

define \Ixi,...,xr^\ and \Jxi,...,x„\ by 

|t/xi,...,3;Ti| 0, I Ix I ,. .. ,Xn \ ^Xl • • • ^Xn • 

If we carry out the preceding construction (for T = 1) using the equivariant family of affine 
maps ip{[0,u], [0,v]){x) = vx/u, then we reobtain the inclusion of 9 in the group of bi-Lipschitz 
homeomorphisms of the interval from Example 4.2.21 (under the same hypothesis ii+i/ii < C 
and ^i/^i+i < C for all i € Z). 

The details for the rest of the construction are straightforward and we leave them to 
the reader (see [177] in case of problems). Let w be a modulus of continuity satisfying 

uj(s) = l/log(l/s) for s < l/2e, and such that the map s i— > u}{s)/s is decreasing. Fix 
a constant C > 0, and for each k £ N let Tk = J2iez Qil+k)^ ■ Consider an increasing 
sequence (fc„) of positive integers, and for nsN and {xi,. . . , eZ" let 



Using the equivariant family induced by (4.10), our general method provides us with 

subgroups of Diff^([0, TfeJ) generated by elements a„,6„,c„, and (i„, and isomorphic 
H/H„. The goal then consists in controlling the C"-norm for the derivative of these 
diffeomorphisms. Now, if the sequence (fc„) satisfies some "rapid growth" conditions 
(which depend only on C), it is not difficult to verify that these norms arc bounded 
from above by C for all n G N (and the same holds for the derivatives of the inverses of 
these diffeomorphisms). The corresponding sequences are therefore equicontinuous, and 
it is easy to see that they converge to cj-continuous maps having C^-norm boimdcd from 
above by C. These maps correspond to the derivatives of C^+'^ diffeomorphisms a, b, c, d 
(and their inverses), which generate a group isomorphic to H. Since this group acts on 
the interval [O.TfcJ, to obtain an action on [0,1] we may conjugate by the afhnc map 
g: [0, 1] [0, TfeJ. Since for ki large enough one has T^^ < 1, this conjugacy procedure 
does not increase the C^-norm for the derivatives. Finally, notice that since for every 
diffeomorphism / of [0,1] there exists a point at which the derivative equals 1, if the 
C^-norm of /' is bounded from above by C then 

sup |/'(x)-l| <Ca;(l). 
xe[o,i] 
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As a consequence, for C small the preceding realization of H has its generators near the 

identity with respect to the C^+" topology. 

Exercise 4.2.24. Inside Grigorchuk-Malci's group S there are "a lot" of commuting elements. 
More precisely, for each d € N one may choose d+1 elements in H satisfying a combinatorial 
property similar to that of Theorem 4.1.34 (take for instance fi = a' 

etc). In this way, to verify that the natural action of H is not seniiconjugate to an action by 
C^'*''^ diffeomorphisms, it suffices to apply Theorem 4.1.34 for d > 1/r. The items below allow 
showing the same claim via more elementary methods (see [177] for more details). 

(i) Prove that if /i is a C^'*''^ diffemorphism of a closed interval [u, v], and C denotes the Holder 

constant of h' , then for every x G [u, v] one has \h{x) — x\ < C \v — itj^"'"'^. 

(ii) Using (i) prove directly {i.e., without using any probabilistic argument) that Theorem 4.1.34 
holds for d > d(a), where d{a) is the minimal integer greater than or equal to 2 for which 

a(l + r)''-2 > 1. 

(iii) Using (ii) conclude that the canonical action of H is not semiconjugate to an action by 
C^+^ diffeomorph isms for any r > 0. 

To conclude this section, we notice that the element belongs to the center of H. 
Having in mind the realization of H as a group of C""^ diffeomorphisms of the interval, 
the study of centralizers in Diff^([0, 1]) of diffeomorphisms (or homeomorphisms) of the 
interval becomes natural. The next "weak Kopell lemma", due to Bonatti, Crovisier, 
and Wilkinson, is an interesting issue in this direction. 

Proposition 4.2.25. Ifh is a homeomorphism of [0, 1[ without fixed points in ]0, 1[, then 
the group ofC^ diffeomorphisms of [0, 1[ that commute with h has no crossed elements. 

Proof. Suppose for a contradiction that / and g are diffeomorphisms of [0, 1[ which 
commute with h, and that they are crossed on some interval [x,y] C [0,1]. As in 
the proof of Lemma 2.2.44, we may restrict ourselves to the case where f{x) = x, 
f{y) &]x,y[, g{x) &]x,y\, and g{y) = y. Moreover, changing / and/or g by some of 
their iterates, we may suppose that g{x) > f{y). All of these properties are preserved 
under conjugacy, and hence / and g satisfy /(/i"'(x)) = h"{x), f{h"{y)) & ]/i"(x), h"{y)[, 
5(/i"(x))e ]/i"(x),/i"(y)[, gih^iy)) = h^{y), and g{h^{x)) > f{h^{y)), for all n G z'. If 
h{z) < z (resp. if h{z) > z) for all 2;G]0, 1[, then the sequences (/i"(a;)) and {h"{y)) 
(resp. (/i~"(x)) and {h~"{y))) converge to the origin. Since / and g are of class C-^, this 
implies that /'(O) = g'iO) = 1. On the other hand, since g{h'^ix)) > /(/i"-(2/)), there 
must exist a sequence of points Zn& y„[ such that, for each neZ, either /'(z„) < 1/2 
or g'{zn) < 1/2. However, this contradicts the continuity of the derivatives of / and g at 
the origin. □ 

4.3 Polycyclic Groups of Diffeomorphisms 

Unlike nilpotent groups, inside the group of diffeomorphisms of the interval there 
is a large variety of non-Abelian polycyclic groups. To see this, first notice that the affine 
group contains many polycyclic groups (see Exercise 4.3.1). On the other hand, the affine 
group is conjugate to a subgroup of Diff^([0, 1]). Indeed, inspired by Exercise 5.1.14, let 
us fix a constant < £ < 1/2, and let us consider two G°° diffeomorphisms <^i: ]0, 1[— > R 
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and ip2'- ]0, 1[— >]0, 1[ such that 

ipi{x) = and ^2(2^)= exp ^ ^ forxG]0,e], 

ifiix) ~ — and (/?2 (a;) = 1 — exp f — 3_] for a; G [1 — £, 1[. 
1 — a; \x — \ / 

Consider now the vector fields on the line Yi — -S- and — x-§-, which generate the Lie 

^ ox ^ ax ^ ^ 

algebra of the affine group. One readily checks that the vector fields Xj = (p*{Yj), where 
j G {1,2} and (p = (pi o (p^, extend to C°° vector fields on [0, 1] which are (zero and) 
infinitely fiat at the cndpoints. Due to this, for each ge Aff+(R) the map (p~^ o g o ip is 
a C°° diflteomorphism of [0, 1] infinitely tangent to the identity at the endpoints. 

Exercise 4.3.1. Show that every polycyclic subgroup of the affine group is isomorphic to 
Z'' K Z" for some non-negative integers n, k. 

The construction above was first given by Plante [201, 202] who showed that, under 
a mild assumption, polycyclic groups of diffcomorphisms of the interval arc forced 
to be conjugate to subgroups of the affine group: see Theorem 4.3.3, item (i). (Plante's 
results were used by Matsumoto to classify certain codimension-one foliations: see [160].) 
It was Moriyama [170] who provided another kind of examples and gave a complete 
classification. To introduce his examples, given any integer n > 2 and a matrix A in 
SL(n, Z) with an eigenvalue A e]0, 1[, let (ti, . . . ,t„) e K" be an eigenvector associated 
to it. Given an interval [a,b] c]0, 1[, let X he a. non-zero vector field on [a,b] which 
is infinitely tangent to zero at the endpoints. Consider a diffeomorphism / of [0, 1[ 
topologically contracting towards the origin such that f{b) = a and such that, if we 
extend X to [0, 1[ by imposing the condition f^{X) = \X, then the resulting X is of 
class C°° on [0, 1[ (to ensure the existence of such a vector fied, one can either give an 
explicit construction or use Exercise 4.3.2). Let {</?* : f e M} be the flow associated to X. 
For z G {1, . . . , n} let /i be the diffeomorphism We claim that the group F generated 
by /, /i, ■ ■ • , /n is polycyclic. Indeed, from 

n n 

one easily concludes that the Abelian subgroup generated by /i , . . . , /„ is normal. More- 
over, F' coincides with the subgroup consisting of the elements of the form /"^ • • • J^" , 
where (mi, m„) belongs to {A — Id){Z"'). Therefore, F is polycyclic. 

Exercise 4.3.2. Given fe>l, let / £ Diff^"^^([0, 1[) be a diffeomorphism topologically contract- 
ing towards the origin and such that /'(O) = 1. Let X be a continuous vector field on [0, 1[ 
which is of class C* on ]0, 1[. Show that if /,(X) = \X for some Ag]0, 1[, then X is of class C 
on [0, 1[ (see [170] in case of problems). 

To state Moriyama's theorem properly, recall that to every polycyclic group F there 
is an associated nilradical N{T) which corresponds to the maximal nilpotent normal 
subgroup of F (see Appendix A). For example, in the preceding example, A''(F) coincides 
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with the Abclian group generated by /i, . . . , /„. Moreover, though in general -A'^(r) does 
not necessarily contain the derived subgroup of F, there exists a finite index subgroup 

To of r such that [ro,ro] C N{r). 

Theorem 4.3.3. LetT be a poly cyclic subgroup of DifF^"^''^([0, 1[) having no global fixed 
point in ]0, 1[. The following two possibilities may occur: 

(i) if N{T) has no global fixed point in ]0, 1[, then T is conjugate to a subgroup of the 

affine group; 

(ii) if NiV) has a global fixed point in ]0, 1[, then T is a semidirect product Z" xi Z. 

Actually, in case (ii) the dynamics can be fully described, and it is very similar to 
that of the second example previously exhibited. 

Here we just show that polycyclic subgroups of Diffi'|^^^^([0, 1[) are metabelian. (The- 
orem 4.3.3 will then follow from the classification of solvable subgroups of Diff^"^''^([0, 1[): 
see §4.4.2.) Actually, this is quite easy. Indeed, let F be a non-Abelian polycyclic sub- 
group of Difr;^+''"'([0, 1[). By Plantc-Thurston's theorem, the nilradical A^(F) is Abelian 
(and its restriction to each of its irreducible components is conjugate to a group of trans- 
lations). Hence, if Fq is a finite index subgroup of F such that [Fq, Fq] C N{T), then Fq 
is metabelian. The fact that F itself is metabelian then follows from Exercise 4.4.12. 

We conclude this section with a clever result due to Matsuda [159]. It turns out 
that, in most of the cases, the algebraic properties of subgroups of Diff^([0, 1[) and 
Diff_,_([0, 1]) are similar. However, in what concerns polycyclic subgroups, the situation 
is rather special. We ignore whether the result below extends to the class 0^+*^^. 

Theorem 4.3.4. Every polycyclic subgroup o/Diff^'^'^'''([0, 1]) without global fixed points 
in ]0, 1[ is topologically conjugate to a subgroup of the affine group. 

The proof of this theorem strongly uses Thurston's stability theorem. The discussion 
is thus postponed to §5.1. 

4.4 Solvable Groups of Diffeomorphisms 

4.4.1 Some examples and statements of results 

The discussion in the preceding section turns natural the question of knowing whether 
every solvable subgroup of Difi^J'|_^''^([0, 1[) is metabelian. However, the examples below 
(inspired by [97, Chapitre V]) show that there exist solvable groups of diffeomorphisms of 
the interval with arbitrary solvability degree having dynamics very different from that of 
the afiine group. For this, it suHices to take successive extensions by Z in an appropriate 
way. 

Example 4.4.1. Let / be a C°° diffeomorphism of [0, 1] without global fixed point in ]0. 1[ and 
topologically contracting towards 0. Suppose that / is the time 1 of the flow associated to a 
C°° vector field [0, 1] which is infinitely flat at the endpoints. Fix a€]0, 1[, and consider a vector 
field X on [f{a),a] with zeros only at /(a) and a, and which is infinitely flat at these points. 
Extend X by letting X(x) = for a; G [0, 1] \ [/(a), a], thus obtaining a C°° vector field on [0, 1] 
which is infinitely flat at and 1. 
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Let g by the C°° diffeomorphism obtained by integrating the vector field X (up to time 1), 
and let F the group generated by / and g. Clearly, F has no fixed point in ]0, 1[. We claim that 
F is solvable with order of solvability equal to 2. Indeed, let F* be the Abelian subgroup of F 
formed by the elements fixing the points /"(a) (with n G Z), so that their restrictions to each 
interval [/"+^(a), /"(a)] are contained in the group generated by the restriction of the element 
f"gf~" to this interval. Clearly, F* is an Abelian normal subgroup of F containing the derived 
group F'; moreover, the quotient F/F* identifies with (Z, +), thus showing the claim. 

In what follows, we will successively apply the preceding idea to obtain, for each > 2, a 
solvable group F^ of C°° diffeomorphisms of [2 — fc, A; — 1] with order of solvability equal to k 
and generated by elements fi,k, ■ ■ ■ , fk,k each of which is the time 1 of a flow associated to a C°° 
vector field that is infinitely flat at 2 — fc and fc — 1. To do this, wc argue inductively. For k = 2 
we let f2 = F, where /i,2 = g and /2,2 = /• Suppose now that we have already constructed 
the group F^, and let us consider the vector fields Xi^k : [2 — fc, fe — 1] — » R corresponding to the 
/i_fe's. Let us consider a vector field Xk+i.k+i on [1 — k, k] which is of the form g-^ for some C°° 
function g: [1 — fc, fc] ^ R that is negative at the interior and infinitely flat at the endpoints. 
After multiplying this vector field by a scalar factor if necessary, we may suppose that the time 1 
of the associated flow is a diffeomorphism fk+i^k+i of [1 — fc, fc] satisfying fk+i^k+i {k—1) = 2 — fc. 

For i € {1, . . . , fc} we extend Xi^k to a vector field Xi^k+i by letting Xi^k+iix) = for every 
point X £ [1 — fc, fc] \ [2 — fc, fc — 1]. The vector fields thus obtained are of class C°° on [1 — fc, fc] 
and infinitely flat at 1 — fc and fc. Let fi±+i, i G {1, . . . ,fc}, be the time 1 of the associated 
flows. We claim that the group Tk+i generated by the /i,fc+i's, i G {1, . . . , fc + 1}, is solvable 
with solvability degree fe + 1. Indeed, the stabilizer in F of [2 — fc, fe — 1] is a normal subgroup f * 
which identifies with a direct sum of groups isomorphic to Tk , and by the induction hypothesis 
the latter group is solvable with solvability degree fc. On the other hand, Tk+i/T* identifies 
with (Z, +), and the derived group of F is contained in f *. Using this fact, one easily concludes 
the claim. Notice that F^+i has no fixed point in the interior of [1 — fc, fc]. 

Example 4.4.2. We next improve the first step of the preceding example using the construction 
of the beginning of §4.3. We will thus obtain a more interesting family of solvable subgroups of 

DiffJf ([0, 1]) with solvability degree 3. For this, let us consider two C°° vector fields Xi and X2 
defined on the interval [1/3, 2/3] which are infinitely flat at the endpoints and whose flows induce 
a conjugate of the affine group. Let us denote by g and h the C°° diffeomorphisms obtained by 
integrating up to time 1 the vector fields Xi and X2 , respectively. 

Fix a C°° diffeomorphism /: [0, 1] [0, 1] without fixed point at the interior and satisfying 
/(2/3) = 1/3. For a = 2/3 let us consider a sequence (to be fixed) of positive real numbers 
(in)neZi and let us extend by induction the definition of the Xj by letting 

Xj{x)=t„Xj{f-\x))/{f-'y{x), X € [r+'{a),r{a)], n > 1, 

Xj{x)=t„Xjifix))/f'{x), x€[r+\a),ria)l n < -1. 

Suppose that n"=iti— >0 as n^+00, that Ili^^ti— >0 as n^— 00, and that these convergences 
are very fast (to fix the ideas, let us suppose that the speed of convergence is super-exponential; 
compare Exercise 4.1.5). In this case, it is not difficult to check that the Xj's extend to C°° vector 
fields on [0, 1] which arc zero and infinitely flat at the endpoints. Let F be the group generated 
by /, g, and h. Obviously, the restriction of F to the interior of [0, 1] is not semiconjugate to a 
subgroup of the affine group, and F has no fixed point in ]0, 1[. We claim that F is solvable of 
degree of solvability 3. Indeed, let F* be the metabelian subgroup of F formed by the elements 
fixing the points /"(o), so that their restrictions to the interior of each interval [J""*"^ (a), /"(a)] 
are contained in the conjugate of the affine group generated by Xi and X2. If we respectively 
denote by fl'f/r.+i(o) /n(„)] and /"(a)] flows associated to the restrictions of Xi and 
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X2 to [/"+^(a),/"(o)] (with t € K), then for every n G N one has 

/ ^ O S'[/n + l(„) jn(„)] O / = fl'[j„(„)_^„_i(„)p / ^ O /l[y.„ + l(„) ° / = n („) J„- 1 („)] • 

The subgroup F* is therefore normal in V. Moreover, the quotient F/F* identifies with (Z, +), 
and F* contains the derived group of F. Starting from this one easily concludes our claim. 

As in the preceding example, for each integer k>2 one may taJie successive extensions of F 
by (Z, +) for obtaining solvable subgroups of Diff+'([1 — fc, k\) with solvability degree A; + 2. 

Exercise 4.4.3. Prove that, in the second of the above examples, the convergences n"_iti — » 
and Hl^^ti are necessary. More precisely, prove the following proposition. 

Proposition 4.4.4. Let g : [0, [0, be a diffeomorphism, and let a < b be two 

fixed points of g in ]0, 1[ so that g has no fixed point in ]a, b[. Let f : [0, b[-^ [0, f{b)[ be a 
diffeomorphism with no other fixed point on [0,6] than 0, and such that f{b) < a. Suppose 
that there exists a sequence (t„)„gN of positive real numbers so that for all n € N one has 
f~^ o 5[/i(a) o / = <?*J„_i(^j ^^^''^ value o/n"=iti converges to zero as n goes 

to infinity. 

The method of construction of Examples 4.4.1 and 4.4.2 is essentially the only possible 
one for creating solvable groups of interval diffeomorphisms. Let us begin by giving a 
precise version of this fact in the metabelian case. 

Theorem 4.4.5. If T is a metabelian subgroup ofDiS]^^''{[0,l[) without fixed points 
in ]0,1[, then T is either conjugate to a subgroup of the affine group, or a semidirect 
product between (Z, +) and a subgroup of a product (at most countable) of groups which 
are conjugate to groups of translations. 

We will give the proof of this theorem in the next section. A complete classification 
of solvable subgroups of Diff^+''^([0, 1[) may be obtained by using the same ideas throug 
a straightforward inductive argument [184]. To state the theorem in the general case, 
let us denote by r(l) the family of groups that arc conjugate to groups of translations, 
and by r(2) the family of groups that are either conjugate to non-Abelian subgroups of 
the afRne group, or a semidirect product between (Z, +) and a subgroup of an at most 
countable product of nontrivial groups of translations. For fc > 2 wc define by induction 
the family r{k) formed by the groups that are a semidirect product between (Z, +) and 
a subgroup of an at most countable product of groups in TZ{k — 1) = r(l)U. . .Ur(fc — 1), 
so that at least one of the factors does not belong to TZ{k — 2). 

Theorem 4.4.6. LetT be a solvable subgroup of Diff^'''''^([0, 1[) without fixed point in 
]0, 1[. // the solvability degree ofT equals k >2, then T belongs to the family r{k). 

The preceding classification allows obtaining interesting rigidity results. For instance, 
the normalizcr of a solvable group of diffeomorphisms of the interval is very similar to 
the original group, as is established in the next result from [182]. 

Theorem 4.4.7. Let T be a solvable subgroup of Diff^'''''^([0, 1[) of solvability degree 
k > 1 and without fixed point in ]0, 1[. If J^{T) denotes its normalizcr in Diff^^([0, 1[), 
then one of the following possibilities occurs: 
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(i) if k > \ then M{T) is solvable with solvability degree k; 

(ii) ifk = l and T is not infinite cyclic, then Af{T) is topologically conjugate to a (perhaps 
non-Abelian) subgroup of the affine group; 

(iii) if k = 1 and T is infinite cyclic, then Af{T) is topologically conjugate to a subgroup 
of the group of translations. 

The classification of solvable groups of circle diffeomorphisms reduces, thanks to 
Lemma 4.1.8, to that of the case of the interval. Using Theorem 4.4.6, the reader should 
easily verify the following. 

Theorem 4.4.8. LetT be a solvable subgroup o/Diff^j_^''^(S^). If the degree of solvability 
ofT equals k + 1, then one of the following possibilities occurs: 

(i) r is topologically semiconjugaie to a group of rotations; 

(ii) there exists a non-empty finite subset F of which is invariant by F so that the 
derived group V fixes each point of F, and the restriction of V to each one of the 
connected components ofS^\F belongs to the family TZ{k). 

The case of the line involves some extra difficulties. However, using some of the 
results from §2.2.5, one may obtain the description below. 

Theorem 4.4.9. Let T be a solvable subgroup o/Diff^"^''^(IR). If the solvability degree of 

r equals k > I, then one of the following possibilities occurs: 

(i) r is topologically semiconjugate to a subgroup of the affine group; 

(ii) r is a subgroup of a product (at most countable) of groups in the family TZ{k), so that 
at least one of the factors does not belong to TZ{k — 1); 

(iii) r belongs either to r{k) or r(k + 1). 

Notice that if F is solvable and semiconjugate to a group of afhnc transformations 
without being conjugate to it, then the second derived group F" acts fixing a countable 
family of disjoint open intervals whose union is dense. Theorems 4.4.5 and 4.4.6 then 
allow describing the dynamics of F". On the other hand, the fact that F may belong 
to r{k + 1) when its solvability degree is k is quite natural, since unlike the case of the 
interval, in the case of the line it is possible to produce central extensions of nontrivial 
groups, even in class C°°. 



4.4.2 The metabelian case 

The elementary lemma below will play a fundamental role in what follows. 

Lemma 4.4.10. The normalizer in Homeo+(IR) of every dense subgroup of the group of 
translations is contained in the affine group. 

Proof. Up to a scalar factor, the only Radon measure on the line that is invariant by 
a dense group of translations is the Lebesgue measure. The normalizer of such a group 
leaves quasi-invariant this measure, and hence the conclusion of the lemma follows from 
Proposition 1.2.2. □ 
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The next lemma is an improved version of the preceding one in class C^+^^. 

Lemma 4.4.11. // T is an Abelian subgroup 0/ Diff^'''^^([0, 1[) without fixed points in 
]0, 1[, then its normalizer in Diff_,_([0, 1[) is conjugate to a subgroup of the affine group. 

Proof. Let 5 € F be a nontrivial element. By Corollary 4.1.4, the hypothesis of non- 
existence of fixed points in ]0, 1[ is equivalent to that F is contained in a 1-parameter group 
= {g* : t gM.} which is conjugate to the group of translations and such that g^ = g; 
moreover, the centralizer in Diff^([0, 1[) of every nontrivial element of F is contained in 
g^. If the image of F by the conjugacy is a dense subgroup of (M, +), then Lemma 4.4.10 
implies that the image by this conjugacy of the normalizer A/' of F in Homeo+([0, 1]) is 
contained in the affine group. On the other hand, we claim that if G R : G F} is 
infinite cyclic, then Af equals g^. Indeed, if fc is a positive integer such that g-^^'^ is the 
generator of {t G R: g* G F}, then for every h&M there exists positive integers n,m 
such that hg^/^h-'^ = {g^/^Y and h-'^g^/^h={g^l^)'^ . One then has 

from where one obtains m = n= 1. This implies that the elements in Af commute with 
(/^/'^, and hence Af is contained in g^. Since 5* centralizes (and hence normalizes) F, 
this shows that Af = g^. □ 

We may now pass to the proof of Theorem 4.4.5. By Corollary 4.1.4, if F is an 
AbeHan subgroup of Diff^"'~''^([0, 1[) without fixed points in ]0, 1[, then it is conjugate to 
a group of translations. Now let F be a metabelian and non-commutative subgroup of 
Diff^'''^^([0, 1[) without fixed points in ]0, 1[. If there exists g G F' such that the orbits 
by g accumulate at and 1, then the Abelian group F' is contained in the topological 
flow associated to g. Therefore, F' acts without fixed point in ]0, 1[, and the preceding 
lemma implies that F is conjugate to a (non commutative) subgroup of the affine group. 

In what follows, suppose that every g & V has fixed points in ]0, 1[. Kopell's lemma 
then easily implies that F' must have global fixed points in ]0, 1[. Let ]a,b[ be an irre- 
ducible component of F'. Notice that, for every h G T, the interval h{]a, b[) is also an 
irreducible component of F'. In particular, if h(\a, b[) j^]a, b[, then h{]a, b[)r\]a, b[= 0. 

If a = or 6=1, then every / sF fixes ]a,b[, which contradicts the hypothesis of non- 
existence of fixed points in ]0, 1[. Therefore, [a, 6] is contained in ]0, 1[. If /gF fixes ]a, 6[, 
then Lemma 4.4.11 shows that the restriction of / to ]a,b[ is afiine in the coordinates 
induced by F'. The case of the elements that do not flx ]a, 6[ is more interesting. 

Claim (i). If / is an element of F that does not fix ]a, b[, and if u and v are the fixed 
points of / to the left and to the right of ]«, h[, respectively, then the interval ]u, v[ is an 
irreducible component of F (that is, m = and v = 1). 

Suppose not, and let / G F an element which does not fix ]u, v[. Replacing / by 
if necessary, we may suppose that f{x) > x for all x g]u,w[. One then has /(a) > b. 
For nGN the clement ,f~^f~"'ff"' belongs to F' and, therefore, fixes the points a and u. 
Therefore, for every nGN, 

//"(«) = /"/(«) = /"(«), //"(«) = r/(a) > rib). (4.26) 
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One has f f = fg for some g G F'. On the other hand, fg has no fixed point in ]u, v[ 
and fixes u and v. Therefore, / does not have fixed points in ]f{u),f{v)[, and fixes f{u) 
and f{v). This shows that ]f{u),f{v)[ri\u,v[= 0. Replace / by if necessary so that 
f{u) < u. Notice that the sequence {f"{u)) tends to a fixed point of /. One then easily 
checks that relations (4.26) contradict Lemma 4.2.12 (applied to the elements h\ = J and 
/i2 = / with respect to the points xo = f~^{u), y = a, and z = b< f{a)). This concludes 
the proof of the claim. 

Denote by T* the normal subgroup of F formed by the elements fixing the irreducible 
components of F'. Since Claim (i) holds for every irreducible component ]a,b[ of F', 
an element of F belongs to F* if and only if it fixes at least one of the irreducible 
components of F'. The restriction of F* to each irreducible component of F' is afHne in 
the induced coordinates. Remark that F* may admit irreducible components contained in 
the complement of the union of the irreducible components of F'. However, the restriction 
of F* to such a component is Abelian, and hence conjugate to a subgroup of the group of 
translations. We then conclude that F* is a subgroup of a product (at most countable) of 
groups conjugate to groups of afHne transformations. Moreover, the quotient group F/F* 
acts freely on the set Fix(F'). Fix an irreducible component ]a,b[ of F', and define an 
order relation ^ on F/F* by /iF* -< /2F* when /i(]a, b[) is to the left of /2(]a, 6[). This 
relation is total, bi-invariant and Archimedean. The argument of the proof of Holder's 
theorem then shows that the group H = F/F* is naturally isomorphic to a subgroup of 
(R, +). Notice that H is nontrivial, since F does not fix ]a,b[. Proposition 4.1.2 then 
implies the claim below. 

Claim (ii). H is an infinite cyclic group. 

The proof of Theorem 4.4.5 is then finished by the claim below. 

Claim (iii). F* is a subgroup of a product of groups that are conjugate to groups of 
translations. 

To show this, fix an element g&T' whose restriction to an irreducible component ]a, b[ 
of F' has no fixed point. Assume for a contradiction that there exists hGT fixing ]a, b[ so 
that the restrictions of g and h to this interval generate a non- Abelian group. Without 
loss of generality, we may suppose that the fixed point a of /i is topologically repelling 
by the right. Let / € F be an element such that /F* generates F/F* and f{b) < a. For 
every n&N the element f~"'hf" fixes the interval ]a, b\, and hence its restriction therein 
equals the restriction of for some tn G K, where g stands for the flow associated to 
the restriction of g to [a,b[. For S = V{f; [0,b])>0, inequality (4.2) allows showing that, 
for every x€]a, b[, 

(feg*")'(x) = ir-'hrnx) < ,.Jf^i^^l,.. sup h\y)<e' sup h'{y), (4.27) 
and 

ihg^^yix) > e-^ inf h'(y). (4.28) 
Prom (4.27) one concludes that 

.t„^/^„^ / „5 supj^]o,6[^'(y) 



sup {g'-)\x) < e' . 
xe]o,6[ inf3/e]o,5[ /I (y) 
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This clearly implies that is a bounded sequence. Take a subsequence (tn^) con- 

verging to a limit TgR. Since h fixes each interval [/"(«),/"(&)], one has h'{0) = l. By 
integrating (4.27) and (4.28) we obtain, for every k large enough and every xG]a, b[, 

{x-a)/2e^ < hg*'-k(x)-a < 2e\x-a), 

and passing to the limit as k goes to infinity we conclude that 

{x-a)/2e^ < hg'^{x)-a < 2e^{x-a). 

Now notice that the argument above still holds when replacing h by for any j GN 
(indeed, the constant 5 depends only on /). Therefore, for every xG]a, b[ and all j G N, 

{x-a)/2e^ < {hg^Y{x)-a < 2e\x-a), 

which is impossible for x near a since the latter point is fixed by hg^ and topologically 
repelling by the right. This concludes the proof. 

Exercise 4.4.12. Show that if F is a subgroup of Diff^^''^([0, 1[) containing a finite index 
subgroup To which is metabelian (resp. solvable with solvability degree k), then F itself is 
metabelian (resp. solvable with solvability degree k) (compare Exercise 4.1.9). 

Exercise 4.4.13. Show that every polycyclic subgroup of Diff][_"'"''^([0, 1[) is strongly polycyclic 
(c./., Appendix A). 

It is worth noticing that if a solvable subgroup of Diff^"*"''^([0, 1[) has solvability degree 
greater than 2, then it necessarily contains nontrivial elements having infinitely many 
fixed points in every neighborhood of the origin; in particular, these elements cannot be 
real-analytic. As a consequence, every solvable group of real-analytic diffeomorphisms of 
the interval is topologically conjugate to a subgroup of the afHne group (provided that 
there is no global fixed point at the interior). The reader may find this and many other 
related results in [172] (see also [38, 184]). Let us finally point out that the results already 
described for solvable subgroups of Diffi',_^'^^([0, 1[) still hold -and may be refined- for 
subgroups of the group PAff+([0, 1[) of piecewise affine homeomorphisms of the interval. 

Exercise 4.4.14. Prove that if F is a nontrivial subgroup of PAff + ([0, 1[) acting freely on ]0, 1[, 
then F is infinite cyclic. Using this, prove that every finitely generated metabelian subgroup of 
PAff+([0, 1]) is isomorphic to a semidirect product between and a direct sum (at most 

countable) of groups isomorphic to (Z, +) acting on two-by-two disjoint intervals. State and 
show a general result of classification for finitely generated solvable subgroups of PAft-|-([0, 1]) 
(see [182] for more details; see also [18]). 

4.4.3 The case of the real hne 

For a solvable group of solvability degree k, we denote by {id} = r^°' <]...<] Fq"' = F 
its derived series, that is, r|°' = [r|°V rf°M for every ie {!,..., k}, with Vf\ ^ {id}. 
The result below should be compared with Theorem 2.2.56. 

Proposition 4.4.15. LetV he a solvable subgroup of Homeo+(K) of solvability degree 
k. If there exists an index i < k for which F|°' preserves a Radon measure Vi such that 
the associated translation number homomorphism Tu. satisfies r„;(Ff°') ^ {0}, then there 
exists a Radon measure on the line which is quasi-invariant by F. 
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Proof. Let j < k he the smallest index for which preserves a Radon measure, 
and let vj be this measure. Using the hypothesis and (2.6), it is not difficult to check 
that Ty^{Tf^) ^ {0}. By Lemma 2.2.53 one has ^(r^^i) ^ {1}, and by Lemma 2.2.54 
this implies that vj is quasi-invariant by ^J^i- Lemma 2.2.55 then shows that vj is 
quasi- invariant by ^fl2y ^5-3' ' ' ' ' ^^'^ hence by F. □ 

We now give the proof of Theorem 4.4.9 (assuming Theorem 4.4.6). Fix a solvable 
subgroup F of Diff (K) with solvability degree k>2. If F has global fixed points, then 
Theorems 4.4.5 and 4.4.6 imply that F is a subgroup of a product (at most countable) of 
groups in the family TZ{k) so that at least one of the factors does not belong to TZ{k—l). 
Assume throughout that F has no global fixed point. We begin with a proposition which 
should be compared with the end of §2.2.5. 

Proposition 4.4.16. Every solvable subgroup of Diff ^"'''^^ (R) leaves quasi-invariant a 
Radon measure on the line. 

Proof. Let us consider the smallest index j for which F^°' has a global fixed point. 
Notice that, since F has no fixed point, j must be positive. There are two distinct cases. 

First case. The index j equals k. 

We claim that Fl*^-!^ preserves a Radon measure so that the translation number ho- 
momorphism is non identically zero. Indeed, since is Abelian, using Kopell's lemma 
one easily shows the existence of elements in T^^li without fixed points, and hence Propo- 
sition 2.2.48 implies the existence of a Radon measure invariant by F^^i such that the 
translation number homomorphism is nontrivial. The existence of a Radon measure v 
on the line which is quasi-invariant by F then follows from Proposition 4.4.15. 

Second case. The index j is less than k. 

Fix an irreducible component ]pj, qj[ of r^°^ 

Claim (i). If /i and /2 are elements of ^fli that have fixed points but do not fix ]pj, qj[, 
then the fixed points in M U {— oo, -hoc} of these elements which are next to ]Pj,qj[ by 
the left coincide. The same holds for the fixed points which are next by the right. 

To show this, let p and q the fixed points of /i to the left and to the right of [pj, qj], 
respectively. Suppose that /2 does not fix [p, q] . For each n £ "Z there exists g £ Fj°' so 
that f2 fif2^ ~ fi9- Since fig has no fixed point in ]p, q[ and fixes p and q, the element 
/i fixes the interval f2{]p,Q[) and has no fixed point inside it. One then deduces that 
the intervals ,f2{]p,<l[) arc two-by-two disjoint for n G Z. Changing /2 by its inverse if 
necessary, we may suppose that /^(pj) tends to a fixed point (in M) of /2 as n goes to 
the infinity. We then obtain a contradiction by applying the arguments of the proof of 
Claim (i) from §4.4.2. 

Let us define the interval [p*_i,qj_i] as being equal to \pj,qj] if every element in 
which does not fix [pj,qj] has no fixed point. Otherwise, let us choose an element 
fj S F^'^^ having fixed points but which does not fix [pj,qj], and define p*_i and q*_i as 
the fixed points of fj to the left and to the right of [pj,qj], respectively. Finally, denote 
by r*_;^ the stabilizer of Qj-i] in ^j-i- The group F*_j^ is normal in Fj_i, because 

it is formed by the elements in Tj-i having fixed points in the line. 
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Claim (ii). the group ^J^li preserves a Radon measure and has no fixed point. 

Indeed, since Claim (i) holds for every irreducible component of Tj, the action of 
on Fix(r*_^) is free. The argument of proof of Holder's theorem then shows 
that ^J^li fixes a Radon measure whose support is contained in Fix(r^_j). 

Recall that, by the definition of j, the subgroup F^"*! has no fixed point (which 
together with (i) implies the existence of elements therein without fixed points points). 
The translation number function with respect to the r^'l!i -invariant Radon measure is 
therefore non identically zero. Proposition 4.4.15 then allows concluding the proof of the 
proposition in the second case. □ 

We can now conclude the proof of Theorem 4.4.9. For this, fix a Radon measure v 
which is quasi-invariant by F. Suppose first that v has no atom. Consider the equiv- 
alence relation ^ which identifies two points if they belong to the closure of the same 
connected component of the complement of the support of v. The quotient space M/~ is 
a topological line upon which the group F acts naturally by homeomorphisms. Since v 
has no atom, it induces a F-quasi-invariant non-atomic Radon measure v on ]R/~ whose 
support is total. Proposition 1.2.2 then implies that the latter action is topologically 
conjugate to an action by affine transformations. Therefore, the original action of F on 
the line is semiconjugate to an action by affine transformations. 

It remains the case where v has atoms. First notice that F' preserves v, and hence 
the second derived group F" fixes each atom of v. This argument shows in particular 
that, in this case, the index j considered in the proof of Proposition 4.4.16 equals either 
1 or 2. We will see below that it is actually equal to 1. 

Denote by F„ the subgroup of F formed by the elements fixing v, and denote by F^ its 
derived group. The elements in F'^ fix the atoms in v. Denote by F* the normal subgroup 
of F formed by the elements fixing the irreducible components of F^ . The arguments of 
proof of Claims (i) and (ii) in Proposition 4.4.16 show that F„/F* is isomorphic to a 
nontrivial subgroup H of (M, -|-). Notice that H cannot be dense, for otherwise there 
would be atoms of v of the same mass accummulating on some points in the line, thus 
contradicting the fact that ?; is a Radon measure. Therefore, H is infinite cyclic, and 
since F acts by automorphisms of H, the latter group must preserve v. Therefore, F = F^, 
(this shows that j = l). We then conclude that F is an extension (actually, a semidirect 
product) by (Z, +) of a solvable subgroup of a product of groups of diffeomorphisms of 
closed intervals. This concludes the proof of Theorem 4.4.9. 

4.5 On the Smooth Actions of Amenable Groups 

On the basis of the previous sections, it would be natural to continue the classification 
of groups of interval and circle diffeomorphisms by trying to describe the amenable ones. 
However, this problem seems to be extremely difficult. Actually, the only relevant result 
in this direction is Theorem 2.2.58, which due to Thurston's stability theorem from §5.1 
does not provide any information in the case of groups of diffeomorphisms. As a matter 
of example, let us recall that, according to §1.5.2, Thompson's group F embeds into 
Diff!^([0, 1]). However, the problem of knowing whether F is amenable has been open for 
more than 30 years ! In what follows, we will give some partial results on the classification 
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of a particular but relevant family of amenable subgroups of Diff^([0, 1]). 

Recall that amenability is stable under elementary operations, that is, it is pre- 
served by passing to subgroups or quotients, and by taking extensions or unions (see 
Exercise B.0.28). Following [197], wc denote by SA the smallest family of amenable 
groups which is closed with respect to these operations and which contains the groups of 
sub-exponential growth (see Exercise B.0.30). 

A result in [184] asserts that every group of real-analytic diffcomorphisms of [0, 1[ 
contained in SA is metabelian. However, Diff^([0, 1]) contains interesting subgroups 
from SA. The construction below should be compared with those in [202]. 

Example 4.5.1. Given points a < c < d < & in ]0, 1[, let / be a C°° diffeomorphism of [a, b] 

which is infinitely tangent to the identity at the endpoints and such that /(c) = d. Extend / to 
[0, 1] by letting f{x) = x for x ^]a, b[. Let g he & C°° diffeomorphism of [0, 1] which is infinitely 
tangent to the identity at the endpoints, with a single fixed point at the interior, and such that 
g{c) = a and g{d) = b. Denote by T the subgroup of Diff+ ([0, 1]) generated by / and g. For 
each neN, the subgroup r„ of F generated by {/; =g~^ fg^ ■ \i\ <n} is solvable with solvability 
degree 2n+l. Moreover, the subgroup F* = UneNFn is normal in F, and the quotient F/F* is 
isomorphic to (a generator is flrF*). Fhe group F is therefore finitely generated and non 

solvable, and belongs to the family SA (see [72, 104] for an interesting property concerning its 
F0lner sequences). 

Despite the above example, the subgroups of Diffi'|_^'^^ ([0, 1[) which do belong to the 
family SA may be partially classified. For this, let us define by transfinite induction the 
subfamilies SAq, of SA by: 

(i) SAi is the family of countable groups all of whose finitely generated subgroups have 

sub-exponential growth. 

(ii) If a is not a limit ordinal, then SAq, is the family of groups F obtained either as a 
quotient, as a subgroup, or as an extension of groups in SA„_i. The latter means that F 

contains a normal subgroup G in SAq,_i so that the quotient F/G also belongs to SA„_i. 

(iii) If a is a limit ordinal, then SA^ is the family of groups obtained as union of groups 
in the union [J SA^, with (3 < a. 

A group F belongs to SA if and only if it belongs to SAq for some ordinal o [197]. 
For example, the group from example 4.5.1 belongs to SGq,+i, where a is the first infinite 
ordinal. The next result (whose proof is based on those of §4.4) appears in [182] (see also 
[29] for a more accurate version in the piecewise affine case). 

Theorem 4.5.2. Every subgroup o/Diff^^'^^([0, 1[) which belongs to SAq for some finite 
a is solvable with solvability degree less than or equal to a. 

Theorem 4.5.2 only applies to particular families of amenable groups. Indeed, from 
[11] it follows that the family SA is smaller than that of amenable groups. This produces 
a breaking point in our classification of subgroups of Difl[^"'"''^(S^). This is the reason 
why in the next chapter we will follow an "opposite direction" in our study: we will show 
that, due to some internal (mostly cohomological) properties, certain groups cannot act 
on the interval or the circle in a nontrivial way. 
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Chapter 5 



RIGIDITY VIA 

COHOMOLOGICAL 

METHODS 

5.1 Thurston's Stability Theorem 

The result below corresponds to a weak version of a theorem due to Thurston. For 
the general version related to the famous Reeb's stability theorem for foliations, we refer 
to the remarkable paper [235]. We also strongly recommend to look at Exercise 5.1.13. 

Theorem 5.1.1. Let T be a finitely generated group. IfT does not admit any nontrivial 
homomorphism into (K, +), then every representation F — > Diff^([0, 1[) is trivial} 

For the proof of this theorem, given a subset B of an arbitrary group F and e > 0, 
we will say that a fimction i? — > R is a {B,s) -homomorphism (into M) if for every 
g,h in B such that gh G B one has 

\cl,{g) + cl^ih) - ct>{gh)\ < s 

Fix a finite and symmetric system of generators G of P. We will say that ^ above is 
normalized if maxggg |^(5)| = 1- For simplicity, we let 

V<P{g,h) = <l>ig) + <f>ih)-<l>{9h). 

Notice that a function (/> : F — > R is a (F, 0)-homomorphism if and only if \7(p is identically 
zero, which is equivalent to that d is a homomorphism from F into (M. +). Recall finally 
that Bg{k) denotes the set of elements in F which may be written as a product of at 
most k elements in Q (see Appendix B). 

^Equivalently, for every nontrivial finitely generated subgroup F of Diff^([0.1]), the first cohomology 
space -ffg(r) is nontrivial. 
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Lemma 5.1.2. If for each fc G N there exists a normalized (^Bg{k), 1 / k) -homomorphisTn, 
then there exists a nontrivial homomorphism from T into (M, +). 

Proof. Given fcGN, let (pk be a normalized (^Bg{k), l/Zc) -homomorphism. It is easy to 
check that |(/'fc(5)| < fc(l-|-£) ior every gGBg{k). In particular, there exists a subsequence 
{(pl) of (j)k such that 4>k\Bg{i) converges (punctually) to a normalized function from Bg{l) 
into R. Arguing by induction, for each i e N we may find a subsequence {(t)]^^)ken of 
{4'k)keN so that (j)''j^^\Bg(i+i) converges to a normalized function from Bg{i + 1) into K. 
The sequence (^^) converges (punctually) to a function ^: F— >M. By construction, </> is 
a homomorphism into (M, +), which is necessarily nontrivial since it is normalized. □ 

Now let $ : r ^ Diff^([0, 1]) be a nontrivial representation, and let x G [0, 1[ be a 
point in the boundary of the set of points which are fixed by G (and hence by F). For 
each ye[0,l[ which is not fixed by G we consider the function 

Ma) = -^[H9){y) - y], 

where C{y) = maxggg \ ^{g){y) — y\- The lemma below shows that, if $(g)'(x) = 1 
for every g G T, then for y near to x (and not fixed by G) the function (py behaves 
infinitesimally like a homomorphism from F into (R, +). 

Lemma 5.1.3. Under the above conditions, suppose moreover that $(g)'(x) — 1 for every 
g & T . Then for each n G N and each e > there exists 5 > Q such that, if \x — y\ < 5, 
then 4'y\Bg(n) *s 0- normalized [Bg{n) , s) -homomorphism. 

Proof. For fc G N and e' > we inductively define 

Ao(0,£') =0, Ao(A; + l,e') = 1 + Ao(A:, £')(1 + e')- 

Let e' > be small enough so that e'\o{n,e') < e, and let 5' > be such that 
|i>(g)'(j/) — 1\ < s' for all g G Bg{n) and every point y G [0, 1] satisfying |a; — y| < 5' . 
Finally, let 5 G]0, i5'[ be such that, if \x ~ y\ < 6, then \^{g){y) — x\ < S' for every 
g G Bg{n). We claim that this parameter 5 verifies the claim of the lemma. 
Let us first show that, for every k <n and every gGBg{k), 

\M9)\<Mk,e'). (5.1) 

Indeed, this inequality is evident for k = and k = 1. Let us suppose that it holds for 
k = i. If c/ is an element in Bg{i + 1), then g = /11/12 for some hi gG and /12 G Bg{i). 
Thus, 

\U9)\ = ■^^\m{y)-y\ < ^mhiMh2){y)-^h2){y)\ + \Uh2)\. (5.2) 
Notice that from the equality 

l''S>{h2){y) 

$(/ii)$(/i2)(y) - <&(/i2)(y) = / [$(/n)'(s)-i]ds + [$(/ii)(t/)-t/] 
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one deduces that 



^ < max |*(fti)'(s)-l|.-J-|$(/i2)(2/)-J/|+l. 



C{yy ' '^ '^ - ]s-^\<5'^ I C{y) 

Using (5.2) and the induction hypothesis wc conclude that 

\M9)\ < e'Ao(i,£') + 1 + Ao(i,£') = Ao(i+ l,e')> 

which finishes the proof of (5.1). 

Let us now estimate the value of ^(py For hi, h2 in Bg{n) such that /11/12 belongs to 
Bg{n) we have 

V<Py{hi,h2) = ^ [HhiXy) -y + *(/i2)(y) -y- ^hih2){y) + y] , 



that is 



V<^^(/ii,M = -^[$(/ii)$(/i2)(j/)-$(/i2)(2/)-($(/ii)(y)-2/)] 



C{y) Jy 



/ [$(/ii)'(s)-l]rfs. 
Jy 



Thus, 



\V(t>y{huh2)\ < y^mh2)iy)-y] ■ sup |$(/ii)'(s) - 1| < Ao(n,£')£' < 

'^(.y) |s-x|<5' 

Therefore, <py\Bg{n) is a normalized (Bg(n),e)-homomorphim. □ 

Proof of Theorem 5.1.1. Suppose that $ : T ^ Diff^([0, 1[) is a nontrivial repre- 
sentation, and let x G [0, 1[ be a point in the boimdary of the set of fixed points of T. 
The function g i—^ log (i>(5)'(a;)) is a group homomorphism from F into (R, +). By 
hypothesis, this homomorphism must be trivial (compare Exercise 5.1.14). We are hence 
under the hypothesis of Lemma 5.1.3, which together with Lemma 5.1.2 implies that F 
admits a nontrivial homomorphism into (M, +). □ 



Notice that the argument above only involves the behavior of the maps near a global 
fixed point. It is then easy to see that Thurston's theorem still holds (with the very same 
proof) for subgroups of the group of germs of diffeomorphism S^(M, 0). 

Exercise 5.1.4. Prove that Thurston's stability theorem does not hold for non finitely generated 

countable groups of diH'oomorphisms of the interval. 

Hint. Consider the first derived group F' of Thompson's group F, and use the fact that F' is 
simple [44]. 

Exercise 5.1.5. Prove that Thurston's stability theorem holds for (perhaps non finitely gen- 
erated) groups of germs of real-analytic diffeomorphisms. 

Hint. Following an argument due to Haefliger (and prior to Thurston's theorem), analyze the 
coeSicients corresponding to the Taylor series expansions of the germs about the origin. 
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We now give an example (also due to Thurston, but rediscovered some years later 
by Bergman [17] in the context of orderable groups) showing that Thurston's stability 
theorem does not extend to actions by homeomorphisms (see also Remarks 2.2.51 and 
5.1.8). Let G be the group of presentation G = {f,g,h : p = = h"^ = fgh). We 
leave to the reader the task of showing that every homomorphism from G into (M, +) 
is trivial. (Actually, G = [G,G], that is, G is a perfect group.) This is quite natural, 
since G is the fundamental group of a homology 3-sphcrc. that is. a closed 3-dimensional 
manifold with trivial homology but not homeomorphic to the 3-sphere [234, 235]. 

To construct a nontrivial (5-action on [0,1], let us consider the tessellation of the 
Poincarc disk by hyperbolic triangles of angles 7r/2, 7r/3, and 7r/7. The preimage in 
PSL(2,R) of the subgroup of PSL(2,M) preserving this tessellation is a group isomor- 
phic to G. Since PSL(2,]R) acts on = R, viewing the interval [0,1] as a two-point 
compactification of R we obtain a faithful G-action on [0, 1]. Notice that, by Thurston's 
theorem, the latter action cannot be smooth: the obstruction to the differentiability 
localizes around each endpoint of the interval. 

Exercise 5.1.6. Using the fact that fgh belongs to the center of G, as well as Propositions 2.2.45 

and 4.2.25, prove that the G-action above is not conjugate to an action by diffeomorphisms 
of the interval [0, 1[ without using Thurston's stability theorem. 

Exercise 5.1.7. Following [41], consider the group G with presentation 

{fi,gi,hij2 ,92 M ■■ fi=9i=hl = figihi, f^ ^ /i /2 =fl ,g2^gi92=gl,h2^hih2 = hl). 

Show that G contains a copy of G and acts faithfuly by circle homeomorphisms, but it does not 
embed into Diff]^(S^). 

Remark 5.1.8. The family of finitely generated groups of homeomorphisms of the interval 
containing finitely generated subgroups that do not admit nontrivial homomorphisms into (R, -f ) 
is quite large. Indeed, an important result in the theory of orderable groups asserts that a 
group (of arbitrary cardinality) is locally indicable {i.e., all of its finitely generated subgroups 
admit nontrivial homomorphisms into (M, -|-)) if and only if it is C-orderable (see §2.2.6 for the 
notion of C-order, and see [176] for am elementary proof of this result). Therefore, although all 
finitely gcrioratod groups of interval homeomorphisms are topologically conjugate to groups of 
Lipschitz homeomorphisms of [0, 1] (c./.. Proposition 2.3.15), many of thcni do not embed into 
Diff+([0, 1[) because they fail to be locally indicable. However, this is not the only algebraic 
obstruction: there exist finitely generated, locally indicable groups without (faithful) actions by 
diffeomorphisms of the interval ! (see Remark 5.2.33). 

A nice consequence of what precedes is that every countable group of diffeo- 
morphisms of the interval admits a faithful action by homeomorphisms of the interval 
without crossed elements. Indeed, by Theorem 5.1.1, such a group P is locally indicable, 
and hence by Remark 5.1.8, it is C-ordenable. Proposition 2.2.64 (and the comments 
after its proof) then implies that the dynamical realization of any Conradian ordering 
on r is a subgroup of Homeo+(IR) without crossed elements (compare Exercise 2.2.21). 

Remark 5.1.9. As was cleverly shown by Calcgari iu [39], the technique of proof of Thurston's 
stability theorem (but not its conclusion !) may be used for showing that certain actions of 
locally indicable groups (as for example the free group F2) on the closed interval are non 
smoothablc. This is the case for instance if the sot of fixed points of the generators accumulate 
at the endpoints and their commutator iias no fixed point inside. Let us point out, however, 
that these actions have (plenty of) crossed elements {c.f, Definition 2.2.43). 
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Remark 5.1.10. Theorem 5.1.1 may bo also used for studying group actions on higher dimen- 
sional manifolds. For instance, using the idea of its proof, in [42] it is shown that the group of 
the diffeomorphisms of the closed disk fixing all points in the boundary is orderable. 

Exercise 5.1.11. By combining Thurston's stability theorem with the result in Exercise 2.3.23, 
prove the following result from [199]: If F = Fi x F2 is a finitely generated group such that no 
finite index normal subgroup of Fi and r2 has a nontrivial homomorphism into (R, +), then for 
every action of F by circle diffeomorphisms the image of either Fi or F2 is finite. 

Exercise 5.1.12. A topological group is said to bo compactly generated if there exists a 
compact subset such that every element may be written as a product of elements therein. 
Extend Thurston's stability theorem to continuous representations in Diff^([0, 1[) of compactly 
generated groups. 

Exercise 5.1.13. The goal of this exercise consists in giving an alternative proof of Thurston's 
stability theorem using a technique from [210] and [217]. Let us consider a finitely generated 
subgroup r of Diffl'|_([0, 1[), and to simplify let us suppose that F has no fixed point inside ]0, 1[ 
and that all of its elements are tangent to the identity at the origin (as we have already seen, 
the general case easily reduces to this one). Let Q = {h\, . . . , /ifc} be a finite family of generators 
for F. For each / G F let us define the displacement function A f by A/ (a;) = f(x) —x. Notice 
that (A/)'(0) = for every / £ F. 

(i) Prove that for every a; > and every /, g in F, there exist y, z in [0, x] such that 
A/g(x) = A/(a;) + Ag(x) + (A/)'(2/) A,{x), ^f-H^) = "^/W - A^-i(a;). 

(ii) Fixing an strictly decreasing sequence of points Xn converging to the origin, for each n G N 
let us choose i„ € {1, . . . , fe} so that | A/j^^ (x^^ \ > | A^^. (xn)\ for every j G {1, . . . , fc}. Passing to 
a subsequence if necessary, we may assume that in is constant (say, equal to 1 after reordering 
the indexes), and that each of the fe sequences (A^; (x„)/Afej (a;„)) converges to a limit 0, (less 
than or equal to 1) as n goes to infinity. Use the equalities in (i) for showing that the map 
hi I — > 0i extends to a normalized homomorphism from F into (R, +). 

Exercise 5.1.14. Following [171] and [240], consider a diffeomorphism ip from ]0, 1[ into itself 
such that ^(s) = exp(— 1/s) for s > small enough. Prove that if fe > and / : [0, 1[— > [0, 1[ is 
a C*' diffeomorphism, then (the extension to [0, 1[ of) ip~^ o f o ip (resp. ip~^ ° f ° f^) is a G'' 
diffeomorphism with derivative 1 (resp. tangent to the identity up to order fc) at the origin. 

We close this section by sketching the proof of Theorem 4.3.4. Let F be a polycyclic 
subgroup of Diff^+^'P([0,1]). By §4.3, we know that F is metabelian. According to 
Theorem 4.4.5, we need to show that F cannot be a semidirect product between Z and a 
subgroup of a product of groups of translations as described in the proof of that theorem. 
Assume for a contradiction that this is the case. Then it is easy to see that the nilradical 
A^(r) of r is torsion- free Abelian (say, isomorphic to Z*^ for some G N) and coincides 
with the subgroup formed by the elements having fixed points in ]0, 1[. Moreover, if 
{/i, . . . , /fe} is a system of generators for N{T), then the group F is generated by these 
elements and a certain / € F without fixed points in ]0, 1[. 

Let ]a, b[ be an irreducible component of N^T); we must necessarily have [a, b] c]0, 1[. 
If we identify N{Y) with ll' via the map (mi, . . . , rrife) ^ g = /"^ ■ ■ ■ f]^" e iV, we 
readily see that / naturally induces an element /* in Hom(Hom(Z'^, R), Hom(Z'^, R)), 
namely f*{(t>){g) = <t>{fgf~^)- Viewing each element in Hom(Z'^, M) as the restriction of 
a homomorphism defined on M*', the homomorphism /* yields a linear map M € GL{k, M). 
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Let (f>o : Z'^ ^ M. he the homomorphism obtained via Thurston's stabihty theorem 
apphed to the restriction of N{T) ~ Z*^ to [a, b[. From the construction of (j)o, it is easy 
to see that if (gn) is a sequence of elements in N{r) whose restrictions to [a, b] converge 
to the identity in the C"'^ topology, then 0o(.9n) converges to zero as n goes to infinity. 
Now recall the following important fact from Exercise 4.1.5: For each g G N{r) both 
sequences {f'^gf~'^) and {f~^gf^) converge to the identity in the topology when 
restricted to \a.b]. Therefore, both /"(e^o) and /^"((^o) pmictually converge to the zero 
homomorphism. This means that for the linear map M there exists a non-zero vector 
V so that both M"(w) and M~^{v) converge to zero, which is clearly impossible. This 
contradiction concludes the proof. 

5.2 Rigidity for Groups with Kazhdan's Property (T) 

5.2.1 Kcizhdan's property (T) 

Let F be a countable group and ^ -.T ^ U (H) a unitary representation of F in some 
(real) Hilbert space H. We say tthat c : F H is a cocycle with respect to ^ if for 
every gi ,52 in F one has 

ci9i92) = c{gi) + *(ffi)c(fif2). 
We say that a cocycle c is a coboundary if there exists K gH so that, for every gGT, 

c{g) = K-^{g)K. 

We denote the space of cocycles by Z^(F, and the subspace of coboundaries by 
Bi(F, The quotient H'^{T, = Z'^{T, ^)/B^{G, *) is the first cohomology space 
of F (with values in ^f). 

Definition 5.2.1. A countable group F satisfies the Kazhdan's Property (T) (or, 
to simplify, is a Kazhdan group) if for every unitary representation \I' of F, the first 
cohomology H^{T, ^) is trivial. 

To give a geometrical insight of this definition, let us recall that every isometry^ of 

a Hilbert space is the composition of a unitary transformation and a translation. Indeed, 
the group of isometries of Ti is the semidirect product between U (Ti) and Ti. 

Let : F — > U{H) be a unitary representation and c : F — > W a map. If for each 
(JGF we define the isomctry A{g) — "^{g) + c(g), then one easily checks that the equality 
A[gi)A{g2) = A[gig2) holds for every 32 in T if and only if c is a cocycle associated to 
^. In this case, the correspondence g 1— > A{g) defines an action by isometries. 

Suppose now that if G 7i is a fixed point for the isometric action associated to a 
cocycle c: F^Ti. Then we have, for every gSF, 

^{g)K + c{g)=A{g)K = K. 

Therefore, c{g) = K — ^{g)K, that is, c is a coboundary. Conversely, it is easy to 
check that if c is a coboundary, then there exists an invariant vector for the associated 

■^By an isometry of a Hilbert space we mean a surjective map A from into itself satisfying 
\\A{Ki) - A{K2)\\ = \\Ki - K2\\ for all Ki,K2 in Ti. 
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isometric action. Wc then have the foUowing geometric interpretation of Definition 5.2.1: 
A group has Kazhdan's property (T) if and only if every action by isometries of a Hilbert 
space has an invariant vector. 

Example 5.2.2. Every finite group has Kazhdan's property (T). To see this, it suffices to 
remark that the mean along any orbit of an action by isometries on a Hilbert space is an 
invariant vector for the action. 

Exercise 5.2.3. A vector Kc € H is the geometric center oi a subset C of H if Kc minimizes 

the function K sup^^g^ \\K — K\\. Show that if C is bounded, then it has a unique center. 
Conclude that if C is invariant under an action by isometries, then its center remains fixed by 
the action. Use this to prove the following Center Lemma (due to Tits): An action by isometries 
has a fixed point if and only if its orbits axe bounded. (In particular, a group has property (T) 
if and only if the orbits associated to its isometric actions on Hilbert spaces are bounded.) 
Remark. The same argument apphes to spaces on which the distance function satisfies a convexity 
property, as for instance siinphcial trees or spaces with non-positive curvature [28]. 

Every group with property (T) is finitely generated, according to a result due to 
Kazhdan himself (actually, this was one of his motivations for introducing property (T)). 
We give below an alternative argument due to Serre based on the result from Example 
5.2.11. 

Let r be a countable group, and let Fi C r2 C . . . C r„ c ... be a sequence of 

finitely generated subgroups whose union is T. Let us consider the oriented simplicial 
tree T whose vertexes are the left classes of T with respect to the r„'s, and such that 
between two vertexes [g] in r/r„ and [h] in r/r„+i there is an edge (oriented from [g] to 
[h]) if (? G [h]. The group F naturally acts on T preserving the orientation of the edges. 
By Example 5.2.11, if F has property (T) then there exists a vertex [g] which is fixed 
by this action. If neN is such that [g] represents the class of g with respect to r„, this 
implies that F = r„, and hence F is finitely generated. 

Example 5.2.4. If F has property (T) and is amenable, then it is finite (sec Appendix B for the 
notion of amenability as well as some notation). In particular, the only Abelian groups having 
Kazhdan's property are the finite ones. Actually, we will see below that every finitely generated 
amenable group satisfies the so-called Haagerup 's property, that is, it acts by isometries of a 
Hilbert space in a geometrically proper way (in the sense that ||c((?)||7i goes to infinity together 
with £ength{g)). Clearly, such a group cannot have property (T) unless it is finite (see [55] for 
more on this relevant property). 

Let ^ be a finite system of generators of F, and let {A„) be a F0lner sequence associated to 
Q so that 

card{dAn) 1 

card{A„) - 2" ' ^^'^^ 
Let us consider the Hilbert space H = (Bn>i n£^{T) defined by 

n={K= (Xi, . . . , . . .), € 4(F), J2 "'ll^nlll(r) < oo}- 

n>l 

Given g,h in F, for K„ € 4(F) let 'J>„{g)K„ih) = Knig'^h), and let * : F -» U{H) be the 
regular representation given by 'i'{g)K = {'i'i[g)Ki,^2{g)K2, ■ ■ ■)■ Finally, for each g' € F let 
c{g) = {c{g)i,c{g)2, ...) £Hhe defined by 

= / \ ~ ^a(An))^ 

■y/card{An) 
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where X denotes the characteristic function. By (5.3), for every g € Q we have 

The cocycle relation c{gig2) = c(gi) + {gi)c(g2) can be easily chocked. We claim that the 
function c : F ^ 7i is geometrically proper. To show this, fix an integer k bigger than the 
diameter of A:^^ = {h~^ : h £ An}. If an element g € T belongs to Bg{k) \ Bg{k — 1), then 
g{An) n An = 0, and therefore 

II y/card{An) II^^KCr) ~ 
Thus, ||c((;)|||^ > 2n^ , and this shows our claim. 

Example 5.2.5. Group homomorphic images and finite extensions of Kazhdan groups also 
have property (T) . The proof is easy and we leave it to the reader. 

As a consequence of the example above, every Kazhdan group satisfies the hypothesis 

of Thurston's stability theorem. Indeed, the image of a Kazhdan group by a homomor- 
phism into (M, +) is Abelian and has property (T). Thus, it must be finite, and hence 
trivial. 

Exercise 5.2.6. Show directly that no nontrivial subgroup T of (R, +) has property (T). For 

this, consider the representation of F by translations on £| (R, Leh) and the associated cocycle 
c{g) = A'jo^cxjI — '^[s(o),(x)[5 where X denotes the characteristic function and g £ V. Show that 
this cocycle is not a coboundary. 

Exercise 5.2.7. Prove directly that every finitely generated subgroup of Diff^"'"'^([0, 1]) with 
property (T) is trivial, where r > 0. 

Flint. Passing to a quotient if necessary, one may assume that the underlying group F has no 
fixed point in ]0, 1[. Consider the Radon measure /i on ]0, 1[ defined by d/i = dx/x, and let ^ 
be the regular representation of F on 7i = /^^([O, 1], /i) defined by 

^{g)K{x) = K{g-\x))[^{x)\^\ 

For each g e F let 

Check the cocycle relation c{gh) = c{g) + '^{g)c{h). Using the fact that t is positive, prove that 
c{g) belongs to H. Show that if c is cohomologically trivial, then there exists K gH such that 
the measure v on ]0, 1[ whose density function (with respect to /u,) is a; i— > [1 — K{x)]'^ is invariant 
by F. Conclude the proof using some of the results from §2.2.5. 

Nontrivial examples of Kazhdan groups are lattices in (connected) simple Lie groups of 
(real) rank greater than 1. (Recall that the (real) rank of a Lie group is the dimension of 
the maximal Abelian subalgebra upon which the adjoint representation is diagonalizable 
(over R), and that a discrete subgroup of a locally compact topological group is a lattice 
if the quotient space has finite Haar measure.) For instance, SL(3,Z) has property (T), 
since the rank of the simple Lie group SL(3,M) is 2, and SL(3,Z) is a lattice inside. For 
a detailed discussion of this, see [13]. 
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Different kinds of groups with property (T) have been constructed by many people. 
In particular, in his seminal work on random groups [105] (see also [255]), Gromov shows 
that "generic" finitely presented groups have Kazhdan's property. Therefore, a theorem 
which is true for Kazhdan groups is somehow valid for "almost every group" . 

To close this section, we give two simple results on obstructions to property (T) 
which are relevant for us. They concern Thompson's group G and the Neretin's groups 
to be defined below. The reader who is eager for the connexions with groups of circle 
diffeomorphisms may skip this discussion and pass directly to the next section. 

Proposition 5.2.8. Thompson's group G does not have Kazhdan's property (T). 

Proof. We will give a (modified version of a) nice argument due to Farley [76], which 
actually shows that G has Haagerup's property (c./., Example 5.2.4). 

Denote by Go the subgroup of G formed by the elements whose restrictions to the 
subinterval [0, 1/2] of S"'^ is the identity. Let us consider the Hilbert space H = £^(G/Go). 
The group G naturally acts by isometrics of H by letting 'if{g)K{[h]) = K{[g~^h]) for 
all g,h in G and all KgH. 

Given a dyadic interval I C S^, choose gi E G sending [0, 1/2] into I affinely. Notice 
that the class [gi] of gi modulo Go does not depend on this choice. For each g£G let 
c{g) e W be the function defined by 

c(5) = 13('5[si]-'5[ssi])> 

where the sum extends over the set of all dyadic intervals /, and is the characteristic 
function of the set {[5/]}. Each function c{g) has finite support, since for every g €T one 
has [gg(i)] = [ggi] for j/j small enough (the restriction of g to small dyadic intervals is 
affine). Therefore, c(g) belongs to H. Moreover, it is not difficult to see that c satisfies 
the cocycle identity with respect to the unitary representation 

To compute ||c(5)||, notice that from the definition one easily deduces that ||c(5)||^ 
equals two times the number of dyadic intervals / such that either the restriction of g to 
/ is not affine, or the image of / by 51 is not a dyadic interval. It easily follows from this 
fact that ||c(5)|| tends to infinity as iength{g) goes to infinity. □ 

In order to introduce Neretin's groups, let us denote the homogeneous simplicial tree 
of valence p + 1 by T^. Let cr be a marked vertex of T^, which will be called the origin. 
A (possibly empty) subtree A of is complete if it is connected, compact, and each 
time two edges in A have a common vertex, all of the edges containing this vertex are 
included in A. Notice that the complement of a complete subtree is either all Tp or a 
finite union of rooted trees. 

Given a pair of complete subtrees A,B of T^, we denote by J^p{A,B) the set of 
bijections from Tp \ A onto Tp \ B sending each connected component of Tp \ A iso- 
metrically onto a connected component of Tp \B. If g belongs to AfP{A,B), then g 
induces a homeomorphism of OTP, which we will still denote by g. Notice that OTP 
may be endowed with a natural metric: the distance between x,y in dTP is given by 
dist{x,y) = p"", where n is the distance dist (on Tp) between a and the geodesic 
joining x and y. 



184 



Definition 5.2.9. The group of homcomorphisms of dT'^ induced by elements in some 
N^{AtB) is called Neretin's group (or spheromorphisms group), and denoted Af^. 

Roughly, AfP is the group of "germs at infinity" of isometries of dT^. Notice that if 
gi GAfP{A,B) and 52 &Af^{A',B') induce the same element oi M^, then they coincide 
over TP\ (^U^'). A representative ^€A/'p(^, ^B) of 17 G A/"^ will be said to be maximal 
if its domain of definition contains the domain of any other representative of g. Each 
element in A/'^ has a unique maximal representative. For g e , let us denote by Ag 
(resp. Bg) the closure of the complement of the domain of definition of g (resp. of g^^). 
Notice that Ag=Bg-i. The group Isom(T^') of the (extensions to the boundary of the) 
isometries of is a subgroup of . An element g € jV^ comes from an element in 
Isom(TP) if and only if = = 0. Notice finally that Thompson's group G may be 
also seen as a subgroup of J\f^. 

Neretin's groups appear naturally in the p-adic context. Indeed, if p is a prime 
number, then the group of diffcomorphisms of the projective line over Qp (that is, of the 
"p-adic circle") embeds into . In a certain sense, is a combinatorial analogue of 
the group of circle diffeomorphisms. For further information on this, we refer to the nice 
survey [187]. Here we will content ourselves with proving the following result from [186]. 

Proposition 5.2.10. LetV he a subgroup ofM^. IJT has property (T), then there exists 

a finite index subgroup Tq ofT so that the boundary ofT^' decomposes into finitely many 
balls whieh are fixed by Tq, and Fq acts isometrically on each of them. 

Proof. For each vertex a 7^ cr let Aa be the subtree rooted at a and "pointing to the 
infinity" {i.e., in the opposite direction to that of the origin). Let us choose one of the 
p + 1 subtrees of TP rooted at the origin, and slightly abusing of the notation, let us 
denote it by Ac,. Let be the subgroup of Af^ formed by the elements which fix the 
boundary at infinity dA^^ of and act isometrically (with respect to the metric 9ist) on 
it. The group Af^ has a natural unitary action on the Hilbert space H = £^{AfP/AfP), 
namely ^{g)K{[h]) = K{[g-^h]). 

To each vertex a of we associate the left-class S Af^/Af^ defined by 0q = [h], 
where hGAf^ is an element whose maximal representative sends A„ into Aa isometrically 
(with respect to the metric dist). Given g £ Af^ we let 

where 5^^ is the characteristic function of the set {(j)a}- Notice that, in the expression 

above, most of the terms cancel, and only finitely many remain; as a consequence, the 
function c{g) belongs to Ti. Moreover, one easily checks that c is a cocycle with respect 
to 

For g E r\Isom(TP), let d — d{g) be the distance between a and Ag. Let us consider 
a geodesic 7 joining a to the vertex in Ag for which the distance to a is maximal, and 
let ai, 02, . . . , fld-i be the vertexes in the interior of 7. One easily checks that for every 
vertex h in T'' and alHe {1, . . . , d—1} one has ^(^^^ ) ^ S^, from where one deduces that 
\\c{g)\\'>d-l. 

Let now g G T (1 Isom(TP). Let d' = d'{g) be the distance between ct and g(cr), and 
let 7 be the geodesic joining these points. Denoting by a'^, . . . , a^/_i the vertexes in the 
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interior of g "'^(7), one easily checks that for aU i G {1, . . . , d' — 1} and every vertex b of 
one has g{6^ ,) (this is because ^g(a') does not coincide with the image of Aa'. by g, 

since they point toward different directions !). One thus concludes that ||c(5)|p > d' — 1. 

If r has property (T), then the function g 1— > ||c(g')|| must be bounded. Therefore, 
there exists an integer N > such that dist{a, Ag) < N for all g <E F \ Isom(TP) (and 
hence dist{a,Bg) < N for al\g€T\ Isom(rP)), and such that for all c/ G T n Isom(rP) 
one has dist{a,g{a)) < N. The proposition easily follows from these facts. □ 

5.2.2 The statement of the result 

There is a lot of evidence suggesting that any (reasonable) one-dimensional structure 
on a space is an obstruction to actions of Kazhdan group on it. For instance, we will see 
below that for every action of a group with property (T) by isometrics of a simplicial 
tree, there exists a global fixed point. The proof that we present is essentially due to 
Haglund, Paulin, and Valette. An easy modification allows showing that the same result 
holds for actions by isometries on real trees. The results are originally due to Alperin 
and Watatani [2, 245]. 

Example 5.2.11. Let T be an oriented simplicial tree (we do not assume that the valence of 
the edges is finite). Let us denote by edg(T) the set of open (oriented) edges of T. For each 
T € edg{T), let ver{T) be the set of the vertexes in T which are connected to T by a geodesic 
whose initial segment is T (with the corresponding orientation). For each vertex w £ T let us 
denote by edg{v) the set of the oriented edges T for which v € ver{T). 

Let us consider the Hilbert space H = £^{edg{T)). Let F be a subgroup of the group of 
(orientation preserving) isometries of T. Fix a vertex a in T, and define a unitary representation 
* of F on W by letting ^{g)K{f)=K{g-\f)). For each peF let c(g) : ^(T) ^ R be 
defined by 

where X stands for the characteristic function. It is easy to see that c{g) has finite support, and 
hence belongs to fi. Moreover, the correspondence g 1-^ c(g) is a cocycle with respect to ^. 

If F has Kazhdan's property (T), then the cocycle c is a coboundary. In other words, there 
exists a function K £ H such that for every g G T one has c{g) = K — ^(g)K. In particular, 
||c(ff)|| < 2 \\K\\. On the other hand, it is easy to see that ||c(g)||^ = 2 dist{a,g{a)). One then 
deduces that the orbit of a by the F-action stays inside a bounded subset of T. We leave to 
the reader the task of showing that this implies the existence of a vertex which is fixed by the 
action (see [13, 221] in case of problems; compare also Exercise 5.2.3). 

If we have a group action on a general simplicial tree, then by taking the first barycentric 
subdivision we may reduce to the oriented case. If the group has property (T), then one concludes 
that it fixes either a vertex or the middle point of an edge of the original tree. 

In §2.2.3, we have seen that no finite index subgroup of SL(3,Z) acts by homcomor- 
phisms of the line in a nontrivial way. According to [248] (see also [145]), this is also 
true for many other lattices in Lie groups having property (T), but it is still unknown 
whether there exists a nontrivial Kazhdan group action on the line. (Equivalently, it is 
unknown whether there exist nontrivial, orderable Kazhdan groups.) 

More accurate results are known in the case of the circle. In particular, a theorem of 
Ghys [88] (a closely related version was independently and simultaneously obtained by 
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Burger and Monod [36]) asserts that if <I> : r^DifF^(S^) is a representation of a lattice 
r in a simple Lie group of rank greater than 1, then the image $(r) is finite. For a nice 
discussion of this result (as well as a complete proof for the case of lattices in SL(3,1R)) 
we strongly recommend [87] . 

Exercise 5.2.12. The main step in Ghys' proof consists in showing that, for every action by 
circle homeomorphisms of a lattice F in a higher-rank simple Lie group, there is an invariant 
probability measure. Show that this suffices for proving the theorem (compare Exercise 5.1.11). 
Hint. Recall that if there is an invariant probability measure, then the rotation number function 
is a group homomorphism into T'^ (see §2.2.2). Using the fact tiiat F has Kazhdan's property, 
show that the image by this homomorphism is finite. Conclude that the orbit of every point in 
the support of the invariant measure is finite. Finally, apply Thurston's stability theorem. 

Remark 5.2.13. It is not difficult to extend Theorem 2.2.24 and show that finite index sub- 
groups in SL(3, Z) do not admit nontrivial actions by circle homeomorphisms. Indeed, this 
result (also due to Wittc-Morris) may be proved by combining the claim at the beginning of the 
preceding exercise and Theorem 2.2.24, though it was originally proved using Margulis' normal 
subgroup theorem [156]. Let us point out that the proof is quite easy in class C^. Indeed, 
the involved lattices contain nilpotent subgroups which are not virtually Abelian. Hence, by 
Plante-Thurston's theorem, their actions by circle diffeomorphisms have infinite kernel. By 
Margulis' normal subgroup theorem, these actions must have finite image. 

The theorem below, obtained by the author in [185] (inspired by [212]), may be 
thought of as an analogue for Kazhdan groups of the results discussed above under a 
supplementary regularity condition. 

Theorem 5.2.14. Let ^ : T Diff^j_"^^(S^) be a representation of a countable group, 
with T > 1/2. Ifr has Kazhdan's property (T), then $(r) is finite. 

Kazhdan's property may be also considered for non discrete groups, mainly for locally 
compact ones. (In this case, the representations and cocycles involved in the definition 
should be continuous functions.) The reader can easily check that the technique of proof 
of Theorem 5.2.14 still applies in this general context. Another Kazhdan group may then 
arise as a group of circle diffeomorphisms, namely S0(2, M) (compare §1.4). 

Notice that Theorem 5.2.14 shows again that Thompson's group G does not have 
property (T) (see Proposition 5.2.8). Indeed, according to §1.5.2, G may be realized as 
a group of C°° circle diffeomorphisms (actually, it suffices to use the C^+^^p realization 
from §1.5.1). However, our technique of proof does not lead to Haagerup's property for 
G shown in §5.2.1. 

Exercise 5.2.15. Show that every Kazhdan subgroup of PSL(2, R) is finite by following the 
steps below (see [13, §2.6] in case of problems). 

(i) Consider the action of the Mobious group on the space M of non-oriented geodesies in 
the Poincare disk D. By identifying M with the set of classes PSL(2,K)/G7 (where is the 
stabiliser of a geodesic 7), use the Haar measure on PSL(2, M) to endow M with a Radon measure 

V. 

(ii) For each P, Q in D, let Mp,Q be the set of geodesies which "separate" P and Q {i.e., which 

divide D into two hemispheres so that P and Q do not belong to the same one). Show that 
there exists a constant C such that v-measure of Mp,q equals Cdist{P, Q) for all P, Q, where 
dist stand for the hyperbolic distance on D. 
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(iii) Consider the Hilbort space H = C\{M, v) and the unitary action ^ of PSL(2, R) on H. given 
by *(/)i^(7) = A:(/-17). Show that the function c defined on PSL(2,1R) by c(/) = Xmoj^o) 
belongs to Ti, where O = (0, 0) G D and X stands for the characteristic function. Show moreover 
that c is a cocycio with respect to vf. 

(iv) Using the construction in (iii), show that if F is a Kazhdan subgroup of PSL(2, M), then all 
of its elements are elliptic. Conclude that V is finite by using the result from Exercise 2.2.34. 



5.2.3 Proof of the theorem 

To simplify, we will denote by g the diffeomorphism $(5"^). Recall that the Liouville 
measure Lv on x has density function (see §1.3.2) 

1 

(r, s) 



4sin^(^)- 

Let H = £g'^(S^ X S^, Lv) be the subspace of C'^{S^ x S^, Lv) formed by the functions 
K satisfying K{x,y) = K{y,x) for almost every {x,y) G x S^. Let ^ be the unitary 
representation of F on 7i given by 

^{g)K{r,s)=Kig{r),g{s)) ■ [Jac{g){r, s)]K 

where Jac{g){r, s) is the Jacobian (with respect to Lv) of the map (r, s) {g{r),g{s)): 

sin^ (r:^) 

For each g' e F let us consider the function (compare (1.5)) 

c{g){r,s) = l-[Jac{g){r,s)]--. (5.5) 

One may formally check the relation c{g\g2) = c{g{) + '^{gi)c{g2) (compare (1-4)). In- 
deed, this Liouville cocycle c corresponds to the "formal coboundary" of the constant 
function 1, which does not belong to >Cg(S^ x S^,Lv).^ The main issue here is that, if $ 
takes values in DifF^"^^(S^) for some r > 1/2, then c{g) is a true cocycle with values in 
H. This is the content of the proposition below, essentially due to Segal [205] (see also 
[212]). 

Proposition 5.2.16. //r>l/2, then c{g) belongs to C'^^'^{S^ x S'^,Lv) for all geT. 
Proof. Notice that for a certain continuous function Ki : [0, 27r] x [0, 27r] M one has 



1 



|sin(r^)| 



^+K,{r,s) 



Therefore, to prove that c{g) is in £^'^(S^ x S^, Lv), we need to verify that the function 

[9'ir)9'{s)]^ 1 



(r, s) 



lair) -g{s)\ 



^The reader will readily notice that the cocycles from Examples 5.2.4, 5.2.6, 5.2.7, and 5.2.11, that of 
Exercise 5.2.15, and those of the proofs of Propositions 5.2.8 and 5.2.10, also arise as formal coboundaries. 
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belongs to /3r(S'^ x S^, Leb). Now for all r, s in such that \r — s\ < n, there exists t G 
in the shortest segment joining them so that \g{r) — g{s)\ = g'{t)\r — s\. We then have 



[9'{r)-g'{s)]h 



\9{'r)-9{s) 



\r—s\ 



1 



\r-s\g'{t) 
1 



[9'{r)-g'{s)]^--g'{t) 

\-g'{r)-g'{s)--g'{tf\ 

\r-s\g'{t) [g'{T)-g'{s)\^+g'{t) 



< 



[\-g\r)--g\t)\-g'{s) + -g'{t)\-g'{s)--g' 



2ivd{g'f\r-s 

Since g' is r-H61der continuous (c./., Example 4.1.18), this gives 



[9\r)-g'{s)]\ 



g{r) - g{s) 



r — s 



< 



\g'\rsup{g') 
2\r — s\ 'm{(g')^ 



\r-tr + \s-tr] <C\r-s\' 



where the constant C does not depend on (r, s). The proof is finished by noticing that, 



since t> 1/2, the function (r, s] 



I— > r — s 



belongs to £^(8^ x S^,Leb). 



□ 



If the group F has property (T) and r > 1/2, then the cocycle (5.5) is a coboundary. 
In other words, there exists a function K e £g^(S^ x S^,Lv) such that, for every g GT 
and almost every (r, s) G x S^, one has 



that is. 



1 - [Jac{g){r,s)]-- = K{r,s) - K{g{r),gis)) ■ [Jacig)ir, s)]-^ , 



[1 - K{g{r),9{s))]^ ■ Jac{g){r,s) = [1 - K{r,s)]\ 



We thus conclude the following. 

Proposition 5.2.17. Lei $ : T — > Diffy"^(S^) he a representation, with t > 1/2. // 
r has property (T), then there exists K G £^'^(S^ x S^,Lv) such that T preserves the 
geodesic current Lk given by 



Since Lk is absolutely continuous with respect to the Lebesgue measure on x S^\A, 
the property below is evident: 

Lxiia, a] X [b, c]) = for all a <b < c < a. (5.6) 

On the other hand, the fact that K is an square integrable function implies that 

Lk {[a, b[x]b, c]) = oo for all a < b < c < a. (5.7) 
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Indeed, noticing that 

i.([«,x|xb,c])* = [[iyKir.s>f4L,y > j^' -^^J - n, 
equality (5.7) easily follows from the relation 

and from the fact that the value of the cross-ratio [e'", e*^, e'^, e'"] goes to infinity as x 
and y tend to b (with a<x<b<y<c). 

We will say that a geodesic current satisfying properties (5.6) and (5.7) is stable. 
Proposition 5.2.17 implies the following. 

Proposition 5.2.18. Let ^ : T Diff^+'^(S^) be a representation, with t > 1/2. IfT 
has property (T), then there exists a stable geodesic current that is invariant by T. 

The measure Lk is not necessarily fully supported, that is, there may be nontrivial 
intervals [a,b] and [c,d\ for which Lif([a, 6] x [c, c?]) = 0. This may lead thinking that 
the group of circle homcomorphisms preserving Lk is not necessarily well behaved. Nev- 
ertheless, we will see that the stability properties of Lk lead to rigidity properties for 
this group. 

Lemma 5.2.19. If a circle homeomorphism preserves a stable geodesic current and fixes 
three different points, then it is the identity. 

Proof. Suppose that a homeomorphism f^Id fixes at least three points and preserves 
a stable geodesic current L, and let I=]a, b[ be a connected component of the complement 
of the set of fixed points of /. Notice that a and b are fixed points of /. Let c&]b,a[ 
be another fixed point of /. Since / does not fix any point in ]a, b[, for each x &]a, b[ 
the sequence {P{x)) converges to either a or b. Both cases being analogous, let us only 
consider the second one. Then /~*(a:) converges to a as i goes to infinity. This yields 

L{[a,x\ X [6,c]) ^L{[a,f(x)] x [6,c]), 
and therefore L{^[x, f{x)] x [6, c]) =0. Since xe]a, b[ was arbitrary, 

L(]a,6[x[6,c]) =5]L([r(a;),r+i(a;)] x [6,c]) =0. 

However, this is in contradiction with (5.7). □ 

The next proposition is a direct consequence of the preceding one. The reason for 
using the notation $(.g) instead oi g here will be clear shortly. 

Proposition 5.2.20. Let^ -.T ^ Diff;^+^(Si) be a representation, with t > 1/2. IfT 
has property (T) and g & T is such that ^{g) fixes three points, then $(<?) is the identity. 
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The pretty argument of the proof of the next proposition was kindly communicated 
to the author by Witte-Morris. 

Proposition 5.2.21. Let <^ : T ^ Difr^+^(Si) be a representation, with t > 1/2. If T 
has property (T) and g Cz T is such that $(.g) has a fixed point, then $(.g) is the identity. 

Proof. Let us consider the 3-fold circle covering S^. Upon this covering acts (by 0^+"^ 
diffeomorphisms) a degree-3 central extension of F. More precisely, there exists a group 
r containing a (central) normal subgroup isomorphic to Z/3Z, such that the quotient 
is isomorphic to T. Since F has property (T) and Z/3Z is finite, F also has property 
(T) {c.f., Example 5.2.5). If 5 e F is such that $(5) fixes a point in the original circle, 
then one of its prcimagcs in F fixes three points in by the induced action. Since 
identifies with the circle, using the preceding proposition one easily deduces that $(5) is 
the identity. □ 



Is is now easy to complete the proof of Theorem 5.2.14. Indeed, by the proposition 
above, the action of the group $(F) on is free. By Holder's theorem, this group is 
Abelian. But since $(r) still satisfies property (T), it is forced to be finite. 

Remark 5.2.22. By Exercise 1.3.11, every group of circle homeomorphisms preserving a stable 
geodesic current is conjugate to a subgroup of the Mobius group. Therefore, if r > 1/2 and 
# : r Diff^'^^(S^) is a representation whose associate cocycle (5.5) is a coboundary, then 
the imago ^(r) is topologically coujugatc to a subgroup of PSL(2,R). This allows giving an 
alternative end of proof for Theorem 5.2.14 by using the result from Exercise 5.2.15. 

Exercise 5.2.23. Prove that for every function it^e£^'^(S' x S\Lv), the group of the 
circle homeomorphisms preserving Lk is uniformly quasisymmetric (see Exercise 1.3.10). 

Remark 5.2.24. A result from [5] allows extending Theorem 5.2.14 to actions by C^^^ dif- 
feomorphisms. The theorem is perhaps true even for actions by C'^ diffeomorphisms (compare 
Exercise 5.2.7 and the comments before it; compare also Remark 5.2.33). However, an extension 

to general actions by homeomorphisms is unclear: see for instance Example 5.2.31. A particular 
case which is interesting by itself is that of piecewise affine circle homeomorphisms. 

Remark 5.2.25. By combining Theorem 5.2.14 with the two-dimensional version of Thurston's 
stability theorem [235] one may show that, if r > 1/2, then every countable group of C^"'"'^ 
diffeomorphisms of the closed disk or the closed annulus with property (T) is finite. It is 
unknown whether this is true for the open disk and/or annulus, as well as for compact surfaces 
of non-positive Euler characteristic (notice that the sphere supports a faithful action of the 
Kazlidan group SL(3,Z)). 

Exercise 5.2.26. Following [114], let us denote D°° = Diff^(S^) \ int(p"^(Q/Z)), where p is 
the rotation number function. The space D°° is closed in Difr^(S^), and hence it is a Baire 
space. Prove that the infinite cyclic group generated by a generic g € D°° is not uniformly 
quasisymmetric, and thus the set {|]c((7")|| : n G Z} is unbounded. (Recall that a property is 
generic when it is satisfied on a G^-dense set; recall moreover that, in a Baire space, countable 
intersections of G^-dense sets is still a G^-dense set). 

Hint. The set of g e D°° satisfying supj^ f, ,,,^2 sup„gp, \g"{a),g"{b),g''(c),g"{d)] = 00 is a 
Gs-set. Show that this set contains all infinite order circle homeomorphism of rational rotation 
number having at least three periodic points. Then use the fact that these homeomorphisms 
are dense in D°°. 
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Remark. According to Remark 3.1.10, for every g G D°° of irrational rotation number, the 
sequence (g''") converges to the identity in the topology, where Pn/ln is the n*'^-rational 
approximation of p[g). Moreover, if A; > 2, then for a generic subset of elements g in D°° there 
exists an increasing sequence of integers rii such that p"* converges to the identity in the 
topology. Indeed, letting distk be a metric inducing the topology on Diff^(S^), the set of 
g€T)'^ satisfying 

liminf distkig" , Id) — 

n>0 

is a Gg-set; moreover, this set contains all g for which p{g) verifies a Diophantine condition 
[114, 135, 251]. One thus concludes that, for a generic g £ D°°, the sequence (||c(5")||) is 
unbounded, but it has the zero vector as an accumulation point. Furthermore, the orbits of the 
corresponding isometry A{g) — ^{g} + c{g) are unbounded and recurrent, in the sense that all 
of their points arc accunmlation points (see [59] for more on unbounded, recurrent actions by 
isometrics on Hilbcrt spaces). 

Exercise 5.2.27. In class C^^'"''', Kopell's lemma may be shown by using the Liouville cocycle. 
More precisely, let f,g be commuting C^+lip difFeomorphisms of [0, 1]. Consider the "Liouville 

measure" Lv over [0, l[x[0, 1[ whose density function is (r, s) i— > l/(r — s)^. 

(i) Show that the functions c(/), c{g) defined by 

c(f)(r,s) = 1 - [jac(f-^){r,s)]K. c(g)(r,s) = 1 - [Jac{g-'){r,s)]K 
are square integrable over all compact subsets of [0, l[x[0, 1[. 

(ii) Show that, for every a€]0, 1[, there exists a constant C = C(a, /) such that for every interval 
[b, c] contained in [0, a] one has 



r riic(/)ii' < c7ic-6i^ 

Jb Jb 



(iii) Suppose that g fixes a point aG]0, 1[ and that f{x) <x for every a;£]0, 1[. Using the preceding 
inequality and the relation 0(5*) = c(/-"sf'=/") = c(/-") + *(/-")c(5'=) + *(/-"s)c(r), 
conclude that the value of 



//2(a) Jp(a) 

is uniformly bounded (independently of fc G N). 

(iv) By an argument similar to that of the proof of Proposition 5.2.20, show that the restriction 
of g to [f^{a),a] (and hence to the whole interval [0, 1[) is the identity. 

Exercise 5.2.28. Let /i be the (finite) measure on the boundary of giving mass p"" to each 
ball of radius p^", where n > 1 (see §5.2.1). Given a homeomorphism g of dT^, let us denote by 
g' its Radon-Nikodym derivative with respect to /^ (whenever it is defined). A natural "Liouville 
measure" Lv on dT^ x dT^ is given by 

Consider the Hilbert space Tl formed by the functions K in jC^{dT'' x dT^ , Lv) satisfying 
K{x,y) = K{y,x) for almost every {x,y) € dT^xdT^. Consider the unitary representation ^ 
of Af on Ti. given by 

9{g)K{x,y) = Kig-'ix),g-'(y))-[Jacig-'){x,y)]'^\ 

where Jac{g~^){x,y) denotes the Jacobian (with respect to the Liouville measure) of the map 
{x,y) ^ {g-^{x),g-^{y)). 
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(i) Prove that the extension to the boundary of every isomctry / of satisfies the equality 
disi{x, y)f'{x)f'{y) = dist{f{x), f{y)) for all points x, y in dT^. 

(ii) Conclude that for each g € Af^ the function c{g) : dT^ x dT^ R given by 

c{9){x,y) = 1- [jac{g'^)[x,y)Y''^ 

belongs to H. 

(iii) Show that c satisfies the cocyclo relation with respect to >]/. 

(iv) Prove that if F is a subgroup of A/"*" satisfying property (T) , then there exists K £H such 
that r preserves the "geodesic current" Lk given by 

dLK = [I- K{x,y)]'^dLv. 

(v) Conclude that there exists a compact subset C = C{K) of such that, for every element 
g G r \ Isom(Tf'), either yig n C / or ZJg n C / 0. 

(vi) Use (v) to give an alternative proof for Proposition 5.2.10. 

5.2.4 Relative property (T) and Haagerup's property 

Motivated by the preceding section, it is natural to ask whether finitely generated 
subgroups of DifF^'^^(S^) necessarily satisfy Haagerup's property when r > 1/2 (c./., 
Example 5.2.4). This is for instance the case of discrete subgroups of PSL(2,K) (see 
Exercise 5.2.15) as well as of Thompson's group G (see the proof of Proposition 5.2.8). 
One of the main difficulties for this question relies on the fact that very few examples of 
groups satisfying neither Haagerup's nor Kazhdan's property are known. Indeed, most 
of the examples of groups without Haagerup's property actually satisfy a weak version 
of property (T), namely the relative property (T) defined below. 

Definition 5.2.29. If F is a locally compact group and Fq is a subgroup of F, then the 
pair (F, Fq) has the relative property (T) if for every (continuous) representation by 
isometrics of F on a Hilbert space, there exists a vector which is invariant by Fo . 

A relevant example of a pair satisfying the relative property (T) is (SL(2, Z) k Z^, Z^). 
The reader will find more examples, as well as a discussion of this notion, in [13, 55]. Let 
us point out, however, that in most of the examples in the literature, if neither F nor Fq 
have property (T), then Fq (contains a cocompact subgroup which) is normal in F (see 
however [58]). Under such a hypothesis, the result below may be considered as a small 
generalization of Theorem 5.2.14. Its interest relies on Example 5.2.31. 

Theorem 5.2.30. Let T be a subgroup o/ Diff^^^(S^), with r>l/2. Suppose that F has 
a normal subgroup Fq such that the pair (F, Fq) has the relative property (T). Then either 
r is topologically conjugate to a group of rotations or Fq is finite. 

Proof. Let us use again the technique of the proof of Theorem 5.2.14. The Liouville 
cocycle induces an isometric representation of F on £^'^(S^ x S^,Lv). If (F,Fo) has 
the relative property (T), then this representation admits a Fo-invariant vector, and the 
arguments of the preceding section (see Remark 5.2.22) show that Fq is topologically 
conjugate to a subgroup of the Mobius group. 



193 



Relative property (T) is stable under finite, central extensions. Using this fact, and 
by means of the 3-fold covering trick in the proof of Proposition 5.2.21, one easily shows 
that To is actually topologically conjugate to a subgroup of the group of rotations (see 
Remark 5.2.22). If Tq is infinite, then it is conjugate to a dense subgroup of the group 
of rotations. Now it is easy to check that the normalizer in Homeo+(S^) of every dense 
subgroup of S0(2,M) coincides with the whole group of rotations (compare Exercise 
2.2.12). Therefore, if Tq is infinite, then T is topologically conjugate to a subgroup of 
S0(2,M), which concludes the proof. □ 

Example 5.2.31. Theorem 5.2.30 does not extend to actions by homeomorphisms: the group 
SL(2,Z) x acts faithfully by circle homeomorphisms. Indeed, starting from the canonical 

action of PSL(2,R), one can easily realize SL(2,R) as a group of real-analytic circle diffeomor- 
phisms. Lot pG be a point whose stabilizer under the corresponding SL(2, Z)-action is trivial. 
Replace each point f{p) of the orbit of p by an interval If (where / £ SL(2,Z)) in such a way 
that the total sum of these intervals is finite. Doing this, we obtain a topological circle Sp 
provided with a faithful SL(2, Z)-action (we use affine transformations for extending the maps 
in SL(2, Z) to the intervals //). 

Let I — lid be the interval corresponding to the point p, and let {(/j' : t € K} be a nontrivial 
topological flow on I. Choose any real numbers u, v which are linearly independent over the 
rationals, and let g = ip^ and h = ip'". Extend g, h to Sp by letting 



and X G //-i • (For x in the complement of the union of the //'s, we simply put g(x) — h{x) — x.) 
The reader will easily check that the group generated by g,h, and the copy of SL(2,Z) acting 
on Sp, is isomorphic to SL(2,Z) K Z^. 

Example 5.2.32. If F2 is a free subgroup of finite index in SL(2, Z), then the pair (F2 K Z2,Z2) 
still has the relative property (T). Moreover, F2 ix Z^ is an orderable group (it is actually locally 
indicable: see Remark 5.1.8), thus it acts faithfully by homeomorphisms of the interval. (Notice 

that no explicit action arises as the restriction of the action constructed in the preceding example; 
however, a faithful action may be constructed by following a similar procedure.) Since F2 k Z^ 
is not bi-orderable, let us formulate the following question: Does there exist a finitely generated, 
bi-orderable group without Haagerup's property ? 

Remark 5.2.33. The actions constructed in the preceding examples are not smoothable. 
Actually, for every non solvable subgroup H of SL(2, Z), the group H x does not embed in 
neither DiffV(Si) nor Diffl'^(R). The proof of this fact does not rely on cohomological properties, 
and it is mostly based on dynamical methods: see [173]. 

5.3 Super-rigidity for Higher-Rank Lattice Actions 

5.3.1 Statement of the result 

Kazhdan's property fails to hold for some higher-rank semisimple Lie groups and 
their lattices. Indeed, some of these groups may act by circle diffeomorphisms. However, 
these actions are quite particular, as was first shown by Ghys in [91]. To state Ghys' 



g{x) = f-'{g^h^{f{x 



h{x) = f-'{g''h'{f{x))), 



for 
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theorem properly, recall that a lattice F in a Lie group G is said to be irreducible if 
there are no normal subgroups G\ and G2 generating G so that G\ fl G2 is contained in 
the center of G (which is supposed to be finite) and such that (F n Gi) • (F n G2) has 
finite index in F. 

Theorem 5.3.1. Let G he a (connected) semisimple Lie group of rank greater than or 

equal to 2, and let F he an irreducihle lattice in G. If ^ is a homom,orphism from F into 
the group of circle diffeomorphisms, then either $ has finite image, or the associated 
action is semiconjugate to a finite covering of an action ohtained as the composition of 
the following homomorphisms: 

- the inclusion of F in G, 

- a surjective homomorphism from G into PSL(2,M), 

- the natural action of PSL(2, M) on the circle. 

For the proof of this result, Ghys starts by examinating the case of some "stan- 
dard" higher-rank semisimple Lie groups (SL(n, M), Sp(2r, M), S0{2,q), SU{2,q), and 
PSL(2,R) X PSL(2,IR)), and then he uses the classification of general semisimple Lie 
groups [140]. Notice that the former four cases correspond to higher-rank simple Lie 
groups (the involved lattices satisfy Kazhdan's property...). For the latter case (which 
is dynamically more interesting) Ghys proves that, up to a semiconjugacy and a finite 
covering, every homomorphism $ : F — > Diff^(S^) factors through the projection of F 
into one of the factors, and then by the projective action of this factor on the circle. To 
understand this case better, the reader should have in mind as a fundamental example 
the embedding of PSL(2,Z(V2)) as a lattice in PSL(2,R) x PSL(2,R) through the map 

/ ai + biV2 a2 + b2V2\ ^ ^ // ai + biV2 02 + 62^2 \ / ai-biV2 02-62^2 \\ 

Vaa-h&sv^ 04-^64^2/ ' yyas + hsV^ a4, + h4,V2 )\a3-b3V2 a^-h^^ ))' 

To extend Theorem 5.3.1, we need to generalize the notion of "rank" to an arbitrary 
lattice. Many tempting definitions have been already proposed (see for instance [8]). 
Here wc will deal with the perhaps simplest one, which has been successfully exploited 
(among others) by Shalom [223]. The higher-rank hypothesis corresponds in this general 
framework to a commutativity hypothesis inside the ambient group. In more concrete 
terms, the "general setting" that we consider -which is actually that of [223]- is the 
following one: 

- G = Gi X • • • X G;; is a locally compact, compactly generated topological group (see 
Exercise 5.1.12), with k>2, and F is a finitely generated cocompact lattice inside; 

- the projection pn (F) of F into each factor G, is dense; 

- in the case where each Gj is an algebraic linear group over a local field [156], we also 
allow the possibility that F be a non-cocompact lattice in G. 

We point out that, in the last case, F is necessarily finitely generated. This follows 
from important theorems due to Kazhdan and Margulis [156]. On the other hand, the 
second condition is similar to the irreducibility hypothesis in Theorem 5.3.1. 

In the Introduction of [223], the reader may find many other motivations, as well as 
some relevant references, concerning the general setting that we consider. We should 
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mention that examples of nonlinear lattices satisfying the first two properties have been 
constructed in [16, 37, 211]. For these lattices, as well as for the linear ones, {i.e., those 
which embed into GL(n, K) for some field K), the next super-rigidity theorem for actions 
on the circle (obtained by the author in [181]; see also [179]) holds. 

Theorem 5.3.2. In the preceding context, /ei $: F — > Diff^'''^(S''^) be a homom,orphism 
such that $(F) does not preserve any probability measure on the circle. If t > 1/2, then 
either $(F) is conjugate to a subgroup o/PSL(2,R), or $ is semiconjugate to a finite 
covering of an action obtained as a composition of: 

- the injection of T in G, 

- the projection of G into one of the factors Gi, 

- an action i> of Gi by circle homeomorphisms. 

The hypothesis that $(F) does not fix any probability measure on may be sup- 
pressed if the first cohomology (with real values) of every finite index normal subgroup of 
F is trivial. Let us point out that, according to [223], this condition is fulfilled if Hg(G) 
is trivial (this is the case for instance if the Gi's are semisimple algebraic linear groups 
over local fields [156]). 

Corollary 5.3.3. Let T be a finitely generated lattice satisfying the hypothesis of the 

general setting, and let ^ : T ^ Diff^'^^(S^) be a hom,omorphism, with r > 1/2. // 
Hg(Fo) = {0} for every finite index normal subgroup ofT, then the conclusion of Theorem 
5.3.2 still holds. 

Thanks to the results above, to understand the actions of irreducible lattices in higher- 
rank semisimple Lie groups by circle diffeomorphisms we may use the classification from 
§1.4. Wc can then obtain refined versions under any one of the hypotheses below: 

(i) the kernel of $ is finite and the orbits by $(F) are dense; 

(ii) the kernel of $ is finite and $ takes values in the group of real-analytic circle diffeo- 
morphisms; 

(iii) every normal subgroup of F either is finite or has finite index (that is, F satisfies 

Margulis' normal subgroup theorem [156]). 

Theorem 5.3.4. Suppose that the hypothesis of Corollary 3.6.3 are satisfied, and that 
at least one of the preceding hypotheses (i), (ii), or (iii), is satisfied. If the image $(F) 
is infinite then, up to a topological semiconjugacy and a finite covering, $(r) is a non 
metabelian subgroup o/PSL(2,]R). 

Hypothesis (i), (ii), or (iii), allows avoiding the degenerate case where G has infinitely 
many connected components and its action on the circle factors, modulo topological 
semiconjugacy, through the quotient by the connected component of the identity. Let us 
point out that hypothesis (iii) is satisfied when each Gi is a linear algebraic simple group, 
as well as for the lattices inside products of groups of isometrics of trees constructed in 
[37] (see [7] for a general version of this fact). 

One can show that the hypothesis of connectedness for G in Theorem 5.3.4 can be 
weakened into that no Gi is discrete. This is not difficult but rather technical: see [35] 
for a good discussion on this point. 
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The proofs wc give for the resuhs of this section strongly use a super-rigidity theorem 
for isometric actions on Hilbert spaces (due to Shalom) which will be discussed in the 
next section. This theorem has been generalized in [5] to isometric actions on CF spaces. 
This allows obtaining 0^+"^ versions of the preceding results for every r>0. Actually, by 
means of rather different techniques, these results have been recently extended to actions 
by homeomorphisms by Bader, Purman, and Shaker in [6] (using "boundary theory"), 
and by Burger in [35] (using bounded cohomology) . However, to avoid overloading the 
presentation, we will not discuss these extensions here. 

5.3.2 Cohomological super-rigidity 

Let us again consider a unitary action ^' of a group F on a Hilbert space W, where 
r now may be non discrete, but it is supposed to be locally compact and compactly 

generated. 

Definition 5.3.5. One says that 4* almost has invariant vectors if there exists a 
sequence of unitary vectors Kn S H such that, for every compact subset C of F, the value 
of supggc W^n — ^{9)Kn\\ Converges to zero as n goes to infinity. 

Definition 5.3.6. A cocyclc cr.T ^ Ti associated to ^ is an almost coboundary (or it 
is almost cohomologically trivial) if there exists a sequence of coboundaries c„ such 
that, for every compact subset C of F, the value of sup^g^ l|cn(fl') — c{g)\\ converges to 
zero as n goes to infinity. 

Exercise 5.3.7. Show that the cocycle from Example 5.2.7 is almost cohomologically trivial 

for every finitely generated subgroup of Diff^+^([0, 1]), where t > 0. 

Hint. Consider the coboundary Cn associated to the function Kn{x) = Af[i/„_i](a;). 

The elementary lemma below, due to Delorme [13], appears to be fundamental for 
studying almost coboundaries. 

Lemma 5.3.8. // does not almost have fixed vectors, then every cocycle which is an 
almost coboundary is actually cohomologically trivial. 

Proof. Let 5 be a compact generating set for F. By hypothesis, there exists £ > such 
that, for every K gH, 

snp \\K -^{h)K\\>s\\K\\. (5.8) 

heg 

Since c is almost cohomologically trivial, there must exist a sequence {Kn) in H such 
that c{g) = lim„^+oo(-K'Ti — ^(5)-f^n) for every g G T. Inequality (5.8) then gives 
M = sup^gg l|c(ft)l| > £limsup„ l]ii^nl|, and thus limsup„ \\Kn\\ < M/e. Therefore, 

||c(5)|| <limsup(lli^„ll + ll*(5)jr„ll) < — . 

n — >QO £ 

Since this holds for every g€T, the cocycle c is uniformly bounded. By the Tits Center 
Lemma (c./.. Exercise 5.2.3), it is cohomologically trivial. □ 

We now give a version of Shalom's super-rigidity theorem [223] , which plays a central 
role in the proof of Theorem 5.3.2. Let us point out, however, that we will not use this 
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result in its full generality. Indeed, in our applications we will always reduce to the case 
where the corresponding unitary representations do not almost have invariant vectors, 
and for this case the super-rigidity theorem becomes much more elementary. 

Theorem 5.3.9. Let G = Gi x ■ ■ ■ x Gk be a locally com,pact, compactly generated 
topological group, and let T be a lattice inside satisfying the hypothesis of our general 
setting. Let ^ : F ^ U{H) be a unitary representation which does not almost have 
invariant vectors. If c is a cocycle associated to ^ which is not an almost coboundary, 
then c is cohomologous to a cocycle c\+. . .+Ck such that each Ci is a cocycle taking values 
in a "^{T) -invariant subspace Hi upon which the isometric action ^ + Ci continuously 
extends to an isometric action of G which factors through Gi . 

This remarkable result was obtained by Shalom inspired by the proof of Margulis' 
normal subgroup theorem. It is based on the general principle that commuting isometrics 
of Hilbert spaces are somehow "degenerate" (Exercises 5.3.13 and 5.3.14 well illustrate 
this fact). Instead of providing a proof (which may be found in [223]), we have preferred to 
include two examples where one may appreciate (some of) its consequences {c.f, Exercises 
5.3.11 and 5.3.12). For the first one we give a useful elementary lemma for extending 
group homomorphisms from a lattice to the ambient group. To state it properly, recall 
that a topological group H is sequentially complete if every sequence (/i„) in H such 
that limm_„^+oo h^^hn = idu converges to a limit in H. 

Lemma 5.3.10. Let G and T be groups satisfying the hypothesis of our general setting. 
Let <^:T^H be a group homomorphism, where H is a sequentially complete, Hausdorff, 
topological group. Suppose that there exists i e {1, . . . , A;} such that for every sequence 

{g-n) in r satisfying lim„^+oo P''j(.9n) = idc., one has lim„^+oo ^'(.9n) = idH- Then $ 
extends to a continuous homomorphism from G into H which factors through Gi . 

Proof. For g G Gi take an arbitrary sequence {gn) in F so that pri{gn) converges 
to g. By hypothesis, letting /i„ = ^{gn) we have limm,n^+oo h:^hn = idH- Let us 
define $(g) = lim„^_|-oo h-n- This definition is pertinent, because of the hypothesis on the 
topology of H. Moreover, it does not depend on the chosen sequence, and it is easy to 
see that the map $ thus defined is a continuous homomorphism from G which factors 
through Gi. We leave the details to the reader. □ 

Exercise 5.3.11. Assuming Theorem 5.3.9, and following the steps below, show the following 
super-rigidity theorem for actions on trees: If F is a lattice satisfying the hypothesis of the 
general setting and $ is a non-elementary action of F by isometrics of a simplicial tree T, then 
there exists a F-invariant subtree over which the action extends to G and factors through one 
of the Gi's (recall that the action is non- elementary if there is no vertex, edge, or potnt at the 
infinity, which is fixed). 

Remark. The result above (contained in [223]) still holds for non-cocompact irreducible lattices. 
The proof for this general case appears in [168], and uses a super-rigidity theorem for bounded 

cohomology. 

(i) By means of a barycentric subdivision, reduce the general case to that where no element 
fixes am edge and interchanges its vertexes. 

(ii) Suppose that there exist a vertex vq in Tand an index iG{l, . . . ,k} verifying the following 
condition: for every sequence {g„) in F such that lim„^+oo pri((jr„) = idd, the vertex vo is a 
fixed point of ^{gn) for every n large enough. Prove that the claim of the theorem is true. 
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Hint. The sot of vcrtcxos verifying the above condition is contained in a F-invariant tree over 
which Lemma 5.3.10 applies. 

(iii) Using Delorme's lemma, prove that the hypothesis that the action is non-elementary implies 

that the associated regular representation of F on Ti = £g^{edg{'T)) does not almost have 
invariant vectors (see Example 5.2.11). 

(iv) Let Tii be the subspace given by Theorem 5.3.9. Define edg*{T) as the set of edges in 
T modulo the equivalence relation which identifies Ti with T2 if V'(Ti) ~ ^(^2) for every 
function ip in Hi- Consider the subset edgo{T) of the classes in edg*{T) over which at least one 
of the functions in Hi is non-zero. Show that every class in edgo (T) is finite. 

(v) Let [T] G edgo{T) be one of the finite classes above, and let F* be its stabiliser in F. The 
subgroup F* fixes the geometric center of the set of edges in [T], and thus (i) implies that F* 
fixes a vertex vo- Show that vo satisfies the hypothesis in (ii). 

Hint. Given a sequence (<;„) in F such that \im„ ^ + 00 pri{g„) — ida^, show that g„ belongs to 
r* for all n large enough. For this, argue by contradiction and consider separately the cases 
where the classes of the g„'s with respect to F* are equal or different, keeping in mind the fact 
that the functions in Tii are square integrable and non-zero over the edges in [T] . 

Exercise 5.3.12. Recall that there exist nontrivial commuting C'^'*'^ diffeomorphisms f,g of 
the interval [0, 1], where 1/2 < r < 1, so that the set of fixed points of / (resp. g) in ]0, 1[ is 
empty (resp. non-empty and discrete): see §4.1.4. Show that the restriction of the Liouville 
cocycle c: F^£^''^([0, 1] x [0, l],Xv) = 7^ to the group F ~ generated by / and g is almost 
cohomologically trivial (see Exercise 5.2.27). 

Hint. Assuming the opposite, Shalom's super-rigidity theorem provides us with a unitary vector 
K m Ti which is invariant either by ^{f) or ^{g). Show that the probability measure hk on 
[0, 1] defined by 

tiK{A)= f f \K{x,y)f d'HJ, 

Jo J A 

is invariant by either / or g. Then using the fact that / has no fixed point, show that g preserves 
^K, and that this measure is supported on the set of fixed points of g. Finally, use the fact that 
the latter set is countable to obtain a contradiction. 

Remark. It would be interesting to give an explicit sequence of coboundaries converging to the 
cocycle c. 

Exercise 5.3.13. Given a product G — Gi x G2 oi compactly generated topological groups, 
let A = 'i' + c be a representation of G by isometrics of a Hilbert space Ti.. Suppose that the 
isometric representation of Gi obtained by restriction does not have invariant vectors. Show 
that the corresponding unitary representation of G2 almost has invariant vectors. 
Hint. Let {g„) be a sequence in Gi such that ||c((;n)|| tends to infinity. Using the commutativity 
between Gi and G2, show that the sequence of unitary vectors c(g„)/||c(g„)|| is almost invariant 
by *(G2). 

Exercise 5.3.14. Let : Z'^ —^ U{TL) be a unitary representation and c:l? —^H an associated 
cocycle. Show that, if both ^((1,0)) and *((0, 1)) do not almost have invariant vectors, then 
c is cohomologically trivial. 

Hint. Denote by Ai = ^'i -|-ci and A2 = ^2 + C2 the isometries of Ti associated to the generators 
of 1?. Check that for all i € {1, 2}, all K ^U, and all n e Z, 

{Id - *i)Ar(i^) = *r(if ) - *-+"(i^) - *?(ci) -I- Ci. 
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Using this relation and the commutativity between Ai and A2, find a uniform upper bound for 
\\{Id - - 92)A"^A2^(K)\\. From the fact that both *i and *2 do not almost have 

invariant vectors, conclude that the orbits by the isometric action of are bounded. Finally, 
apply the Tits Center Lemma {c.f., Exercise 5.2.3). 

Exercise 5.3.15. Given C > 0, a subset Mo of a metric space M is C-dense if for every K €M 
there exists Ko e Mo such that dist{Ko, K) < C. 

(i) Show that there is no isometry of a Hilbert space of dimension bigger than 1 having C-dense 
orbits (compare with the remark in Exercise 5.2.26). 

Hint. Following an argument due to Fathi, let A = be an isometry of a Hilbert space Tl with 
a C-dense orbit {A"{Ko) : n e Z}. Using the equality ^"(A'o) = ^"(ifo) + J2"=o show 
that the set {(/d-*)A"(A'o) : n G Z} is 2C-dense in the space {Id-'^)H. Using the identity 

(/d-*)A"(7fo) = *"(J^o) -*'+"(-R:o) -*"(c) + c 

conclude that the norms of the vectors in this space are bounded from above by 2(||i^o|| + ||c||) , 
and hence ^ = Id. Thus, ^ is a translation, which implies that Ti. has dimension or 1. 

(ii) As a generalization of (i) , show that no action of Z* by isometrics of a finite dimensional 
Hilbert space admits C-dense orbits. 

Hint. Let Ai — ^i + Cj be commuting isometries of an infinite dimensional Hilbert space Ti., where 
i € {1, . . . , k}. Assuming that the orbit of Kq by the group generated by them is C-dense, 
show that the set 

{(/d - *i) • • • (7d - ^k)Al'' • • • {Ko) : € Z} 

is 2*° C-dense in the space (Id — '^i) ■ ■ ■ {Id — '^k)'H. Using a similar argument to that of Exercise 
5.3.14, show that this set is contained in the ball in Ti. centered at the origin with radius 
2*^ (ll-fs'o II + X^iLi l|ci||) • Deduce that for at least one of the $i's, say 'i'k, the set Ti of invariant 
vectors is an infinite dimensional subspace of Ti.. Denoting by Ck the projection of Ck into Ti, 
show that the orthogonal projection into the space Ti* = (cfe)^ n H induces A; — 1 commuting 
isometries generating a group with C-dense orbits. Complete the proof by means of an inductive 
argument. 

Remark. It is not difficult to construct isometries of an infinite dimensional Hilbert space gen- 
erating a free group for which all the orbits are dense. The problem of determining what are 
the finitely generated groups which may act minimally on such a space seems to be interesting. 
According to (ii) above, such a group cannot be Abelian, and by the next exercise, it cannot be 

nilpotent either (compare [60]). 

Exercise 5.3.16. Suppose that there exist finitely generated nilpotent groups admitting iso- 
metric actions on infinitely dimensional Hilbert spaces with C-dense orbits for some C > 0. Fix 
such a group F with the smallest possible nilpotence degree, and consider the corresponding 

affine action A = 'i' + c. 

(i) Show that the restriction of the unitary action to the center if of F is trivial. 

Hint. Consider a point Ko in the underlying Hilbert space H with a C-dense orbit, and for each 

Ken choose ger such that \\A{g){Ko) - K\\ < C. For all ft € J? one has 

\\AmK)-K\\ < \\A{h){K)-A{hg)iKo)\\ + \\Aihg)iKo)-A{g){Ko)\\ + \\A(g)iKo)-K\\ 
< 2C + \\A{gh){Ko)-A{g){Ko)\\ 
= 2C + \\A{h){Ko)-Ko\\. 

In particular, if K 0, then replacing K by XK in the above inequality and letting A tend to 
infinity, conclude that K is invariant by H. 
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(ii) By (i), for every h £ H the isometry A(h) is a translation, say by a vector Kh- Show that Kh 
is invariant under "I'(r). Conclude that the subspace Ho formed by the >]/(r)-invariant vectors 
is not reduced to {0} (notice that the action of H on Ti.o cannot be trivial). By projecting 
orthogonally into Ho and its orthogonal complement Hq, we obtain isometric representations 
^0 and ^o" i both with C-dense orbits. Using the fact that the unitary part of Ao is trivial (that 
is, Ao is a representation by translations) and that F is finitely generated, conclude that Aq 
has infinite dimension. Obtain a contradiction by noticing that over Ho the affine action of H 
is trivial, and hence Aq induces an aiiine action of the quotient group T/H whose nilpotence 
degree is smaller than that of F. 

Exercise 5.3.17. Give examples of non minimal, isometric actions on infinite dimensional 
Hilbert spaces of finitely generated solvable groups. 

5.3.3 Super-rigidity for actions on the circle 

Let r be a subgroup of Diff^'^^(Si), whore t > 1/2. Aceording to §5.2.3 (see Remark 
5.2.22), if the restriction of the Liouvihe cocycle to F is cohomologically trivial, then F 
is topologically conjugate to a subgroup of PSL(2,]R). Using Delorme's lemma we will 
study the case where this cocycle is almost cohomologically trivial. The next lemma 
should be compared with Exercise 5.3.11, item (iii). 

Lemma 5.3.18. Suppose that the Liouville cocycle restricted to F is an almost cobound- 
ary which is not cohomologically trivial. Then F preserves a probability measure on the 
circle. 

Proof. By Delorme's lemma, if c is an almost coboundary which is not cohomologically 
trivial, then almost has invariant vectors. Therefore, there exists a sequence (Kn) 
of unitary vectors in H = £^^(8-^ x S^,Lv) such that, for every g GT, the value of 
\\Kn — ^{g)Kn\\ converges to zero as n goes to infinity. Let fin be the probability 
measure on defined by 

IJniA)= / / Kl{x,y)dLv. 

JSi J A 

For every continuous function <^ : ^ M we have 

\l^n{f) - g{lJ-n){f)\ < 

< 
< 

Prom this it follows that |y^„(</') — g{jin){'^)\ goes to zero as n goes to infinity. Therefore, 
if /i is an accumulation point of {fin), then is a probability measure on which is 
invariant by F. □ 

Proof of Theorem 5.3.2. For each unitary vector K£'H = C^^{S^ x '$i^,Lv), let fix 
be the probability measure of obtained by projecting on the first coordinate, that is, 

Mk(A) = / / K^{x,y)dLv. 

JSi J A 



llvlU- / / \K-{^{g)Knf\dLv 

||vlU~ll^n + ^{g)Kn\\c4Kn - ^{g)Kn\\c^ 

2Mcoo\\Kn-^(g)KJ\c2. 



201 



Let prob be the map prob{K) = fin defined on the unit sphere of Ti. and taking vahics 
in the space of probabihty measures of the circle. This map prob is F-equi variant, in the 
sense that for all 5 e F and every unitary vector K G £^^(8^ x S^,Lv), 



prob{^{g)K) = <^{g){prob{K)). 



(5.9) 



Suppose that $(F) preserves no probability measure on and that <i?(F) is not 
conjugate to a subgroup of PSL(2,IR). By Lemma 5.3.18 and the discussion before it, 
Shalom's super-rigidity theorem provides us with a family {Tii ..... TLk^ of 'I'(r)-invariant 
subspaces of Ti, as well as of cocycles : F ^ Hi, such that at least one of them is not 
identically zero, and such that over each Hi the isometric action associated to Ci extends 
continuously to G and factors through Gi. Take an index « G {1, . . . , fc} so that Jii is 
nontrivial. We claim that the image of the unit sphere in Ti^ by the map prob consists 
of at least two different measures. Indeed, if this image were made of a single measure 
prob{K) then, due to (5.9) and to the fact that Jii is a 4'(F)-invariant subspacc, prob{K) 
would be invariant by F, thus contradicting our hypothesis. Fix an orthonormal basis 
{Ki, K2, . . .} of Hi, and define 



The measure jix has "maximal support" among those obtained by projecting functions in 
Hi- Moreover, ij,k has no atom, and it is absolutely continuous with respect to Lebesgue 
measure. We denote by A the closure of the support of /i^, which is a compact set 
without isolated points. Since Hi is ^'(F)-invariant, A is F-invariant, and since $(F) has 
no invariant measure, A is not reduced to the union of finitely many disjoint intervals. 

If A is not the whole circle, let \is collapse to a point the closure of each connected 
component of S^ \ A. We thus obtain a topological circle S^ over which the original 
action $ induces an action by homeomorphisms $a. However, notice that the orbits of 
this induced action arc not necessarily dense, since A might be bigger than the (non- 
empty) minimal invariant closed set of the original action. If A is the whole circle, we let 
S\ = S^. In any case, S\ is endowed with a natural metric, since it may parameterized 
by means of the mesure hk- 

Let K' be a function in the unit sphere of Hi such that the measure fj,K' is different 
from fXK, and let F^^ (resp. F^^, ) be the group of homeomorphisms of S\ that preserve 
the measure (induced on S\ by) /ik (resp. Hk')- Notice that F^^^^ is topologically 
conjugate to the group of rotations. If (g„) is a sequence of elements in F such that 
lim„^+ooP''i(5n) = *'^G., then both \\^{gn)K-K\\ and \\^{gn)K'-K'\\ converge to zero 
as n goes to infinity. An analogous argument to that of the proof of Lemma 5.3.18 then 
shows that {^{gn))*{fJ'K) (resp. ($(5n))* (mat')) converges to jj-x (resp. iik') as n goes 
to infinity. Using this, one easily concludes that ($A((7n)) has accumulation points in 
Homeo+(S]\^), all of them contained in F^^^ n F^^^, . Since fiK' is different from fj,K and 
its support is contained in that of ^ik, the group F^^ n F^^, is strictly contained in Tk- 
Since F^^^ n F^^, is closed in Homeo+(S\), and since every non-dense subgroup of the 
group of rotations is finite, we conclude that F^^ n F^^^, must be finite. 

Let H be the set of elements /i e Homeo+(S\) such that /i = lim„^+oo ^A(5'n) for 
some sequence {gn) in F satisfying lim„_>+ooP''j(5n) = ic?Gi- By definition, H is a closed 





n>0 
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subgroup of Homco+(S\). Moreover, the argument above shows that H is contained in 
I"' r^^, . It must therefore be finite and cycUc, say of order d. In the case d > 1, we 
choose a generator h for H, and we notice that the rotation number p{h) is non-zero. Let 
[gn) be a sequence in F such that lim„^_|-oo P?'i(,9n) = idch and h = lim„^_|-oc '&A(.9ri)- 

We now show that H is contained in the centrahzer of $A(r) in Homeo+(S\). To do 
this, notice that for each g the sequence of maps pri{g~^gng) also tends to idd as 
n goes to infinity. By definition, {^A{9~^9ng)) converges to some element & where 
j G {1, . . ■,d}. From the equality K{g~^ gng)) = p{g~^gng) = p{gn) = p{^K{gn)) it 
easily follows that i = l, which implies that ^A{g) commutes with h. Since gGT was an 
arbitrary element, the group H centralizes $a(F). 

Let S\/^ be the topological circle obtained by identifying the points in S\ which are 
in the same orbit of H. This circle S\ is a finite covering of degree d of S]^/~. Moreover, 
$A : r Homco+(SA) naturally induces a representation ^ : F — !■ Homeo+(SA/~ ) 
such that, if (gn) is a sequence in F for which pri{gn) tends to id^, then ^{gn) tends 
to the identity (on S^/~). Lemma 5.3.10 then allows concluding that $ extends to a 
representation 4>: G'^Homeo+(Sj\^/'~) which factors through Gj. This representation $ 
is the one that extends $ up to a semiconjugacy and a finite covering, as we wanted to 
show. The proof of Theorem 5.3.2 is thus concluded. □ 

Now recall that the finite subgroups of Homco+(S"'^) are topologically conjugate to 
groups of rotations, and thus to subgroups of PSL(2,M). Hence, to prove Corollary 
3.6.3 it suffices to show that, if $(F) preserves a probability measure on the circle and 
Hj^(Fo) = {0} for every finite index normal subgroup Fo of F, then <I>(F) is finite. For this, 
notice that if the invariant measure has no atom, then $(F) is semiconjugate to a group 
of rotations; in the other case, ^'(r) has a finite orbit. We claim that this implies that 
4>(F) must be finite. Indeed, in the case of a finite orbit, this follows from Thurston's 
stability theorem, whereas in the case of a semiconjugacy to a group of rotations, this 
follows by taking the rotation number homomorphism (recall that F -and hence Fq- is 
finitely generated). The proof of Corollary 5.3.3 is thus concluded. 

Proof of Theorem 5.3.4. Since G is a connected Lie group, its action $ on S\/^ factors 

through homomorphisms into (M,+), Afr+(M), S0(2,R), PSL(2,]R), or PSLfc(2,M) for 
some k>l (see §1.4). In what follows, suppose that $(F) is infinite, which according 
to the proof of Corollary 5.3.3 is equivalent to that $(F) has no invariant probability 
measure on S^. 

Let us first consider the case of hypothesis (i). The circle Sjy then identifies with the 
original circle S^. Prom the fact that the kernel of $ is finite, one concludes that there 
exist sequences (gn) in F such that prj(g„) converges to idc^ and the homeomorphisms 
$((/„) are two-by-two different. This implies that the Lie group $(Gi) cannot be discrete. 
Prom the previously recalled classification, the connected component of the identity in 
this group <t{Gi)Q corresponds either to S0(2,]R), to PSLfc(2,IR) for some fc > 1, or to 
a subgroup of a product of groups of translations, of affine groups, and/or of groups 
conjugate to PSL(2,M), all of them acting on disjoint intervals. The first case cannot 
arise, since (/)(F) does not fix any probability measure on S^. The last case cannot arise 
either, because the orbits by $(F) are dense and $(Gi)o is normal in $(Gj) (the family 
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of the intervals fixed by 3>(G'i)o must be preserved by F). The group ^{Gi)o is therefore 
conjugate to PSL/5(2, R) for some fc>l, and since PSLfe(2, R) coincides with its normaUzer 
in Homeo+(S^), the same holds for 

Let us now consider assumption (ii), that is, let us suppose that $ takes values in the 
group of real-analytic circle diffeomorphisms. We have already observed that the orbits 
of the action of T on S\ are not necessarily dense. Let A be the minimal invariant closed 
set of this action, and let r^Homeo(S^^) be the action induced on the topological 
circle obtained after collapsing the closure of each connected component of S\ \ A. 

The orbits by $ are dense. For applying the arguments used in case (i), it suffices to show 
that the kernel of $ is finite. But this is evident, since the fixed points of the nontrivial 
elements in $(r) are isolated (the kernel of the restriction of $ a F coincides with the 
kernel of $). 

Finally, let us assume hypothesis (iii), that is, F satisfies Margulis' normal subgroup 
theorem. Once again, we need to show that the kernel of $ is finite. Now if this were 
not the case, then this kernel would have finite index in F. This would imply that the 
orbits of points in A are finite. However, this is impossible, since all the orbits of 6 are 
dense. The proof of Theorem 5.3.4 is thus concluded. □ 
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Appendix A 



Some Basic Concepts in Group 
Theory 

Let Fi and r2 bo subgroups of a group F. We denote by [Fi, F2] the group generated 
by the elements of the form [f,g] = f~^g~^fg, where / G Fi and g G F2. The group 
F' ~ [T, F] is called the derived (or commutator) subgroup of F. One says that F is 
metabelian if [F,F] is Abelian, and perfect if [F.F] = F. 

Recall that a subgroup Fo of F is normal if for every ft, e Fq and all g S F one has 
ghg~^ S Fq. The group F is simple if the only normal subgroups are {id} and F itself. 
Notice that the subgroup [F, F] is normal in F. Hence, if F is non- Abelian and simple, 
then it is perfect. The center of a group is the subgroup formed by the elements which 
commute with all the elements in the group. More generally, given a subset ^ of F, the 
centralizer of A (in F) is the subgroup of F formed by the elements which commute 
with all the elements in A. 

Given a group F, we define inductively the subgroups 

rnil -p -psol -p 

0—^5 A — ' 

■pnil r-p pnil] psol fpsol psoli 

'- i+1 — ['- J '- i J> — ^'-i J- 

The series of subgroups Ff ' (resp. F|°') is called the central series (resp derived 
series) of F. The group is nilpotent (resp. solvable) if there exists nGN such that 
F"'' = {«(i} (resp. r^^ = {id}). The minimum integer n for which this happens is called 
the degree (also called order) of nilpotence (resp. solvability) of the group. From the 
definitions it easily follows that every nilpotent group is solvable. A group is virtually 
nilpotent (resp. virtually solvable) if it contains a nilpotent (resp. solvable) subgroup 
of finite index. 

Exercise A. 0.19. Prove that the center of every nontrivial nilpotent group is nontrivial. Show 
that each of the subgroups rf\T) and ri°\r) is normal in F. Conclude that every nontrivial 
solvable group contains a nontrivial normal subgroup which is Abelian. 

Let P be some property for groups. For instance, P could be the property of being 
finite, Abelian, nilpotent, free, etc. One says that a group F is residually P if for 
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every <? G F different from the identity there exists a group Tg satisfying P and a group 
homomorphism from F into Tg so that the image of g is not triviaL One says that T is 
locally P if every finitely generated subgroup of F has property P. 

Exercise A. 0.20. Show that a group F is residually nilpotent (resp. residually solvable) if and 
only if ni>orf = {id} (resp. ni>orr' = {id}). 

Exercise A. 0.21. After reading §2.2.3 and §2.2.6, show that every locally orderable (resp. 
locally bi-orderable, locally C-orderable) group is orderable (resp. bi-orderable, C-orderable) . 
Hint. For a general orderable group, endow 0{T) with a natural topology and use Tychonov's 
theorem to prove compactness (see [176] in case of problems with this). 

A solvable group F for which the subgroups F^°' are finitely generated is said to be 
polycyclic. If these subgroups are moreover torsion-free, then F is strongly polycyclic. 
It is easy to check that every subgroup of a polycyclic group F is polycyclic, and hence 
finitely generated. It follows that every family of subgroups of F has a maximal element 
(with respect to the inclusion). The maximal element of the family of normal nilpotent 
subgroups is called the nilradical of F, and is commonly denoted by N{T). Notice 
that A^(F) is not only normal in F but also characteristic, that is, stable under any 
automorphism of F. It is possible to show that there exists a finite index subgroup Fq of 
F such that [Fq, Fq] C N{T) (see [207, Chapter IV]). In particular, the quotient Fo/A''(F) 
is Abelian. 
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Appendix B 



Invariant Measures and 
Amenable Groups 

Amenability is one of the most profound concepts in Group Theory, and it is certainly 
impossible to give a full treatement in just a few pages. We will therefore content ourselves 
by exploring a dynamical view of this notion which has been exploited throughout the 
text. For further information, we refer the reader to [100, 151, 242, 254]. 

We begin by recalling a classical theorem in Ergodic Theory due to Bogolioubov 
and Krylov: Every homeomorphism of a compact metric space preserves a probability 
measure. This result fails to hold for general group actions: consider for instance the 
action of a Schottky group on the circle (see §2.1.1). 

Definition B.0.22. A group T is amenable {moyennable, in the French terminology) 
if every action of F by homeomorphisms of a compact metric space admits an invariant 

probability measure. 

In order to get some insight into this definition (at least for the case of finitely gen- 
erated groups), let us first recall the strategy of proof of Bogohoubov-Krylov's theorem. 
Given a homeomorphism (/ of a compact metric space M, we fix a probability measure fj, 
on it, and we consider the sequence {vn) defined by 

un = -[n + g{ii) + g\n) + ... + 5""'(m)] • 
n 

Since the space of probability measures on M is compact when endowed with the weak-* 
topology, there exists a subsequence (fnje) of (z/„) weakly converging to a probability 
measure v. We claim that this limit measure v is invariant by g. Indeed, for every k we 
have ^ 

g{i^nk) = Vnk + — b""(M) - lA > 

and this implies that 
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Let us now try to repeat this argument for a group F generated by a finite symmetric 
family of elements G = {gi, ■ ■ ■ ,gm} (recall that symmetric means that belongs to 
Q for every g gQ). For each g G T define the length of g as the minimal number of 
(non-necessarily distinct) elements in Q which are necessary for writing g as a product. 
More precisely, 

length{g) = min{n e N: 5 = gi^gi„_^- ■ ■ gi^, gt^ G Q). 

We call the ball of radius n (with respect to Q) the set Bg{n) formed by the elements 
in r having length smaller than or equal to n, and we denote by Lg{n) its cardinal. 

Consider now an action of F by homeomorphisms of a compact metric space M, and 
let y(i be a probability measure on M. For each n e N let us consider the probability 
measure 

= ^ 

' geBg(n-l) 

Passing to some subsequence (fnfe), we have the convergence to some probability measure 
v. The problem now is that v is not necessarily invariant. Indeed, if we try to repeat 
the arguments of proof of equality (B.l), then we should need to estimate the value of 
an expression of the form 



^ £ength{g) = Uk, 

However, this expression does not necessarily converge to zero, since it may happen that 
the number of elements in Bg{nk) \ Bg{nk — 1) is not negligible with respect to Lg{nk)- 
To deal with this problem, the following definitions become natural. 

Definition B.0.23. The geometric boundary dA of a non-empty subset A C F is 
defined as 

dA=\J {AAgiA)), 
where A stands for the symmetric difference between sets. 

Definition B.0.24. A F0lner sequence for a group F is a sequence (An) of finite 
subsets of F such that 

card {d An) _ ^ 
n^oo card (An) 

With this terminology, Bogolioubov-Krylov's argument shows that if F is a (finitely 
generated) group having a Felner sequence, then every action of F by homeomorphisms of 
a compact metric space admits an invariant probability measure. In other words, groups 
having F0lner sequences are amenable. The converse to this is also true, according to a 
deep result due to F0lner. 

Theorem B.0.25. A finitely generated group is amenable if and only if it admits a 
F0lner sequence. 
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It is important to notice that the preceding characterization of amenability is inde- 
pendent of the system of generators. Indeed, it is not difficult to check that the quotient 
of the length functions with respect to two different systems of generators are bounded 
(by a constant which is independent of the clement in the group). Using this, one easily 
checks that each F0lner sequence with respect to one system naturally induces a F0lner 
sequence with respect to the other one. 

Exercise B.0.26. Show that finite groups are amenable. Show that the same holds for 
Abelian groups. 

Hint. For finitely generated Abelian groups, find an explicit F0lner sequence. Alterna- 
tively, notice that if / and g are commuting homeomorphisms of a compact metric space, 
then the argument leading to (B.l) and applied to a probability measure /i which is 
already invariant by / gives a probability measure v which is invariant by both / and g. 

Exercise B.0.27. Show that if F is a finitely generated group containing a free subgroup on 

two generators, then V is not amenable. 

Hint. Consider the natural action of F on {0, l}'^. 

Exercise B.0.28. Show that amenability is stable under the so-called elementary operations. 

More precisely, show that: 

(i) subgroups of amenable groups are amenable; 

(ii) every quotient of am amenable group is amenable; 

(iii) if F is a group containing an amenable normal subgroup Fo so that the quotient F/Fo is 
amenable, then F itself is amenable; 

(iv) if F is the union of amenable subgroups Ti such that for all indexes i, i' there exists j such 
that both Ff and Fj/ are contained in F^, then F is amenable. 

As an application, conclude that every virtually solvable group is amenable. 

Exercise B.0.29. A finitely generated group F has polynomial growth if there exists a real 
polynomial Q such that Lg{n) < Q{n) for every n £ N. Show that every group of polynomial 
growth is amenable. 

Remark. A celebrated theorem by Gromov establishes that a finitely generated group has poly- 
nomial growth if and only if it is virtually nilpotent [106]. Let us point out that the "easy" 
implication of this theorem (i.e., the fact that the growth of nilpotent groups is polynomial) is 
prior to Gromov's work and independently due to Bass and Guivarch. 

Exercise B.0.30. A finitely generated group F has sub- exponential growth if for every C > 
one has 

Hminf-^=0. 

Show that finitely generated groups of sub-exponential growth arc amenable. 

Hint. Show that, for groups of sub-exponential growth, the sequence of balls in the group contains 

a F0lner sequence. 
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